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Introduction. Let k be any field, most often assumed to be algebraically closed,
and consider a finitely generated k-algebra A. Let

Simpcoo(A) = U Simp,, (A)

be the set of (iso-classes of) finite dimensional simple right A-modules. An n-
dimensional simple A-module V' € Simp,,(A) defines a surjectiv homomorphism of
k-algebras, p : A — Endy(V), the kernel of which is a two-sided maximal ideal my,
of A. Let Max<« be the set of all such maximal ideals of A, for n > 1. To exclude
some strange and for our purposes non-interesting cases, we shall assume that A
has the following property:

Rad(A)>® := ﬂ m' =0

meMaz <o (A),n>0

For want of a better name, we shall call such algebras geometric. It is easy to see
that any finitely generated left (or right) Noetherian k-algebra A is geometric. The
condition above is actually satisfied for most finitely generated k-algebras that we
have come across and, in particular, for the free k-algebra on d symbols, A = k <
X1, T, ..., Tq >, see the example (4.19) of [La 1].

We shall be concerned with the structure of the individual Simp,, (A4), n > 1, and
we shall construct natural completions Simpr(A), of the scheme Simp,,(A), adding
indecomposable modules. We shall also see that the scheme of indecomposable two-
dimensional representations induces interesting correspondences for hypersurfaces,
and in particular for plane curves. The study of Indr(A) := Simpr(A)—Simp,(A)
may also throw light on the classical McKay correspondence. As a tool for studying
Simpr(A) we introduce the Jordan morphism, and corresponding generalizations of
the Deligne-Simpson problem. Finally we shall discuss to what extent the the family
{Simpy,(A)}n>1 of schemes determine the globale structure of A. In particular, are
the K-groups (resp. the cyclic homology) of A determined by the K-groups, (resp.
the de Rham cohomology) of the different Simp,(A)? Conversely, what can we
learn about the de Rham cohomology of Simp,,(A), knowing the cyclic cohomology
of A7

This paper is meant as an introduction to a more comprehensive study of non-
commutative plane curves, see [Jg-La-Sl|.

Typeset by AMS-TEX
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Some general results. In [La 1] we introduced non-commutative deformations
of families of modules of non-commutative k-algebras, and the notion of swarm
of right modules (or more generally of objects in a k-linear abelian category).
Let a, denote the category of r-pointed not necessarily commutative k-algebras
R. The objects are the diagrams of k-algebras,

kW5 RD kT
such that the composition of ¢ and p is the identity. Any such r-pointed k-algebra
R is isomorphic to a k-algebra of r x r-matrices (R; ;). The radical of R is the
bilateral ideal Rad(R) := kerp, such that R/Rad(R) ~ k". The dual k-vectorspace
of Rad(R)/Rad(R)? is called the tangent space of R.

For r = 1, there is an obvious inclusion of categories

ngl

where [, as usual, denotes the category of commutative local artinian k-algebras
with residue field k.

Fix a not necessarily commutative k-algebra A and consider a right A-module
M. The ordinary deformation functor

Defyr : 1 — Sets

is then defined. Assuming Ext’y(M, M) has finite k-dimension for i = 1,2, it is
well known, see [Sch], or [La 0], that Def,; has a noetherian prorepresenting hull
H, the formal moduli of M. Moreover, the tangent space of H is isomorphic to
ExtYy (M, M), and H can be computed in terms of Exty (M, M), i = 1,2 and their
matric Massey products, see [La 0].

In the general case, consider a finite family V = {V;}7_; of right A-modules.
Assume that,

dimy Extly (Vi, V;) < o0.

Any such family of A-modules will be called a swarm. Define a deformation functor,
Defy : a, — Sets

generalizing the functor Def,, above. Given an object p : R = (R; ;) — k" of a,,
consider the k-vectorspace and R-left module (R; ; ® V;). p defines a k-linear and
left R-linear map,

p(R) : (Rij @1 Vj) = Bia Vi,

inducing a homomorphism of R-endomorphism rings,
P(R) = (Ri; @k Homy(Vi, Vi) — @iy Endy(Vi)-

The right A-module structure on the V/s is defined by a homomorphism of k-
algebras, 19 : A — @®I_; Endi(V;). Let

Defy(R) € Sets
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be the isoclasses of homomorphisms of k-algebras,
n :A— (Rij @ Homi(V;, V;))

such that,
ﬁ(R) © 77/ = To;
where the equivalence relation is defined by inner automorphisms in the k-algebra

(Ri; ®x Homy(V;,V;)). One easily proves that Defy has the same properties as
the ordinary deformation functor and we prove the following, see [La 1-2, (2.6)]:

Theorem 1. The functor Defy, has a prorepresentable hull, i.e. an object H of
the category of pro-objects @, of a,, together with a versal family,

V = (Hi,j (024] ‘/J) € @Der(H/m")

n>1
such that the corresponding morphism of functors on a,.,
p: Mor(H,—) — Defy

is smooth, and an isomorphism on the tangent level. Moreover, H is uniquely
determined by a set of matric Massey products of the form

Ext'(Vi,Vy) @ - @ Ext (Vj,_,, Vi) -+ — Ext*(V;, V).

The right action of A on V defines a homomorphism of k-algebras,

n:A— O) :=Endyg(V) = (H;; @ Homy(V;,V})),

and the k-algebra O(V) acts on the family of A-modules V = {V;}, extending
the action of A. If dimyV; < oo, for all ¢ = 1,...,r, the operation of associating
(O(V),V) to (A, V) turns out to be a closure operation.

Moreover, we prove the crucial result,

A generalized Burnside theorem. Let A be a finite dimensional k-algebra, k
an algebraically closed field. Consider the family V = {V;}/_, of simple A-modules,
then

n:A— OV)=(H;; ® Hom(V;,V;))

is an isomorphism.

We also proved that there exists, in the noncommutative deformation theory, an
obvious analogy to the notion of prorepresenting (modular) substratum Hj of the
formal moduli H. The tangent space of Hy is determined by a family of subspaces

Ext)(V;,V;) C Exty(Vi, V),  i#]

the elements of which should be called the almost split extensions (sequences) rel-
ative to the family V), and by a subspace,

To(A) C [ Bxth(Vi, Vi)
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which is the tangent space of the deformation functor of the full subcategory of
the category of A-modules generated by the family V = {V;}/_,, see [La 1]. If
V = {V;}7_, is the set of all indecomposables of some artinian k-algebra A, we show
that the above notion of almost split sequence coincides with that of Auslander, see
[R].

Using this we consider, in [La 2], the general problem of classification of iterated
extensions of a family of modules V = {V;,}7_,, and the corresponding classifica-
tion of filtered modules with graded components in the family V', and extension
type given by a directed representation graph I'; see under section Completion of
Simpn(A). The main result is the following, see [La 2. (4.7)], and :

Proposition 2. Let A be any k-algebra, V = {V;}/_, any swarm of A-modules,
i.e. such that,

dimy, Exthy (Vi, V) < oo forall i,5=1,... .

(i): Consider an iterated extension E of V, with representation graph I". Then
there exists a morphism of k-algebras

¢: H(V) — k[

such that R
E ~ kT®4V

in the above sense.
(ii): The set of equivalence classes of iterated extensions of V with representation
graph I', is a quotient of the set of closed points of the affine algebraic scheme

A[l] = Mor(H(V), k[L'])

(iii): There is a versal family V[I'| of A-modules defined on A[T'], containing as
fibres all the isomorphism classes of iterated extensions of V with representation
graph T'.

To any, not necessarily finite, swarm ¢ C mod(A) of right- A-modules, we have
associated two associative k-algebras, see [La 1,3], O(|¢|,7), and a sub-quotient
O (c), together with natural k-algebra homomorphisms,

n(lel) : A — O(|¢|, m)

and,
n(c) : A — Ox(c)

with the property that the A-module structure on ¢ is extended to an O-module
structure in an optimal way. We then defined an affine non-commutative scheme of
right A-modules to be a swarm ¢ of right A-modules, such that n(c) is an isomor-
phism. In particular we considered, for finitely generated k-algebras, the swarm
Simp% o (A) consisting of the finite dimensional simple A-modules, and the generic
point A, together with all morphisms between them. The fact that this is a swarm,
i.e. that for all objects V;,V; € Simp<o we have dimyExt!y(V;,V;) < oo, is easily
proved. We have in [La 1] proved the following result, (see (5.20), loc.cit. and
Lemma 2. above.)
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Proposition 3. Let A be a geometric k-algebra, then the natural homomorphism,
n(Simp*(A)) : A — O (SimpL . (A4))
is an isomorphism, i.e. Simp% (A) is a scheme for A.

In particular, Simp% o (k < x1, %2, ..., x4 >), is a scheme for k < z1,x2, ..., T4 >.
To analyze the local structure of Simp,,(A), we need the following, see [La 2|, §4:

Lemma 4. Let V = {V;};=1,., be a finite subset of Simp<..(A), then the mor-
phisme of k-algebras,

A — OV) = (H; ; ®, Homy(V;, V)
is topologically surjective.

Proof. Since the simple modules V;, ¢ = 1,..,r are distinct, there is an obvious
surjection, 7 : A — [[,_; , Endi(V;). Put v = kerm, and consider for m > 2
the finite-dimensional k-algebra, B := A/t™. Clearly Simp(B) = V, so that by
the generalized Burnside theorem, see [La], §4, we find, B ~ OB (V) := (HE Rk
Homy(V;, V;)). Consider the commutative diagram,

A——> (Hﬁ @k Homy(V;, V;)) = OA(V)

|

B——— (HJ; @, Homi(V;, V;)) —2 OA(V)/rad™

where all morphisms are natural. In particular « exists since B = A/t"™ maps
into O4(V)/rad™, and therefore induces the morphism a commuting with the rest
of the morphisms. Consequently « has to be surjective, and we have proved the
contention.

d

Localization and topology on Simp(A). Let s € A, and consider the open
subset D(s) = {V € Simp(A)| p(s) invertible in Endy(V)}. The Jacobson topology
on Simp(A) is the topology with basis {D(s)| s € A}. It is clear that the natural
morphism,

n:A— Ox(D(s))

maps s into an invertible element of O(D(s), 7). Therefore we may define the
localization Ay, of A, as the k-algebra generated in O(D(s), 7) by Ox(D(s)) and
the inverse of n(s). This furnishes a general methode of localization with all the
properties one would wish. And in this way we also find a canonical (pre)sheaf, O
defined on Simp(A).

Definition 5. When the k-algebra A is geometric, such that Simp*(A) is a scheme
for A, we shall refer to the presheaf O, defined above on the Jacobson topology, as
the structure presheaf of the scheme Simp(A).

In the next § we shall see that the Jacobson topology on Simp(A), restricted to
each Simp,(A) is the Zariski topology for a classical scheme-structure on
Simpy,(A).
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Notice that, working on non-commutative invariant theory, one is led to believe
that the topology on Simp(A) should be saturated with respect to infinitesimal
incidence, i.e. should be such that Ext!(V,V’) # 0 implies V' is in the closure of
V. We shall come back to this later.

The algebraic (scheme) structure on Simp,(A). Recall that a standard n-
commutator relation in a k-algebra A is a relation of the type,
[a1,az, ..., asn] := Z 5ign(0)ag(1)00(2)--Ao(2n) = 0
o€

where {aq,as, ..., a2, } is a subset of A. Let I(n) be the two-sided ideal of A gener-
ated by the subset,

{la1, ag, ..., a2,]| {a1,az2,...,a2,} C A}.
Consider the canonical homomorphism,
pn i A— A/I(n) =: A(n).
It is well known that any homomorphism of k-algebras,
p:A— Endi(k"™) = M,(k)
factors through p,, see e.g. [Formanek].

Corollary 6. (i). Let V;,V; € Simp<,(A) and put t = my, Nmy,. Then we have,
for m > 2,
Eathy(Vi, V) = Eath o (Vi, V)

(ii). Let V € Simp,(A). Then,
Exty(V,V) = Batjy,, (V. V)
Proof. (i) follows directely from Lemma 2. To see (ii), notice that Exzt (V,V) =
HHY(A, End(V)) = Deri(A, End,(V))/Triv = Dery(A(n), Endy(V))/Triv ~

Exti‘(n)(V, V). The third equality follows from the fact that any derivation maps
a standard n-commutator relation into a sum of standard n-commutator relations.

|
Example 7. Notice that, for distinct V;,V; € Simp<,,(A), we may well have,
Eath(Vi,V;) # Eatly (V. V).
In fact, consider the matrix k-algebra,
1= (%)
and let n = 1. Then A(1) = k[z]®k[z]. Put V; = k[z]/(z)®(0),V; = (0)®k[z]/(z),
then it is easy to see that,

Euaty (V;,V;) = k, Eatyy(Vi,V;) = 0.
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Lemma 8. Let B be a k-algebra, and let V' be a vectorspace of dimension n, such
that the k-algebra B ® Endy (V') satisfies the standard n-commutator-relations, i.e.
such that the ideal, I(n) C B® Endy (V) generated by the standard n-commutators
[€1, %2, .., T2n], x; € B® Endg(V), is zero. Then B is commutative.

Proof. In fact if by, by € B is such that [by, ba] # 0, then the obvious n-commutator,
5161,15261,161,262,2-~€n—1,n - b2€1,1b161,1€1,2€2,2--~€n—1,n
is different from 0. Here e; ; is the n x n matrix with all elements equal to 0, except
the one in the (4, j) position, where the element is equal to 1.
d

Lemma 9. If A is a finite type k-algebra, then any V € Simp, (A) is an A(n) :=
A/I,-module, and the corresponding formal moduli, H*") (V') is isomorphic to
HA(V)eo™  the commutativization of HA(V).

Proof. Consider the natural diagram of homomorphisms of k-algebras,

A O(Simpl*(A),w)
Z(A(n)) A(n) O(Simpj,(A), )

| | |

H(V)em ——=H(V)*" @ Endy, (V) <—— (Hi ; @, Homy(Vi, V;))

where Z(A(n)) is the center of A(n) := A/I,, V;,V; € Simp,(A), and H(V )™
is the commutativization of H(V'). Clearly there are natural morphisms of formal
moduli,

HA(V) N HA(n)(V) N HA(V)com N HA(n)(V)com.

Since moreover
A(n) — HA™(V) @ Endy(V)

is topologically surjective, we find using (Lemma 6), that HAM) (V') is commutative.
But then the composition,

];IA(n)(V—)_)‘E[A(Vv)com_)‘[':[A(n)(vv)com7

is an isomorphism. Since by Corollary 4. the tangent spaces of HA() (V) and
HA(V) are isomorphic, the lemma is proved.

|
Corollary 10. Let A = k < x1,..,x4 > be the free k-algebra on d symbols, and
let V € Simp,(A). Then

HAV)om o HAM(V) = K[t oo ta—1yn2 1]
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This should be compared with the results of [Procesi 1.], see also [Formanek].
There are further examples, some based upon the calculation of Tord Romstad, see
[Romstad], showing that H* (V) is not commutative, even though V € Simp(A) =
Simp<a(A).

In general the natural morphism,

nn): An)— [ HA™M(V) @k Endy(V)

VeSimpn (A)
is not an injection.
Example 11. In fact, let
kE k k
A=k k k
o 0 k

The ideal I(2) is generated by [e1,1,€1,2€2.2€2 3] = €1,3. SO
k k k 0 0 k
A2)=|k kK k|/10 0 k| =Mk M(k).
o k k o 0 0

Hovever,
[I H*™ (V)@ Ende(V) = Ma(k),
VeSimps(A)

therefore ker n(2) = My (k) = k.
Let O(n), be the image of A(n), then obviously,
O(n) — H Ho(n)(V) Rk Endk(V)
VeSimp, (A)

is injective and,
HOM (V) ~ HAM (V).

for every V' € Simpy(A). Put B =[]y cgimp, () HAM (V). Let 2, € Ayi=1,...,d
be generators of A, and consider the images (z!, ) € B @ Endy(k™) of z; via the
injective homomorphism of k-algebras,

O(n) — B ® Endi(k"),
obtained by choosing bases in all V' € Simp, (A). Now, B is commutative, so
the k-subalgebra C(n) C B generated by the elements {./L';’q}i:l’”’d; pg=1,.n 1S
commutative. We have an injection ,
O(n) — C(n) @k Endg (k™).

and for all V' € Simp,,(A) there is a natural projection,

C(n) ®y, Endy (k™) — HA™(V) @4 Endy(V).
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This defines a set theoretical map,
t: Simp,(A) — Simp(C(n)).

Since A(n) — HAM(V) @, Endy(V) is topologically surjective, HA(™ (V) @,
Endy (V) is topologically generated by the images of z;. It follows that we have a
surjective homomorphism,

Ciqvy(n) — HAW(V).

Categorical properties implies, as usual, that there is another natural morphism,
HA(n)(V) N Cvt(v)(n)7

which composed with the former is an automorphism of H4() (V). Since

Cn) @ Endg(k") [  HO™(V) @k Endy (V).
VeSimpn(A)

It follows that for v € Simp(C(n)), corresponding to V' € Simp,(A), the finite
dimensional k-algebra C(n)/m,? @i Endy(k™) sits in a finite dimensional quotient
of,

I #°™(V) @k Endi(V).

Vev

where V' C Simp,,(A) is finite. However, by Lemma 4. the composition of the
morphisms,
A— O(n) — [] HO"™(V) @k Endi(V)
Vev

is topologically surjectiv. Therefore the morphism,

A — C(n)/m,?* @ Endy(k™)

is surjectiv, implying that the map
HAM) (V) — Ot(V)(n)v

is surjectiv, and consequently, HA( (V') ~ C(n),.

Moreover t is injective, so Simp,(A) C Simp(C(n)). We have the following
theorem, see Chapter VIII, §2, of the book of C. Procesi, [Procesi 2.], where part
of this theorem is proved.

Theorem 12. Let V € Simp,(A), correspond to the point v € Spec(C(n)). Then
there exist a Zariski neighborhood U,, of v in Spec(C'(n)) such that any v’ € U corre-
sponds to a point V' € Simp, (A). Let U(n) be the open subscheme of Spec(C(n)),
the union of all U, for V € Simp,(A). O(n) defines a non-commutative structure
sheaf O(n) := Ogimp, (a) of Azumaya algebras on the topological space Simp,,(A)
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(Jacobson topology). The center S(n) of O(n), defines a scheme structure on
Simpy (A). Moreover, there is a morphism of schemes,

k:U(n) — Simpn(A),
Such that for any v € U(n),

S(n)n(v) =~ HA(n) (V)

Proof. Let p : A — Endg(V) be the surjective homomorphism of k-algebras,
defining V' € Simp,(A). Let, as above e; ; € Endi(V) be the elementary matri-
ces, and pick y; ; € A such that p(y; ;) = e; ;. Let us denote by o the cyclical
permutation of the integers {1,2,...,n}, and put,

Sk = [yok(l),ak@)ayok(Q),ok(2)7yok(Q),Uk(S)"'ya""(n),ak(n)]? §:= Z sk € A.

k=0,1,..,n—1
Clearly s € I(n — 1). Since [egk(l)’gk@),egk(Q)’gk(Q),eok(g)’ak(g)...egk(n)ﬁk(n)] =
ok (1),0k(n) € Endi(V), p(s) := Zk:(),l,..,nfl p(si) € Endi(V) is the matrix with
non-zero elements, equal to 1, only in the (¢*(1), 0% (n)) position, so the determinant
of p(s) must be +1 or -1. The determinant det(s) € C(n) is therefore nonzero at
the point v € Spec(C(n)) corresponding to V. Put U = D(det(s)) C Spec(C(n)),
and consider the localization O(n);s3 € C(n){det(s)y @k Endy(V), the inclusion
following from general properties of the localization, see above. Now, any closed
point v' € U corresponds to a n-dimensional representation of A, for which the
element s € I(n — 1) is invertible. But then this representation cannot have a
m < n dimensional quotient, so it must be simple.

Since s € I(n — 1), the localized k-algebra O(n)(s)} does not have any simple
modules of dimension less than n, and no simple modules of dimension > n . In
fact, for any finite dimensional O(n),-module V', of dimension m, the image 8 of
s in Endy(V) must be invertible. However, the inverse 8~! must be the image of
a polynomial (of degree m — 1) in s. Therefore, if V' is simple over O(n) 4, i.e. if
the homomorphism O(n)(sy — Endy (V) is surjective, V must also be simple over
A. Since now s € I(n — 1), it follows that m > n. If m > n, we may construct,
in the same way as above an element in I(n) mapping into a nonzero element of
Endy, (V). Since, by construction, I(n) = 0 in A(n), and therefore also in O(n)y,;,
we have proved what we wanted. By a theorem of M.Artin, see [Artin], O(n)s}
must be an Azumya algebra over its center, S(n)(s} := Z(O(n)s3). Therefore
O(n) defines a presheaf O(n) on Simp,(A), of Azumaya algebras over its center
S(n) := Z(O(n)). Clearly, any V € Simp,(A), corresponding to v € Spec(C(n))
maps to a point s := k(v) € Spec(O(n)). Since we know that,

HOM (V) ~ HAM (V).
and since O(n) is, locally Azumaya, it is clear that,
S(n)s = HOW (V) = HAD(V),
The rest is clear.
|
Moreover, Spec(C(n)) is, in a sense, a compactification of Simp,(A), and we

shall be able, using this embedding to study the degeneration processes that occur,
at infinity in Simp,(A).
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Example 13. Let us check the case of A = k < x1,x2 >, the free non-commutative
k-algebra on two symbols. First, let us compute Exty(V,V) for V € Simps(A),
and find a basis {t},}>_,, represented by derivations 1; € Dery(A, Endi(V)),
i=1,2,3,4,5. This is easy, since we have the exact sequence,

0 — Homa(V1,Va) — Homy(V1,Va) — Deri(A, Homy(V1, Va))
— Eaty(V1,V2) — 0

proving that, Extl (V1,Va) = Dery(A, Homy(V1, V2))/Triv, where Triv is the sub-
vectorspace of trivial derivations. Pick V' € Simps(A) defined by the homomor-
phism A — M (k) mapping the generators x1, zs to the matrices

0 1 0 0
X1 = (0 0) =.€1,2, X2 = <1 0> =.€21.

Notice that
1 0 0 0
X1 Xo = (0 0> =l€1,1 = €1, X2 X1 = (0 1) =l€22 = €2,

and recall also that for any 2 x 2-matrix (a, ) € Ma(k), ei(apq)e; = ai je; ;. The
trivial derivations are generated by the derivations {6p q}p q=1.2, defined by,

bp,q(Ti) = Tiepq — €pqi.

Clearly 011 + 022 = 0. Now, compute and show that the derivations v;, i =
1,2,3,4,5, defined by,

Yi(zp) =0,fori=1,2,p=1, ¢;(x,) =0,for i =4,5,p=2
by,
1/11(962) = 61,1,%/12(952) = €1,2, 1113(171) = 61,2,1/)4(501) = 62,1,¢5(1’1) = €21)

and by,
P3(r2) = €21

form a basis for Extyy(V,V) = Dery(A, Endy(V))/Triv. Therefore H(V) =
k[[t1,t2,t3,ta, t5]], and the formal versal family V', is defined by the actions of

x1, X2, given by,
(0 14t ot b
K1 = <t5 ta )’XQ'_<1+t3 0)'

One checks that there are polynomials of X1, Xy which are equal to t;e, 4, modulo
the ideal (t1,..,t5)?> C H(V), for all i,p,q = 1,2. This proves that C(2), ~ H(V),
and that the composition,

A — A(2) — M3 (C(2)) C Ma(H(V)))

is topologically surjective.
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Completions of Simp,(A). In the example above it is easy to see that elements
of the complement of Simp,(A) in the affine subscheme Spec(C(n)) may not be
represented by simple, nor indecomposable, representations. A decomposable rep-
resentation W will not, however, in general be deformable into a simple representa-
tion, since good deformations should conserve End4(W). Therefore, even though
we have termed Spec(C(n)) a compactification of Simpy, (A), it is a bad completion.
The missing points at infinity of Simp,(A), should be represented as indecompos-
able representations, with Enda(W) = k. Any such is an iterated extension of
simple representations {V;};=1 2, s, with representation graph I' (corresponding to
an extension type, see [La 2]), and Y ;_, dim(V;) = n. To simplify the notations
we shall write, |I'| := {V;};=12.s. In [La 2] we treat the problem of classifying all
such, up to isomorphisms. Assume now that this problem is solved, i.e. that we
have identified the non-commutative scheme of indecomposable I'-representation,
call it Indr(A). Put Simpr(A) := Simp,(A) U Indr(A). Now, repeat the basics
of the construction of Spec(C(n)) above. Consider for every open affine subscheme
D(s) C Simpr(A), the natural morphism,

A— lim O(em)
“—
cCD(s)

¢ running through all finite subsets of D(s), and consider, in particular, its projec-
tion,
A= Am)— [ HA™(V)" @ Endy(V).
VveD(s)

Put Bs(I') == [lyep(s) HAM(V)eom  Tet x; € Ayi=1,...,d be generators of A,
and consider the images (2}, ,) € Bs(n) ®) Endy (k™) of x; via the homomorphism

of k-algebras,
A — B,(I") @ M, (k),

obtained by choosing bases in all V' € Simpr(A). Notice that since V' no longer
is (necessarily) simple, we do not know that this map is topologically surjectiv.
Now, Bs(T") is commutative, so the k-subalgebra C,(I") C B4(I") generated by the
elements {x;’q}izlwd; p.g=1,..,n is commutative. We have a morphism,

I(T) : A — Cy(T) @) My (k) = M,(Cs(T)).

Moreover, these C;(T") define a presheaf, C(T"), on the Jacobson topology of
Simpr(A). The rank n free Cs(I")-modules with the A-actions given by I4(T'), glue
together to form a locally free C(I')-Module £(T") on Simpr(A), and the morphisms
Is(n) induce a morphism of sheaves of algebras,

I(T) : A — Ende(E(I)).

As for every V € Simpr(A), Enda(V) = k, the commutator of A in HA(V)™ @,
Endy (V) is HA(V)°™. The morphism,

C(V): HA(V)®™ — HH(A, HA(V)*™ @) Endy(V))
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is therefore an isomorphism, and we may assume that the corresponding morphism,
C:C(T) — HH(A, Endeqry(E(T))

is an isomorphism of sheaves. For all V' € D(s) C Simpr(A) there is a natural
projection,

K(T) : Co(T) @k My (k) — HAM (V)™ @ Endy(V),
which, composed with I;(T") is the natural homomorphism,
A — HAM (V)" @ Endy, (V)
K defines a set theoretical map,
t: Simpr(4) — Spec(C(T),

and a natural surjectiv homomorphism,
C(D)iqy — HAM (V)eom.
Categorical properties implies, as usual, that there is another natural morphism,

v HAW(V) = C(D)yvy,s

which composed with the former is the obvious surjection, and such that the induced
composition,

A — HAW(V)m @y Endp (V) — C(T)yvy @1 Endy(V),

is I(T") formalized at ¢(V'). From this, and from the definition of C(T'), it follows
that ¢ is surjective, such that for every V € Simpr(A) there is an isomorphism
HAM) (V)eom ~ é(F)t(v). For V € Simpr(A) there is also a natural commutative
diagram,

ZA(n) c(I)
A(n) Endery(E(T))

| |

HAM(V) @y Endg (V) —=C(D)yv)(n) @1 Endy(V)

Formally at a point V' € Simpr(A4), we have therefore proved that the local, commu-
tative structure of Simpr(A) (as A or A(n)-module), and the corresponding local
structure of Spec(C(T")) at V, coincide. We have actually proved the following,
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Theorem 14. The topological space Simpr(A), with the Jacobson topology, to-
gether with the sheaf of commutative k-algebras C(T") defines a scheme structure on
Simpr(A), containing an open subscheme, etale over Simp, (A). Moreover, there
is a morphism,

m(I) : Simpr(A) — Spec(ZA(n)),
extending the natural morphism,

7o : Simpy (A) — Spec(ZA(n)).

Proof. As in Theorem 12. we prove that if v = ¢(V), V € Simpr(A), then
there exists an open subscheme of Spec(C(I")) containing only indecomposables
with Ends (V) = k. The rest is clear.

(I
These morphisms 7(T") are our candidates for the possibly different completions
of Simp,(A). Notice that for W € Spec(C(n)) — Simp,(A), the formal moduli
HA(W) is not always prorepresenting, since Enda (W) # k when W is semisimple,
but not simple. The corresponding modular substratum will, locally, correspond
to the semisimple deformations of W, thus to a closed subscheme of Spec(C(n)) —

Simpn(A) C Spec(C(n)).

The McKay correspondence. Let us consider a special case, where a finite
group G acts on a finite dimensional k-vectorspace, U. Put, Ag := Symy(U*),
and let A := O(Simp*(Ag — G)) be the k-algebra of observables of the A — G-
swarm of orbits of the G-action. Recall, see [La 3], §8, that ZA = A§, and that
the classical quotient scheme U/G (exist and) is isomorphic to Spec(A§). Let
{Vi}7_; be the finite family of irreducible (simple) G-representations. Let I" be a
representation graph (defining an extension type) of dimension n, i.e. such that
Tl ={Vi, }p=1 Z;Zl dimyV;, = n, and use Theorem 14. It says that there exist
a scheme Simpr(A) and a morphism,

7 Simpr(A) — U/G = Spec(A§),
extending the natural morphism,
7o : Simp,, (A) — Spec(A§).

If n > ordG + 1 the scheme Simp,(A) has to be empty, since any V € Simp,,(A)
with support outside the origin in Spec(Ayp), correspond to a reduced orbit, and
so necessarily have length less or equal to the order of G, and any V' with support
in {0} is a simple G-representation with trivial A-action, so dim;V < |G|. Now,
suppose G acts freely on an open subset of Spec(Ap), and let I' be a representation
graph (corresponding to the extension type) of the regular representation of G.
Under which conditions is the morphism,

7 : Simpr(A) — Spec(A§),

a desingularization of the affine scheme Spec(A§)? If it is, is the representation
graph uniquely determined? We shall come back to these well known problems in
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a later paper. However, to see how we may compute the morphism 7 let us here
consider two very simple examples:

1. Consider the group G = Z/(2), generated by 7, acting on U = k? by 7 = —id.
In this case Ag = k[z,y], and 7(z) = —z, 7(y) = —y, and A§ = k[z?,y?, zy] is
the well known singularity. Clearly G has two simple (irreducible) representations
of dimension 1, V;, i = 0,1, where 7 acts as (—1)?, respectively, and the regular
representation, is the sum of these. The orbits of G in Spec(4y) = A2, are either
of length 2, corresponding to a simple A-module of dimension 2, or is reduced to
the origin. Therefore the indecomposable A-modules of dimension 2, must all have
support at the origin. They must therefore be given by the indecomposables of
representation graph,

Voe——=e V.

Now all such are given in terms of the following actions of x, y, 7 on the vectorspace

k2.
0,0 _ (0,0 (1,0
Vt.X_(170),}/_(1570),7—(0’_1),tek
or
0,0 (0,0 (1,0
veex=(50) = (1) = (69)
Compute,

Ext'(V;,V;) = HH*(A, End(V;)) = Dery(A, Endy,(V;))/Triv.

It is easy to see that Ext!(V;,V;) = k?, generated by the derivations, acting as

follows: o) = <%”16,> S(y) = <(3;’“(‘)’> ,6(1) = <8:8)

parametrized by v,w. The corresponding formal moduli, and formal miniversal
family are given by,

com __ ~ O,UJ ~ O,t’LU—FU’LU ~ 17 0
H(‘/If) _k[[vaw“az_<1’o>7y—< U+t,0 ),T—(O,1>.

This is easily seen by checking the relations, xy = yx,x7 = —72,y7 = —7Yy in A.

Notice that the formal miniversal family is algebraic, and that for w = 0 this
gives us indecomposable A-modules, while for w # 0 the corresponding A-module
is simple. Moreover, the map,

A§ = k[2?,y*, 2y] C kv, w]

is given by,

w? = w, y* = (t+v)*w, xy = (v + tw,

which proves that,
7(T) : Simpr(A) — Spec(A§),
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is a desingularization of the affine scheme Spec(AS§). In fact it is just the ordinary
desingularization of the A;-singularity A§ = k[z%,y%, xy], and T is just the cor-
responding Dynkin diagram. The exceptional fibre of 7 is obviously P!, given by
w = 0, and V, see above.

2. Consider now the group G = Z/(2), generated by 7, acting on U = k>
by 7 = (017_01). In this case Ag = k[z,y], and 7(z) = z, 7(y) = —y, and
AS = k[r,y?] is non-singular. G has the two simple (irreducible) representations
of dimension 1, V;, i = 0,1, where 7 acts as (—1)?, respectively, and the regular
representation, is the sum of these. The orbits of G in Spec(A4y) = A2, are either
of length 2, corresponding to a simple A-module of dimension 2, or is supported by
the z-axis. Therefore the non-simple indecomposable A-modules of dimension 2,
must all have support at the x-axis. They must be given by the indecomposables
with representation graph,

Voe——=e V).

Now all such are easily seen to be given by k[z,y]/(z — t,y?), identified with the
zr-axis. A similar computation as above shows that,

(D) : Simpr(A) — Spec(Aoa),

is an isomorphism.

The general problem posed above seems not to be very easy, although the story
is well known in case G C Sla(k), and there is a long list of papers on the subject,
see [B-K-R].

Now, consider for so < s1 < n, V; € Simp,, (A), Vo € Simps,(A), the commu-
tative diagram,

Z(n) —— A(n)

Z(s1) A(sy) Endi (V1)

Put ps := pp1, and let ¢(V;) € Simp(Z(s;)) be the points corresponding to the
simple modules V.

Lemma 15. In the situation above, if Extjlél(n)(Vi, V;) # 0 then
pi + Simp(Z(si)) — Simp(Z(n)), i =1,2.

maps t(V;) to the same point.

Proof. If p1(t(V1)) # p2(t(V2)), the two corresponding maximal ideals m;, i = 1,2,
of Z(n) will be distinct, the sum m; + mg is then Z(n). However, m; annihilates
V;, therfore the sum will annihilate Exztl(V;, V;), which therefore must be zero.

» Vi
O
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Quantum correspondences of plane curves.
Let f € k < 21,29 >, and put A = k < x1,22 > /(f). Consider the algebraic

plane curve,

C := Simp1(A) = Spec(k[z1, z2]/(f)).
Put

[ —e——eo

then there are two natural morphisms

pr; : Indr(A) — Simp1(A), i=1,2,
defining a correspondence,

®=pripryt:C - C.

We shall be interested in computing ®, in general, or rather, we shall be concerned
with the domain of definition of ®, and its degree.
Clearly ps € ®(p;) if and only if

E((p1), k(p2)) := Exty (k(p1), k(p2)) # 0

since then

k(p1)  E((p1), k(p2))”
07 k(pQ)

will be an indecomposable A-module of dimension 2. Here k(p1), k(p2) are, of course

the two simple one-dimensional A-modules, corresponding to the points p1,ps € C.

Now, we have an exact sequence of Hochschild cohomology,

Homy,(k(p1), k(p2)) =% Dery(A, Homy(k(p1), k(p2)) — Ext)y (k(p1), k(p2)) — 0.
The kernel of ¢ is Homa(k(p1), k(p2)), which is zero if p; # pa, so ¢ must be
injective, and therefore,

Exty (k(p1), k(p2)) = Dery,(A, Homy (k(p1), k(p2)))/k.
This implies that Ext) (k(p1), k(p2)) # 0 if and only if,

Jo(f :p1sp2) =0, Jy(f :p1;p2) =0

Here J,,(f : (x1,22);(u1,u2)), ¢ = 1,2. are polynomials in two sets of non-
commuting variables, (x1,z2) and (u1,uz), linear functions in f, and defined on
monomials mims such that

Ju,(mima) = Jo, (m1)ma(ur, ug) + ma(zy, v2)Je, (m2), Ju, () = 6; .

In particular, Jy, ([x1, 22]) = us + 22, Ju,([21,22]) = 21 + u1. Assume the two
equations,
Jo (f + (w1, 22); (u1,u2)) = 0, i =1,2.

admits solutions, z; = x;(u1, u2), @ = 1,2, then put,

fi= fz1(ur, u2), z2(u1, uz)).

Clearly, the condition for the correspondence @ to be defined on an open subscheme
of the curve C, is that f(u1,u2) = 0 on an open subscheme of C' = Z(f(u1,uz)).

The remarkable fact is that for any f € k < z1,z2 >, we have the following
result,
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Proposition 16. Put f, = f+q[x1, z2]. Then, for generic q, fq vanish on an open
subscheme of C.

This is equivalent to saying that for generic ¢, the morphisms
pr; : Indr(A) — Simp1(A), i =1,2,

are dominant and finite. We notice that if they are finite, they must be of degree
<(deg(f)-1)*

Non-commutative Maclaurin series..
Before we prove the Proposition, let us take a second look at the Maclaurin
expansion in classical calculus.

Definition 17. Let f € k < z1,x2 > then, for any sequence I, = {i1,i2, ..., }
with i; € {1,2} we define inductively,

Jii) iy, (F 1 (21, 22)3 (U1, u2)) =

J:E,;T (Jzil,xiw..‘,xiril (f : (fL‘l,.TQ); (u17u2)) . (‘7}17‘%’2); (u17u2)>

We shall call Jy,; ,,)....z:, (f : (x1,22); (u1,u2)) the non-commutative r’th deriva-
tive (Jacobian) of f with respect to X;,, Ti,, ..., T;

e

Now these derivatives are really very nice, in fact they have the properties of
divided powers,

Lemma 18. Let S(I,.) be the group of permutations of the sequence I, then in
k[ul, /LLQ}

Z Jwi17wi27""a:ir (f : (u17u2)7 (UI,UQ))
S(I)

o 0 0

:1/?”1!7"2!(81: Oz ) a—xl

f)(u17u2)7

where 11,79 are the numbers of, respectively 1 and 2’s in the sequence {i1, 2, ..., i, }

Proof. The formula is true for r = 1, by definition. Assume that it is true for all
monomials f of degree < n — 1, and consider f = m.z;, then, putting x; := z;, to
save space,

Ty (mezi = (w1, 22); (w1, u2)) = Jo; (m: (21, 22); (w1, u2))u; +m.diq
Therefore,

> any iy, (e (21, 22); (U1, u2)) =
Sy

Z Jzil,zi,z,...,mir (m: (21, 22); (w1, u2))ui+
S(Ir)

Z Jziz,ziS,...,zir (m 2 (21, 22); (u1,u2))0;i 1
S(I.)
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By induction, this is equal to,

o 0 0 o 0 0
__ . —1)1rs! __
0z, 9. 9a m)(ug,ug)u;+1/(rq 1)'r2'(8xr T ..ame

1/7‘1!7‘2!( )(ulauZ)(Si,l

which is easily seen to be equal to

o 0 0

oz, Ox,_1 Oy

1/r1lra!( m.x;)(u1, us)

proving the theorem.

O
Therefore we have, formally, the following result,

Proposition 19. The Maclaurin ( or Taylor) series expansion in k[uy,us,x1, T2)
of f € k < x1,x9 > is the following formula:
[z, 22) = fur, uz)+
Yo aiy iy, (1 (s u2); (un, u0)) (s, — wi,) (@, — ugy)en (w3, = ui,)

It is easy to see that this may be extended to a Taylor-series expansion in the
non-commutative polynomial k-algebra. In fact, introduce the following notation:

Definition 20. Let f € k < x1,22 >, and let {v1,v2} be new non-commuting
variables. Denote by,
Jo,(frzyv,u) €k <z0,u>

the linear function in f, defined for f = x;, resp for f = mx;, by:

Jo, (25 230,0) = 650

i

oy (maj  zyv,u) = Jp (mo: 230, w)uy + 6 ymu;

k3

Proposition 21. For f € k < x1,x2 >, and for some non-commuting variables
{v1,v2} we have, in k < u,v >, the following identity,

flur +v1,u2 +v2) = fur, ug)+
Z iy i, (F 1 (w1, u2); (v1,v2); (w1, uz))

01,82,y

Now, let us prove Proposition 16. For f = f1 4 g[x1, x2] the equations,
Jui (f (@1, 22); (u1,u2)) =0, i =1,2.

admits solutions, z; = x;(u1,us2), ¢ = 1,2, in k[u,us]. Use the Maclaurin series
expansion of,

Jo, (f 2 (21, 22); (w1, u2)) 1 = 1,2,

in k[[uy, ug]].
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Then vi get,

T, (F (21, 22)5 (wi, u2)) = Joy (f 2 (ur, u2); (U, u2))+
Z qu‘,l,ﬂbq‘,zp-qmr (f : (u17u2); (u17u2))(xi2 - uiz)"'(xir - uir)

11,0250yl

Since
Joi (f + (w1 (1, u2), z2(ur,u2)); (u1,u2)) =0, ¢ =1,2.

we find

Ju, (f ¢ (ur,u2); (ur, uz)) (i, —uiy) =
- Z Jwi17$i27~~y1i1»(f : (u17u2); (u17u2)>($i1 - U’il)(xi2 - uiz)"'(xir - uir)

11,22, 050r

Using the Maclaurin series in the above Proposition, we obtain,

f= f(w1(ur,u2), x2(ur, u2)) = f(ur,uz),

in kf[uy, us]].

It is easy to see that the above can be extended to any hypersurface, and so to
schemes in general. In fact, what we obtain is a kind of Abels addition theorem.
See forthcoming preprint, Oslo University.

The smooth locus of an affine non-commutative scheme.
Recall from [La] that a point V € Simp,(A) is called smooth (regular would
probably have been better), if the natural k-linear map,

#: Derp(A, A) — Eathy (V,V)

is surjective.

Definition 22. Let V € Simp,(A), then V is called formally smooth if,
HH?*(A, Endi(V)) =0

Problem: Does
HH?*(A,A) =0

imply that all V' € Simp,, (A) are (formally) smooth?

Let V € Simp,(A), and let v € Simp(Z(A)) be the point corresponding to V.
Denote by m, the corresponding maximal ideal of Z(A). Clearly Z(A) operate nat-
urally on the Hochschild cohomology, HH'(A, A), and the map » factors through,
HHY(A, A)/m,HH'(A, A), so that if V is smooth, we obtain a surjectiv k-linear
map7

ko : HHY(A, A)/m,HH(A, A) — Exth(V,V).

It follows that mazy e simp(a){dimHH" (A, A)/m, HH' (A, A)} is an upper bound
for the dimensions of the smooth locus of Simp,(A) for all n > 1.

Clearly the definition of (formal) smoothness also works for any representation
V.



THE STRUCTURE OF Simp<o(A) FOR FINITELY GENERATED k-ALGEBRAS A. 21

Proposition 23. IfV € Simp, (A) is smooth or formally smooth, then the corre-
sponding point v € Spec(C(n)) is also smooth.

Proof. Assume that V € Simp,(A) is formally smooth, then obviously the com-
pletion of the local ring of Simp,(A) at V is H(V)™, which since H(V) has no
obstructions and therefore must be the completion of the free non-commutative k-
algebra, is a formal power series algebra, and thus V' is a smooth point of Simp,, (4).
Now, assume V is smooth, and consider the natural commutative diagram,

Deri (A, A)
P

Deri(A(n), A(n))

" \
A /

Derk(O(n){s},O(n){s}) B8

Deri(S(n), S(n)) Deri(S(n), k(v)).

Notice that 3 is an isomorphism. This has been proved above. That p exists is
easily seen, since for any derivation § € Der(A), and for any standard commutator
[x1, 22, ..., x2,] € I(n), we must have 6([z1,x2, ..., T2,]) € I(n). Notice that the
kernel of the homomorphism, A(n) — O(n) is the image in A(n) of

n= ﬂ mm,

meMaz,(A),m>1

Clearly any derivation will map an element of n into n, proving the existence
of k. A is defined by localization at the point v € Spec(C(n)), as in the proof of
Theorem 9. We may assume O(n)y,) is a matrix algebra M, (S(n)), and use the
fact that any derivation of a matrix algebra is given by a derivation of the centre
and an inner derivation, (HH? is Morita invariant). The inner derivation will map
to zero in Ext!(V,V), and so the composition of a and € is surjective.

O
The converse is not true.

Some examples.
1. Let S be any commutative algebra, and denote by b C a C S two ideals of S.
Consider the k-algebra,

. ay, aiz2
A= | Qi € S, ai1 — a2 €0,a12,a21 € b,.
a2,1, G232
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Clearly the centre of A = A(2) = 0(2), is S(2) = C(2) = S and a simple calculation
shows that,

AQ) =3 (201 D121 G, 5 € b/ab, i j, dr,a22 € S/6% 11 — G2z € a/67 § .
do1, o : 1,2, : :

Then A(1) is the commutative k-algebra expressed by Nagata rings, i.e.

A(1) = ((S/6)[(a/6*)])[(b/ab)?].

Consider the subschemes V(a) C V(b) C Spec(S). Then, Simps(A) = Spec(S) —
V(b) and a simple calculation shows that Simp;(A) = Spec(A(1)) is a thickening
of the affine scheme Spec((S/62)[(a/b?)]). In the special case,

S = k[t17t2]7 a= (f?g)ab = (f)

where f,g € S, correspond to two curves, V(f),V(g) that intersect in a finite
set U, one finds that Simps(A) is an open affine subscheme of Spec(S), and that
Simp1(A) = Spec(A(1)) is the disjoint union of the curve V(f) with itself, amalga-
mated at the points of U. If both V() and V(g) are smooth, and intersect normally
at the points of U, then the embedding-dimension of Simp;(A) = Spec(A(1)) at a
point not in U, is 2, and at the points of U, 6!

2. Let in the above example, b = a = (t1,t2), then Simps(A) = Spec(s) —
{(0,0)}, therefore not affine, and Simp,(A) = Spec(A(1)) is a thick point situated
at the origin of the affine 2-space Spec(S).

3.Let us compute the Simps(A) for the non-commutative cusp, i.e. for the k-
algebra,

A=k<xzy> /@ —y?).

We first notice that the center Z(A) C A is the subalgebra of A generated by
t:= a3 =92 Put
u = 22y, v = ya.

Then there is a surjective morphism,
k[t,t ™1 < u,v > /(uwou — vuw) — A(t™1)

mapping v to u; and v to vy. In fact, u1vq = t2z and viuv; = t3y, and finally
wviu = Y = v1Uv. (The relations with the equation of Yang-Baxter, if any,
will have to be discovered.)
Now let us compute the Simp,(A). It is clear that any surjectiv homomorphism
of k-algebras,
Py A— Endi(V)

will map Z(A) = k[t] into Z(Endy(V)) = k, inducing a point v € Simp(k[t]) = Al.
This means that Simp,(A) is fibred over the affine line Spec(k[t]) = A!. Let
pu(7)3 = py(y)? = K(v)1, where 1 is the identity matrix, and where x(v) is a
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parameter of the cusp. Then either v = origin =: 0 or we may assume x(v) # 0.
Consider now the diagram:

<

Endy,(V)
/

kla]/(x® — k() * k[y]/ (y?* — r(v

Clearly, if k(v) # 0 the simple representations of A are fibered on the cusp with
fibres being the simple representations of U := k[z]/(z3 — k(v)) * k[y]/(y* — k(v)),
isomorphic to the group algebra of the modular group Sl2(Z). Since the representa-
tion theory of Sls(Z) is known, this shows, in principle, how to go about describing
the open subscheme of Simp,,(A) corresponding to x(v) # 0, for all n > 0.

We shall however have to work a little to find the fibre of Simp,,(A) corresponding
to the singular point of the cusp. When n = 2 it is clear that we have no choice,
but to fix the Jordan form of p,(y) equal to the Jordan form of

po(x) = (8 (1))

Let I(py(z)) be the isotropy subgroup of the action of Gi,, (k) on M, (k), at p,(z).
Set theoretically, the fiber is then the double quotient,

I(pyo(2))\Glo (k) /1(po(x))

To find the scheme structure we may compute the formal moduli of the simple

module given by,
01 0 0
me)= (3 o) e =(7 7).

We compute and find the following,

Example 24. Let A be the non-commutative cusp. Then

(i) Simp:(A) = Spec(k[z, y]/(=* — y?))

(ii) Simpo(A) is fibered on the cusp minus the origin, with fiber E(t) = Uy /T?
where Us is an open subscheme of the 3-dimensional scheme of all pairs of 2-vectors,
with vector product equal 1, and T? is a two dimensional torus, acting naturally
on Us.

(iii) S(2) = k[t?, 3, u].

(iv) The fiber E(0)) over o is given by,

=5 1) o=, %)

parametrized by the k-algebra k[t,u,v]/(t?,u?, (1 + v)t), i.e. it is the open sub-
scheme of the double line parametrized by v, with the point v = —1 removed.
(v) In particular we find that E(0)) is a component of Simps(A).
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The Jordan correspondence. As we have seen in the above example, the com-
putation of the structure of the different Simp, (A) for a given k-algebra A, is
naturally related to the problem of finding the possible Jordan forms for the action
of the generators {z;}¢ ; of A on a vector space of dimension n.

Notice that when A is the group algebra of the homotopy group of the p-pointed
Poincaré sphere this problem is, in some quarters, called the Deligne-Simpson prob-
lem, and is related to classical problems in monodromy theory, see e.g. [Katz],
[Kostov] and [Simpson].

We shall now see how this can be formulated in non-commutative algebraic
geometry, using the existence of a non-commutative moduli space for iso-classes of
endomorphisms, developed in [La 1], § 8. Let Endi(k™) = Spec(k[z; ;]), and let
B := k[z; ;] and G := Gl, (k). For each formal normal Jordan form of dimension n,
there is an orbite, such that the affine ring of its closure is a B — G-representation
pi : B — V;. Corresponding to a family V = {V;}; of B — G-modules, there is
a deformation functor and a versal family of B — G-modules, V, together with a
homomorphism of B-modules,

p:B—YV=(H;aV)).

In all cases known to us, there is an algebraic k-algebra H' C (H; ;), and a universal
family defined on H’, inducing the formal one above. This H’, from now on called
End(n), is simply O(V*, ), the affine k-algebra of the non-commutative moduli
scheme End(n) of iso-classes of endomorphisms, see [La 2]. Here V* is the A — G-
swarm defined by the morphisms, p; : B — V;. There is a homomorphism of
k-algebras,

n:B— O0WV,n)=(H;; ® Homy(V;, V;)).

inducing a homomorphism of k-algebras,
. pRG
n: BY — End(n).

In [La 1] we have computed End(n) for n = 2 and in a forthcoming paper, see [Siq
2], Arvid Sigveland has computed End(n) for n = 3. There is, however, a problem
with this set up; the lack of an algebraic structure on the map,

M, (k) := Endi (k™) — End(n).

To overcome this, let us go back to the general theory for a while. Let A be
given, as above, and consider a swarm, ¢ C A —mod. Let V;,V; € |¢|. We shall
say that V; is above V;, and write it V; > V; if Ext(V;,V;) # 0. Given a point
V € |¢| we shall call the subset {V’ € |¢|| V' > V'} the focal swarm of V', and the
subset {V' € [¢|]| V > V'} will be called the local swarm of V. In the case of the
swarm Simp(B — G), if V is an object, i.e. the affine algebra of the closure of an
orbit, there is a finite focal swarm Vy of V', corresponding to the orbits Simp(V;)
containing Simp(V) in their closure,i.e. to the set of points V; for which there is a
B — G-module homomorphism of V; onto V.

Now consider the left End(n) and right B-module V, and fix an element ¢ €
Simp(B). Then there exists a unique closed orbit Simp(V (q)) containing ¢, such
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that ¢ € Simp(V') — Uy, <v Simp(V}). Let V, := Vy (), and consider the commuta-
tive diagram,
)

I
V&g kiQ)—=Ilvcsimpn—c)(Hii(V) @V ©5 k(q))

b

q

Hi;(V)@Vj)

HVCSzmp(B G

H(V,)

Here V runs through all finite subsets of Simp(B — G), and k(q) is the residue field
of the point ¢ € Simp(B). This induces an End(n)-module homomorphism,

G:V — H(V,)

Notice that the points, i.e. simple quotient modules, of the End(n)-module H(V,)
correspond precisely to the local swarm V,. Moreover, this defines a unique, alge-
braic, morphism, the Jordan morphism,

J : Endi (k") — {V C End(n)| V local swarm}.

Notice also that H(V,) is a left End(n) and a right B-module. Fixing g, any
element ¢ € Simp(End(n)), i.e. any Jordan form, therefore defines a simple B-
module, an element ¢(q) € Simp(B). In this way we obtain a local section of the
Gl,,(k)-orbit stratification of M, (k) parametrized by Simp(End(n)).

Now, assume given a k-algebra A, generated by the elements {z;}?_,, and a
simple n-dimensional representation V' € Simp,,(A4). Recall again the commutative
diagram,

A

O(n) C(n) ®, Endi (V)

| |

HO(V) Rk Endk(V) o~ C’t(V) Rk Endk(V).

Clearly, the element z; € A induces a homomorphism,
x; : B— C(n),
therefore a natural map,
X, : Simpn(A) — Simp(B) = M, (k).

Together we have proved the following,
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Theorem 25. There exists a natural algebraic correspondence,
J(z1, 22, ..., xp) : Simpp(A) — {V C End(n)| V local swarm}"

Let us compute J in the first non-trivial case, i.e. for n = 2. For this we first
need to compute the versal family, V), i.e. the action of B on V = H ® V. This
is easily done by using the k-linear and GI(2)-invariant section of the morphism
B — V4 = B/(s1, $2), induced by fixing a k-basis for Vi,

{x?olx?lzxgzl =: x??lvO}OS"OSLOS"th
mapping, multiplicatively, 21 1 to 1/2(z1,1 — x2,2), and x; ;,7 # j to x; ;, see §10 of
[La 1]. We obtain,

V= (H(VY)y vy = (sl OV e 00

where V5 = k, subject to the relation in Hj o = k[s1, s2] < t1,t2 > k[s],
t152 — Sgtl -2 tQS + Sltg = 0,
with the k[x; j]-action given by,

1® v 0 r i — 1®U1$i,j 0
0 1® v By 0 0

if 1 # j, and,
1®’U0 0 o 1®’U0(E1,1—1/281 ®UO —1/2t1 ®60
0 1@uvy )BT 0 —5® vy
1® vg 0 . - —1 K vox1,1 — 1/231 & Vg —1/2t1 ® Vg
0 1®@uy ) 7227 0 —5® Vg

Moreover, the (1,1)-term of the matrix,
1® v 0 "
0 1w ) M

—1®vox1,272,1 — 1/251 @ vo1,1 + 52 ® Vo
and the (1,2)-term has the form,
ta @ vy — 1/2ts @ vy — (51/2)% /(1 = (51/2))t1 @ wp,
The (1,1)-term of the matrix,x,

1® v 0 r
0 1® vy 2.2

1® voz1,2T21 — 1/281 @ voT11 — S2 @ Vo
and the (1,2)-term looks like,
—ty @)+ 1/2t15 @ vh + (51/2)%/(1 — (51/2))t1 ® vp.
Here () is the image of vg in V5. Notice that for s; = 2 these formulas are undefined.
Assume s1 # 2, then J is defined, and in particular,

The (generalized Deligne-Simpson) problem we encountered above, is now the
following:

for v1 = vpx1,1, looks like,

has the form,
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Problem 26. Given a k-algebra A, finitely generated by the elements {x;}i_,,
characterize the image of the morphism,

J(x1, 22, ...y ) o Simp,(A) — End(n)?.
In the case of the cusp above, it is easy to compute the image of J, when n = 1,2,
and not so easy when n > 3.

A structure theorem for geometric k-algebras. Let A be a geometric algebra,
and assume moreover that I(n) = 0 thus, A ~ A(n), so that A does not have any
simple modules of dimension greater than n. Now, for any m < n, consider the
natural morphism,

A- I o*vm

VCSimpy, (A)

where V runs through all finite subsets of Simp,, (A). Call the image D(m). Clearly
there is a natural surjectiv homomorphism,

D(m) —O(m)c [[ H*™ & Endy(V),
VeSimpm (A)

see Proposition 11. Let D(m), O(m), be corresponding (non-commutative) sheaves
on Simp,,(A). Consider the diagram,

K(n)
Kn—1)—sAn—-1)—=D(n—-1)

é S

——AQ1
where K (m) is the kernel of the morphism A(m) — D(m). Clearly K (1) = 0.

A(n) ———=D(n)

Theorem 27. For any geometric k-algebra with I(n) = 0, there is a sheaf of matrix
algebras D, defined on Simp,,(A), and an injectiv homomorphism of k-algebras,

A— D,

where D is generated by matrices of the type,

x  Dn-1) .. ,
* * . D)

such that Simp, (A) = Simp(D(m)).
Proof. This is now just another way of stating Proposition 1., i.e. saying that
A ~ O(Simp*(A)), since clearly O(Simp*(A)) C D.

O
The following simple consequence of the O-construction, is going to be rather
useful,
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Corollary 28. Suppose the geometric k-algebra A satisfies the following condi-
tions,

(1) I(n)=0
(2) Exty(V,V') =0, if dimV < dimV'(resp. if dimV > dimV"’)

Then D is a sheaf of upper triangular (resp. lower triangular) matrices of the form,

D= 0 Dn-1) .
0 0 . D)

Remark. The above condition (2) is very often satisfied, and in particular, it is sat-
isfied for the the coordinate k-algebras of affine subschemes of (non-commutative)
orbit spaces of the action of a (finite dimensional) reductive Lie group. In fact,
if the Lie group G acts on the affine scheme X = Spec(B) such that the (non-
commutative) orbit space, see [La ?| is an affine (non-commutative) k-algebra A,
then, for any local swarm V = {V1,Va,...,V,.}, of B — G-modules, corresponding to
closed orbits Spec(Vy) D Spec(Va) D ... D Spec(V,), then

(3) Exth_o(V;,V;) =0, for all j < i.

This implies that the corresponding formal moduli of V = {V;,Va,...,V,.} has the
form,

Hl,l * *
H(V) = 0 Hap .
0 0 . H,
This again will imply that A will have the form,
A= 0 Sn-1) .
0 0 . S8(0)

Here Simp(S(p)) is the (possibly non-commutative) subscheme of Simp(A) cor-
responding to the p-dimensional orbits. Let us prove (3) above. There are two
spectral sequences converging to Ext¥_~(V;,V;), one given by

Y = HP(G, Bath(Vi, V;),

the other with,
EPY = HH?(B,HY(G, Homy(V;, V;))).

If p4+ g =1, then the last one will be reduced to,

EY' = HH(B, H (G, Homy(V;, V;))) = 0,
since GG is reductive, and

Ey" = HHY(B, H°(G, Homy(V;,V;))) = 0,
since, obviously, H*(G, Homy(V;,V;)) = Homg(V;,V;) = 0 for j < i.
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A spectral sequence. Let the finitely generated k-algebra A be such that A ~
A(n). Then Simp,,(A) = 0, for m > n. To what extent will the globale scheme
structures of the Simp,(A) determine the globale structure of A, and vice versa?
In particular, is the cyclic homology of A determined by the de Rham cohomology
of the different Simp,(A), and conversely, what can we learn about the de Rham
cohomology of Simp,(A) knowing the cyclic cohomology of A? The first result in
this direction is the following trivial observation,

Lemma 29. Suppose, in the above situation, that the ideals J(m — 1) := I(m —
1)/I(m) C A(m), m > 1, are H-unital, then there existe a spectral sequence with,

B}, = HC,(J(m ~ 1)),

converging to (abutting at) HC.(A).
Proof. See, e.g. [Loday]
|

Theorem 30. Let A satisfy the following conditions,
(1) I(n)=0
(2) ExtYy(V,V') =0, if dimV < dimV'(resp. if dimV > dimV").
(3) Simpp(A) = Spec(C(n)) is affine for m > 1.
Then,
A~D

and there is a spectral sequence with,
By = HCp(C(m)),

converging to (abutting at) HC,.(A). Moreover, if all Simp,,(A) are smooth affine
schemes, then

HC,(C(m)) = @1 HY 2 (Simpm (A)) & (2 Jd¥,, )

P
Simpm (A) Simpy, (A)

Proof. Use the Lemma 23. If Simp,,(A) is affine for m > 1, it follows that the
map A(m) — C(m) ® M, is surjectiv. The problem is to show that I(m — 1) maps
surjectively onto C(m) ® M,,. However, the image of I4(m — 1) in C(m) ® M,, is
IC(m)@Mm (1) which, obviously, is C(m) ® M,y,, since C(m) ® M,, has no modules
of dimension strictely less then m. But then A ~ D. Now, A ~ D is triangular, and
the ideals J(m —1) := I(m —1)/I(m) C A(m) are obviously H-unital. Since cyclic
homology is Morita invariant, the result follows from, e.g. [Loday], see 2.2.12, and
Chapter 3.

d
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