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Preface

This is the thesis for my Cand. Scient. degree at the University of Oslo. My pri-
mary field of study is several complex variables and algebraic geometry. Initially
the purpose was a thesis on residues in several complex variables; however, as
the title states, it has been specialized to push forward of holomorphic forms by
holomorphic maps. Of course, the two subjects are strongly related and I believe
that several results on residues may be proved more easily by using push forward
and a relation similar to Res;w(z) = Res, fiw(v).

The methods used are both analytic and algebraic. 1 believe most of the alge-
braic results on push forward may be generalized to maps f : " — F”, ' an
algebraicly closed field, and similarly for algebraic varieties, using equation 1.3
of definition 1.3 to give a formal definition of push forward. This, I have not
looked into. My initial interest was push forward of forms; the results of interest
in algebra is primarily those of chapter 3, and these came later. If I can find an
algebraic proof of theorem 2.19, I believe the rest of the algebraic results would
follow quite easily.

Some of my inspiration to study push forward of forms may have come from the
following well known result proved by elementary residue calculations in one or
several variables: as stated in [5] at page 667, if f : U — W is holomorphic,
surjective, open, and finite, h : W — U holomorphic, then the trace o,(w) =
> f(x)=w P(2) is holomorphic on W. Thad seen this result in one variable and could
easily generalize it to several. My idea was to generalize this from functions
to forms; this is done in chapter 1. When noticing how I chose to define the
push forward, the link to this formula seems clear. At the end of the chapter, |
show that the push forward may be done by proper maps between manifolds or
varieties.

The next chapter studies push forward in the algebraic case; on C™ and on
varieties. | find that push forward is algebraic operation: push forward of an
algebraic form by an algebraic map is algebraic. In fact, push forward equals the
algebraically defined trace. Furthermore, I study the relation between the degree
of the form and its push forward.



In chapter 3, I find that a polynomial A is uniquely represented by a sum
> a; (gi/cj) o f where a; is a polynomial basis, m = deg f. The polyno-
mials g; may be found by the relation g; dv = f.(bjh dz) where b; is a dual
polynomial basis. In the generic case, I can choose the basis a; so as to make it

a basis for C[z] over C[f].

Chapter 4 deals with the relation between push forward and residues. Also, |
generalize a result from an article [3] on residues, using methods from elsewhere
in this thesis and some of its results.

I have used some known results. These are listed in the appendix with either
proofs or references to the source of the result. The appendix also contains
definitions of some concepts used in this thesis; this is for the sake of clearity, as
some of these are defined differently by some authors.

Finally, I would like to call attention to the notation used throughout the thesis.
All definitions, lemmas, etc. are ended with a black box: m. Several chapters
and sections contain a paragraph labeled “Notation”; the conditions set here
apply to the entire chapter or section unless otherwise stated and, hence, these
requirements applies even if they may not be repeated in lemmas and theorems.

Einar Andreas Rgdland
Oslo, 1st July 1992



Chapter 1

Push Forward of Holomorphic
Forms

The integral

hdzy N+ Ndz,
1.1
/|Af]|:7”j flfn ( )

where fi,...,f,, h : C* — C are holomorphic, often occurs when studying
residues. This integral may be studied by taking the push forward of the form
h dz by the map f: C” — C™.

Notation 1.1 In this chapter, unless otherwise specified, I will use the following:

1. U C C” is an open set.

2. f:U — C" is holomorphic. On U, I will primarily use coordinates z; on
the image, coordinates v. If f are polynomials, U = C”.

3. Jjx = (0f;/0zr) and A = det J. I demand that A(z) # 0; i.e., the image

of f is of dimension n.
4. h:U — C is holomorphic, and w = hdz = h dz; A --- A dz,.

5. I will often drop indices: dz = dz;y A -+ AN dz,, |f — v| = r says that
|fi —v;| = r; for all j, |f —v| < r means that |f; — v;| < r;, etc. For
p NG, |l =2 p+1=(1+1,...,u,+ 1). For two n-tuples u; and
Vi, U U =y uivg; M= Hz;-”.



1.1 Defining a Global Push Forward

The usual definition of push forward is by

[ronv=[onrv, (1:2)

where ¢ and 1 are forms. This defines f.¢ as a current, but does not necessarily
give a form. Under certain conditions f.¢ will become a form; i.e., it may be
represented by a form.

I will, however, attack this problem from the other side. I will define push forward
in a different way such that it is clear that it is a form, but where the push forward
is not immediately defined everywhere. However, where it is defined, it will be
equal to the push forward defined by equation 1.2.

Example 1.2 If A(z) # 0 there is a neighborhood U of z such that f is biholo-
morphic on U. If we let g = f~! the Jacobi determinant of g is A, = A™!; hence,
we get fu(z)(h(2)dz) = g*(2)(h(z) dz) = h(z) dg = h(z)A,(v) dv = h(z)/A(z) dv
where f(z) = v. m

Definition 1.3 If A(z) # 0, there is a natural local push forward:

h(z) dv

) (h(z) ) = 5"

I will define a global push forward:

fao(v) = fulhdz)(v) = > ful(z)(h(z)dz) =

f(z)=v f(z)=v

(1.3)

Let V be the set of all v € f(U) — f(OU) with #f~'(v) < oo such that there is a
neighborhood O of v with f~*(0Q) bounded; V is open. Now, fuw is well defined
for all v € V with A # 0 on f~(v); I will call this set V. u

Now, f : U — V will be holomorphic, surjective, open, and finite; such are
the conditions for the trace formula as stated at page 667 of [5]. It will also be
proper. | will show that no further conditions are needed for a similar formula
for n-forms. This result will be stronger than the classical trace formula because
of the division by the Jacobi determinant required in the equation 1.3.

The reason for specifying v € f(0U) is to avoid cases like U = {z € C | Re z >
0}, f(z) =z*and v = 1.



Lemma 1.4 With w, f, and f.w as above, f.w = H dv where H is holomorphic
on V.

Proof: Let v € V, {p1,---,pm} = [7'(v), and let U; be neighborhoods of p;
such that f|y, : U; — V is biholomorphic on the image. Let g; be the inverse of
[lu, defined on a neighborhood of v. Now,

h(z " h(g;
g

ioe AR S

(v))
(v))

which is clearly holomorphic in a neighborhood of v. m

If fiw is known, the integral (1.1) may be written

w f*w
/m:r it /M:r

1.2 Extending the Push Forward

It is obviously of interest to extend f.w beyond the region where it is immediately
defined. In fact it is possible to extend it to all of V. In order to do this, I need
a lemma saying that the integral of a holomorphic n-form is independent of path
in some sense.

Lemma 1.5 The integral
w

|f—wl=r [1; f; —v;

does not depend on the choice of r and w as long as |[v — w| < r, and {z |
|f(z) —w| =r} C U is compact.

Proof: I will show that the integral equals f;_,_, w/Ilf; — v for any p <
r—|w—vl|. Let A C C" x R be defined as

A:{(z,t)‘|f(z)—w—t(v—w)|:r+t(p—r),0§t§1}.

There is a projection m : A — U by m(z,t) = z. This gives the pull back form
m*(w) on A; drn*(w/I1 f; —v;) = 7*d(w/ 1 f; — v;) = 0. A satisfies the demands
of the version of Stoke’s theorem for varieties: see theorem A.24. Alternatively,
A is semialgebraic — see the definition A.22 — and so we could use the version



of Stoke’s theorem for semianalytic sets: see theorem A.25. This makes

/f wl=r [1; fj) /If—v|=p I1; fj)_ vj B /3A a (H]’ fjj_ UJ')
B /Adﬂ* (ij;"_ Uj)
= 0.

Theorem 1.6 The form f,w can be extended holomorphically to V', V' as in
definition 1.3.

Proof: Let w e V and r; > 0 be such that {v € C" | v —w| <r} C V;as V is
open, such an r exists. We get fuw(v) = H(v) dv with

v —w—rH()du_ ! -
H(v) = @ /| | I, u; — v; (27ri)n/fw| I /i — v,

for all v such that |v — w| < r. According to the above lemma, the mtegral is
independent of the choice of r and w as long as {v | |[v —w|=r} C V.

If we pick v € V\V and r and w € V such that {v | [v —w| = r} C V, the above
integral will define a value of H(v). This extends H holomorphically. Hence, H
may be defined on the entire V' by this integral. m

This theorem may also be proved by the method used in theorem 1.12; in this I
do not need to apply theorems A.24 or A.25.

1.3 Push Forward of Holomorphic p-forms

So far, we have only pushed n-forms. There is, however, no reason why one could
not define push forward for p-forms in general; in fact, the ordinary definition of
f«) as a current does this. As before, I will concentrate on holomorphic forms.

Let 1 be a holomorphic p-form on C*, f as before. Wherever A # 0, there is a
local push forward f.(z)(¢(z)). This may be made into a global push forward as
in definition 1.3.

Now, we may use the apparatus for push forward of holomorphic n-forms and
the relation

/Df*zb/\qﬁ:/f_l(mzb/\f*sb

to give an explicit expression for f.1.



Lemma 1.7 Let f : U — C” as in notation 1.1. If 1/ is a holomorphic p-form
on C”, the push forward of ¢ by f is given by

f*77ZJ = Z P[ dU[
[1=p
where Pr is given by
Prdv = (=) f (4 A dfy)
where I, J, and (—1)I!*/ are such that dv = (—1)I"71 dv; A dvy.

Let V' be as in definition 1.3; then, f.¢ is well defined and holomorphic on V.

Proof: The form 1 A df; is holomorphic. By theorem 1.6, its push forward is
holomorphic; hence, so is Pj. m

Due to this lemma, most results about push forward of holomorphic n-forms may
be generalized to push forward of holomorphic p-forms.

1.4 Push Forward on Manifolds

It is, of course, tempting trying to do on varieties and manifolds what I have
done in C”. However, in order to successfully define a global push forward, I find
it necessary to put rather strong conditions on the maps and forms.

Notation 1.8 Let f : M — N be proper, M and N complex manifolds of
dimension n or Zariski-open subsets of (complex-analytic) varieties; as long as
the map is proper and dominating, anything will do. m

Lemma 1.9 If ¢ = p dz is a holomorphic n-form,
GRS S
2 A = p]* \ daj A dy;
(21) 7=1

is a real form.

Proof: We have
YAY = |p|PdzAdz
n(n+1) n o
= |pl* (=) A dz;Adz
=1

(2l)n /\ dl‘j A dy]‘.

7=1

n(n+1)
2

= |pl* (-1)



Lemma 1.10 Let D C N be an open set and let ¢ be an n-form which is
holomorphic on D\ V, V a complex-analytic set in D. If [ ¢ A ¢ is bounded,
then ¢ may be extended holomorphically to all of D.

Proof: If v € VN D is a smooth point of V: i.e., there is an open neighborhood
U C D of v and a biholomorphic map a : U — C” such that a; = 0 on V. The
Laurent series is a.d(w) = ¥, a, w* dw, p € Z x Nj~'. Use the identity

/II a*(¢A$)=/|| > a,a,w" wdw A dw = > a,w" P dw A dw
w|<r w|<r

1Y lw|<r 7

for {|w| < r} C a(U). This integral is finite only if a, = 0 whenever p; < 0;
hence, ¢ must be holomorphic on U.

This argument makes ¢ holomorphic except on the set of singular points of V.
By lemma A.20, this set has codimension > 2; hence, by lemma A.21, the form
may be extended holomorphically to all of U. m

Lemma 1.11 For w = & dz a holomorphic n-form, f.w = H dv, and f.(wAD) =
( duAdv, we have |H|* < n|G| wherever they are both defined. As a consequence,
n(n+1)

n+1)
Og%/ljf*wAf*—wS %/Df*(w@

n(

for any region D.

Proof: Use the Cauchy-Schwarz inequality: for aq,...,ar € C, we get | Z;?:l a;l?* <
k 2

n Ej:l |a]| .

2

Z h(z)
A(z)

(2)

1z)=v
(2)

[H]* =

2

Snzh

f(z)=v
al.

This argument works wherever f is finite: i.e., almost everywhere.

[P

= n|

The second part follows directly from this and the fact that both forms are real
and non-negative. The fact that they may be defined only almost everywhere
does not affect the integrals as such sets have measure zero. m

10



Theorem 1.12 If w is a holomorphic n-form on M, the push forward f.w is
holomorphic on N.

Proof: The usual way of defining the push forward is to relate it to the pull back
by [ fiw At = [w A f*b. Wherever f is finite, this is equivalent to definition
1.3. By this definition, f.w becomes a current; I wish to show that it is not only
a current, but a form.

Outside a region of codimension one (e.g., that defined locally by A = 0), f is
finite; hence, on this region, f.w is a form.

By the above lemmas, and the fact that f is proper,

(—1)=5 - (—1)=5 B
W . fiwA fiw < W ; Julw N D)
(-0 _
- (20)» f—l(K)w he
< o0

for compact sets K C N. If we let V' be the image under f of the algebraic set
A =0, lemma 1.10 gives us that f.w is holomorphic on the interior of K.

As any point in N has a compact neighborhood, f.w must be a formon N. g

11



Chapter 2

Push Forward by Algebraic Maps

I am very interested in studying push forward by algebraic mappings. This is
partially due to the fact that one may expect to be able to make stronger predic-
tions for polynomial and rational maps then for general holomorphic functions;
also, through polynomials, we are in touch with algebraic problems (see chapter

3).

2.1 Push Forward on Varieties

Notation 2.1 Let X and Y be varieties, f : X — Y a rational dominating map,
and K(X) and K(Y') the fields of rational functions on X and Y. m

The main theorem of this section will be:

Theorem 2.2 If 4 is rational, w a rational p-form, f.w will also be a rational p-
form. If w is a polynomial p-form and f is proper, then f.w, too, is a polynomial
p-form. m

It is necessary to demand properness in order that push forward of a polynomial
form be polynomial; it is not sufficient that the map be finite: i.e., that #f7'(q) <
00.

Example 2.3 Let f: C* — C? by f(z,y) = (z,zy*+y). Solving f(x,y) = (u,v)
makes * = u and uy® + y = v which has at most two solutions. We find that
f«(y) = —1/u (push forward of a function, not a form). m

12



Later, in lemma 2.18, T will prove that if f is defined by homogeneous polynomi-
als, finiteness will imply properness. In the more general case there is a simple
criterion for when f is proper. If the number of zeroes of f — v is constant when
counted with multiplicities, f is proper. This is due to the fact that the number
of zeroes of f —v in CP" is [[ deg f;. Hence, the condition is that the number of
zeroes of [ — v at the hyperplane at infinity, is independent of v; if z; — oo and
f(z;) = v, that would not be the case.

I have proved the main part of the theorem in two different ways: one analytic
and one algebraic. The original proof is the analytic, but the algebraic is far
simpler.

2.1.1 Analytic Proof

Lemma 2.4 With f: C* — C” as above, there is a polynomial p such that the
restriction f: C"\ {po f =0} — C\ {p =0} is proper.

Proof: Let X C CP" x CP” be the closure of {(z, f(z)) | z € C"}. This is an
algebraic set. By theorem A.6, the projection Y = mo( X N(H x CP")), H C CP"
the hyperplane at infinity, is an algebraic set as well. The set ¥ has dimension
< n — 1: it does not fill CP"; hence, there is a non-zero polynomial p which
vanishes on Y.

Let K C C*\{p= 0} C CP" be a compact set. The pull back of K to X C CP"
is closed and does not meet the hyperplane H x CP", hence, it is bounded in
C™; this makes the pull back compact. As this applies to all compacts that do
not meet {p = 0}, the restriction of f described above must be proper. m

Lemma 2.5 Let Y C C? be an n-dimensional affine algebraic variety, f : C* —
Y a dominating polynomial map, and g : C* — C a polynomial. There are
polynomials p : C? — C and ¢ : C* — C such that p(f(z)) = g(2)g(z) # 0.

Proof: Let X C CP” x CP? be the closure of {(z,v) € C* x C? |v € Y, ¢g(z) =
0}. By theorem A.6, the projection of X onto CP? is an algebraic set. Let
7 be the intersection between Y C C? C CP? and the projection of X; 7 is
an algebraic set in Y. As the dimension of Z is less than that of Y, there is a
polynomial r that vanishes on Z but not on Y. As r o f = 0 wherever ¢ = 0, by

corollary A.11, g|(r o f)* for some k. Use p = r*.

Let me also sketch an alternative proof. For V' an algebraic set of dimension d, let
A(V) be the polynomials on V of degree < k; dimg Ax(V) = O(k?). UV — W
by a map, we get a map A(W) — A(V). If dimV < dimW, A(W) cannot be

13



mapped injectively into A(V) as A(W) is ‘larger’ than A(V). Let p be a non-zero
polynomial in A(W) which maps to zero in A(V). m

Corollary 2.6 If f : C* — C” is a polynomial map with A #Z 0 and A is a
polynomial, there are polynomials p and ¢ such that p(f(z)) = h(2)q(2). m

Lemma 2.7 Let Y C C? be an algebraic set and o : ¥ — C a holomorphic
function such that h(v) = O(||v||*). Then, h is polynomial (on Y): i.e., may be
defined by a polynomial.

Proof: Let Y be the closure of Y in CP? and let V; denote the hyperplanes in
CP* corresponding to u; = 0, ug,...,u, the coordinates of Ctt\ {0} — CPY,
v; = uj/ug. On Y\ 'Vj,

k
h(v) ur Uy (o ]|
—=hl{—,...,— ) |—| =0|—¢
’U]‘ Uo Ug u] |u.7|
is holomorphic; even on V,. Hence, & is meromorphic on Y. By lemma A.19, a
meromorphic function on an algebraic set in some projective space is rational,

and hence, A must be rational. As h is rational on ¥ and holomorphic on Y, it
must be polynomial on Y. m

Lemma 2.8 Let Y C C? be an affine algebraic variety of dimension n, f : C* —
Y a dominating polynomial map, and w = h dz a rational n-form on C". Then,
fiw is a rational n-form on Y.

Proof: We may assume that Y is not contained in any linear subspace on C¥;
otherwise, we just reduce the problem to Y ¢ C? for some ¢’ < gq.

Let 7 : C? — C” be a linear projection. Assume that wof : C* — C” is such that
A = Ay Z0. By lemma 2.4 there is a polynomial R such that the restriction
7o f:C"\{pof=0} = C"\{p=0}is proper. Pick non-zero polynomials
P, @, p, and ¢ such that P(f(2)) = A(2)Q(z) and p(f(z)) = ha(z)q(z) where

h = hy/hy; according to lemma 2.5 such polynomials exist.

Define ¥ C R x R x C" x C? by

B ={ (10 + e 121 2 0) | P, Rln(o)) # 0, 0 = 7))
The set E is semialgebraic: see definition A.22. Let
l(z) =suply | (z,y,2,v) € E}.

14



Let s(v) = ||v]|+1/|P(v)R(v)| and U, = {v | s(v) < z}. As s(v) = oo whenever v
goes towards infinity or { PR = 0}, U, is closed and bounded; i.e., U, is compact.
(The risk was that there could have been a sequence of v’s in U, that converge to
a point on { PR = 0} or goes to infinity.) As U, is compact and f is proper when
restricted to {R # 0}, f~'(U,) is compact. This makes z bounded for s(v) < z;
hence, z < 0o = [(z) < occ.

As x < 00 = () < oo, lemma A.23 says that /(z) = Az®(1 + o(1)), which, in
this case, makes

Izl < A+ ol + metae)

Now, for large z,

V@) ha(2) a(=) Q(2)
AG) p(0) P(o)
& where = e
Oﬁmmmmo here k= deg g @

o (el + )

i O( PP
This makes |p(v) P(v)™ 1 R(7(v))™h(2)/A(2)] = O(||7(v)]|") for some [ and, hence,
Jww = H dm where H(v)p(v)P(v)" ' R(m(v))™ = O(]|7(v)]]").

The form dr is a polynomial form on Y. Also, H(v)p(v)P(v)"t' R(w(v))™ =
O(||v]|') is holomorphic on Y; by lemma 2.7 it is polynomial. Then, H must be
rational, making f.w a rational form. m

Corollary 2.9 If f : C* — C” is polynomial and w = h dz a rational n-form,
then f.w is a rational n-form. m

Lemma 2.10 Let X C CP*? and Y C C? be n-dimensional affine algebraic
varieties such that X = {(z,y) C C?™* |y € Y, P(z) =0}, P = (P,...,P.):
Crt? — C" polynomials. Let w be an n-form on X given by w = 3772, hr d2g
where A are rational functions on C?*?. If 7 is the projection of X onto Y, mw
is a rational form on Y.

Proof: Let us now define f : C**? — C™*1 by f(z,y) = (P(z,y),y). Now,
X = f~1({0} x Y). By combining lemma 2.8 and lemma 1.7, we get that f.w is
a rational n-form on the image of f; this form may be restricted to {0} x Y =Y
giving m,w. The form f.w may not be singular along {0} x Y as the projection
of X on Y is finite almost everywhere. m

15



Theorem 2.11 Let X C CP” and Y C CP? be n-dimensional algebraic vari-
eties, f : X — Y a rational dominating map, w a rational n-form on X; then,
fiw is rational.

Proof: Let 7 C X x Y define the rational map f and let © be the projection
onto Y. The form w may be pulled back to Z; this form I will denote w and from
now [ will not mention X again.

Let Hy and H; be hyperplanes in CP? and CP?, H = H; x CP?U CP? x H,,
such that Z is not contained in H. By theorem A.6, V = x(ZU H) C CP? is an
algebraic set. Also, Y \'V C CP?\ H, = C?. Let g be a non-zero polynomial on
Ci such that g =0 on V' \ Hy; as V is an algebraic set, such a g must exist. Now,
Y ={(y,1) € C* x C | y/g(t) € Y} and Z = {(2,1) € C*** x C | z/g(l) € Z}
are affine varieties, and Y 2 Y \ {g = 0} and 7 = 7 \ {¢g = 0}; hence, we may
restrict the map = : Z =Y.

Let Py,..., P. be polynomials defining 7 over V:
7 = {(;r:,y) € Cr x Crtt ‘ yeV,P(z,y)= 0}.
These polynomials are simply polynomials generating the prime ideal
[(Z) = {p €EC[T1, .y Tp, Y1y Yg, ] ‘p =0 on Z}

over the prime ideal

(V) = {pE Cly1, .-, Yq, ] ‘szon Y} CClx1yeyTpyYtyee s Ygo t]

Now, we have the situation in lemma 2.10: the push forward m.w is a rational
form on Y and, hence, on Y. m

2.1.2 Algebraic Proof

Definition 2.12 Let F' C K be fields, [K : F]| = m, and let ay,...,a, € K
be a basis for K over F. If + € K, multiplication with = in K gives a linear
transformation on K over F;let A € F™*™ be the matrix such that zra = A-a
where a = [ay,...,ay,]. Define the trace of z to be Trgypx =Tr A =37, Aj;.
The trace is independent of choice of basis, and, clearly, gives a map K — F. g

Lemma 2.13 If f : X — Y is a regular dominating map, X and Y affine
varieties, we get a map f : K(Y) — K(X). We may define the trace Tr :

16



K(X) — K(Y) as above. Now, the push forward of a function on X equals its
trace: fi(h) = Trg(xy/x)h for all h € K(X).

Proof: As f is a dominating regular map, K(X) is, by theorem A.13, a finite
extension of K(Y) of degree m = deg f; hence, there is a basis a;, and trace may

be defined.
Let h € K(X) and let ha = A-a, A = [A;];; and a = [aj];. Let v € Y be

a point such that f~'(y) = {z1,...,2m} are m distinct points. Now, we have
[h(Zk)aZ(Zk)]Zk =A. [Cl]‘(Zk)]]‘k = [ai(zj)]ij . [5]kh(zk)]]k This makes Trh = Tr A =
Tr([ai(2;)ij - [0h ()] - lan(20)]') = ;5 h(z;) = fu(h).

In order to do the above calculation, we must demand that det[a;(z;)];; Z 0.
Otherwise, we would have

L)

det {f*(aiaj)} = det [Z a;(zr)a;(z) ]
%

v

= det ([ai(Zk)]ik : [%’(Zk)]kj)

= (det[ai(zk)]ik) ’
= 0.

Now, we could find g; € K(Y') such that for h = 3" a;g;, f«(a:h) = 3=; fu(asa;)g; =
0 for all .. But, as a; is a basis for K(X), 1/h =3, a;h;; now, fu(1) = fu(h/h) =
> hifi(aia;)g; = 0 which is obviously wrong. Hence, the assumption that
det[a;(z;)];; 0 must be wrong.

As det[a;(z;)]ij # 0 outside a subvariety, the equality Trh = f.(h) holds globally.
|

Lemma 2.14 Let f : X — Y be a rational dominating map; this gives a map
[ K(Y) = K(X) and, hence, a trace Tr : K(X) — K(Y). Trace equals the

push forward of functions as in the above lemma.

Proof: Let Z C X x Y be the variety defining f, = the projection of Z onto
Y. As in theorem 2.11, we may a polynomial g defining a variety on Y such that

¥ = {(y,0) € O x C | y/g(t) € Y} and Z = {(=,1) € C"*1 x C | 2/g(t) € 7}
are affine varieties, ¥ =V \ {g = 0} and Z = Z \ {g = 0}; the restricted map
m:7Z—>Visa regular dominating map, hence, by the above lemma, trace and
push forward of functions are the same. m
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Lemma 2.15 Let f: X — Y be a rational dominating map, w a rational n-form
on X. Then, the push forward f,w is a rational n-form on Y.

Proof: Let ¥ be a rational n-form on Y; by lemma A.5, such a form exists.
Then, w = h f*» where h is a rational function on X. The push forward of w
is fuw = fu(h f*) = fu(h) . By the above lemma, f.(h) = Trh € K(Y); i.e.,
f«(h) is rational. m

2.1.3 Proof of the Main Theorem

Proof: If w is a polynomial n-form and f is proper, the push forward is rational
by the above theorems and holomorphic by theorem 1.12; hence, it is a polynomial
form.

The push forward fiw = 3772, Pr dv;. The form w A df; is rational and, if w
is polynomial, polynomial; hence, by theorem 2.2, P;, as they are expressed in
lemma 1.7, are rational and, if w is polynomial and [ is proper, polynomial. g

Corollary 2.16 If f : C* — C" is defined (almost everywhere) by rational
functions such that A £ 0 —i.e., f is a dominating rational map — and w = hdz
is a rational n-form, then f.w is a rational n-form. m

Corollary 2.17 If f : C* — C" is defined by a proper polynomial map and w
is a polynomial form, then f.w, too, is a polynomial form. m

2.2 Push Forward by a Generic Polynomial Map

The Jacobi relation — see page 671 of [5] — states that if degh < 3, deg f; —n
and f = v intersect transversally in []; deg f; points, f.(hdz)(v) = 0. In a similar
setting, there is a similar result giving a bound on the degree of the push forward.

The restriction may be formulated in a series of equivalent ways; this is done in
the following lemma. A generic polynomial map f = g+ g: C* — C” where g is
the highest order term, satisfies the conditions of the lemma. This is most easily
seen from statement five: the common zeroes of f lie outside the hyperplane at
infinity. Of course, by restricting ourselves by this condition, we leave out some
special cases of ‘difficult” polynomial maps, but, in return, we get very strong
results: see theorems 2.19, 3.12, and 3.14.
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Lemma 2.18 Let g : C* — C” where g; are homogeneous polynomials. The
following are equivalent:

1. g: C" — C” is finite.

2. The set in CP"! defined by g = 0 is empty.

3. f =g+ g is proper for all g such that degg; < degy;.

4. g is proper.

5. If f =g+ g (as in 3), extend f to CP” > C”; fi,..., f, have no common
zero on the hyperplane at infinity.

6. If f = g+ ¢ (as in 3), the general number of solutions to f(z) = v is
deg f = H]‘ degfj = Hj deggj.

Proof: I will show that 1 == 2=3=4=1and 2 < 5 <= 6:

1= 2: If g(z) = 0 for some z # 0, g(Az) = 0 for all A € C, and, hence, ¢ is not
finite.

2 = 3 : Assume that [ is not proper; then there is an unbounded sequence
zj such that f(z;) is bounded. By picking a subsequence, you may de-
mand that |z;| — oo and f(z;) — v. Let u be an accumulation point for
zp/||z]| € S**71; as S*"~1 is compact, such a point must exist. We use that

9i(z/lIz|l) = v;/|l2||¥, d; = deg g;, for all z € X. Now,
. ( 2k ) _Si) = gi(z) v gilz)
s -

[ el Nzl flzell®

— 0

hence, g(u) = 0 with u # 0, giving a point in CP"™! with g = 0.
3=4: Let g =0.
4= 1: Lemma A.8.

2 <= 5: At the hyperplane at infinity f = g, hence, the equivalence of 2 and
5.

5 <= 6: Compactifying C* we get CP". Counted with multiplicities, the set
of equations f(z) = v has []; deg f; solutions in CP"; this follows from Be-
zout’s theorem: theorem A.7. So, 6 holds iff and only iff all these solutions
are in C" C CP" which is statement 5.
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Theorem 2.19 Let f; and kA be polynomials, f; = g; + g; where g; is ho-
mogeneous of degree d; and degg; < d;. Assume that ¢ is proper. Then,
H(v) = Y a,v* where p € Nj, p-d < degh — |d| + n, and a, € C: i.e.,
deg Ho f < degh — deg A.

Proof: We may assume that i is homogeneous of degree D; otherwise, we regard
each homogeneous component separately. Now,

H(v) dv w )
/|uj|:r prtl = /m(z)':” f‘L‘H let z = Au and r; = |,\| 1p;
] )X d
o =nbe, f(u)et

/|g](u)+§j(,\u)/w|:p] JQuett
For some A, define A C C* x R by
A= {0 [0t <1, Jgi(u) + 1 4;0u)/A] = i}

It is necessary that f;(Au) is non-zero for (u,t) € A for sufficiently large .
Otherwise, the form would not be holomorphic on A.

Assume that there is a sequence (U, Ay, £ ) and a k such that |gj(um)—|—tmf]j(/\mum)/)\g€ | =
p; for all 5, fr(Anum) =0, and A,, — oo.

If w,, were unbounded, there would be a subsequence such that ||u,,|| — oo and
U /|| tm|| = v € S**~1. (This part of the proof resembles that of lemma 2.18.)

Now,
Uy, tmGi(Amtim) P;
g; + = — 0
! (HumH) A2 |l | Mt [l

for this sequence. As tmf]j(/\mum)//\f,% |tm||% — 0 in the above limit, we must
have g;(tm/||tm||) — 0 making g(v) = 0; this is not possible.

Now, u,, is bounded and, hence, has an accumulation point u. The above con-
ditions make |g;(u)| = p; for all j and gx(u) = 0 (using gx(vm) = (fe(Amtin) —
f]k()\mum))//\f,{). These are contradictory and, hence, such a sequence may not
exist: for sufficiently large A such u and ¢ may not exist.

Now, f; # 0 on A for all j for A sufficiently large. Using Stoke’s theorem —
theorem A.24 or theorem A.25 — as in lemma 1.5, we get

/ H(v) dv _ / h(Au) \* du
yl=r; 0P g s, 00 3% =, f (M)t
h(Au) A" du h(Au) A™ du
o S (e
g5 (w)l=p;  f(Aw)rt! A J(Au)rtt
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AP+r=ldl=wd b () g(Au) wH
N /|g]<u)|=pj g(u)ptt (i(Mﬂ) o
APE ) (g(Ne) |
(?(Au)) o

= lim
A= Jg; (u)|=p; g(u)wt
=0 ifD+n—|d—p-d<0.

This makes H(v) = Y a,v* where p € N§, p-d < degh — |d| + n.

There is an alternative proof. It is simply applying the global residue theorem —
theorem A.9 — to the form w/ f**! for u such that p-d > degh — |d| + n: this
states that )°, Res,w/f**! =0 for p € CP". Using different affine coordinates
on CP", we find that none of the residues lie at the hyperplane at infinity; this
makes Resg fuw/v#T! = 0, hence, the power series for H contains no v*-terms. g

In the case of push forward of a function, not a form, we have the following result.

Corollary 2.20 Let f, g, and h be as in the above theorem. Then f.(h) = H
where deg H o f < degh.

Proof: As Hdv = f.(hAdz), the above theorem implies that deg H < deg(hA)—
deg A = deg h. m

Now, one might hope for a more general result: for general f, Hdv = f.(hdz) =
deg H o f < degh — deg A. This, however, is not true in general as the following
example shows.

Example 2.21 Let f: C* — C? by f(z,y) = (2%, 2> + y); A =2z. If f(z,y) =
(u,v), we have an alternative solution: f(—z,y+ 22°) = (u,v). Let w = zy dz A
dy. This makes f.w = v du A dv. We find that deg H o f = 3, whereas degh —
deg A = 1. m

This example shows that the demand in theorem 2.19 that the highest degree
terms define a finite map, is needed.

Corollary 2.22 If n = 1, U = f~(V) C C, and U is compact with piecewise
C'-boundary, then f.w(v) = H(v) dv where

h(z) 1 h(z)dz
Hv) = fg):zv f(z) - %/SU (2) —v

For h a polynomial, deg H < (degh + 1)/ deg f — 1. m
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2.3 An Example of Push Forward by a Non-
Finite Map

The calculations below show what push forward does for a particularly simple
group of maps. To some extent, it gives a demonstration of push forward by a
non-finite map.

Lemma 2.23 Let f; = 2%, a; € Nj; I will denote this by f = 2% For v € Z",
Y ) 0 ifv+41¢Spang {ay,...,a,}
fulz dz)_{v“ fv+1=3%a;+p o where pcZ”

Proof: Let me first set the notation: for u = {u;r}, 2* = (2"1,...,2"") where
W= T, 2.’ *. This makes (2#)” = z* where v - u is the matrix product.

We first note that A(z) = det o 22221 hence, det o # 0. For h(z) = 2" we get

U—Z aj+1
z

H(v) = _
(v) zo‘zz:v det a
If u* =1, we get f(u x z) = f(z) where u X z = (u121,...,Unz,). For o € Z",

E 2z’ = E (u x 2) Z u’z?
f(z)=v fluxz)=v f(z)=v

hence, either u” = 1 for all u with u* = 1, or the sum equals zero.

Let us assume that u” = 1 for all u with u® = 1. Let 3 = deta - a™1; 3 € Z™%".
Let u = o - 8/ det ; I wish to prove that u € Z". We have

gleto — (pdetapdetoy — ] = () = 22F =1 = (2°)7 = 27F = 1;

hence, det a|o - 3, and p € Z". Now, we get

27 = Zcr~/3~oz/detoz — S (Zoz),u‘

Now, if 6 =v — 3 a; + 1 is as above,
1/ Za]+1 0’ (Zoz)u Uﬂ

E deta E deta QZ_: deta az::Udetoz

2%=v z2%=v 2%=v z

= o*.

Here, I have used that the number of solutions to the equation f(z) = 2% = v is

1 dfy A - A df,, | A dz
/I(z)l ( - /

(2mi) I —v)  @Cr)" Jyel= 111
B 1 / det a dz
o (2m)n Sy I 2
= deta
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where r > |v].

The condition o € Spang {ay,...,a,} is equivalent to o = p - a for some y € Z"
which is again, by the above calculation, equivalent to u* =1 = u” = 1. If this
condition is not satisfied, we cannot get v = 1 = u” = 1, and then the sum

must be zero. m
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Chapter 3

A Bezout-Like Identity

If g € C(f) and w is a form, f.(gw) = gf.(w). If there are w; such that for any w,
w =Y g;jw; for some g; € C(f), we would have f.w =3, g; fw;. If we could find
a dual basis v; such that f.(v;w;) = 0 whenever i # j, we could in fact calculate
the g; in the representation of w.

The identity w = }; gjw; is of course a Bezout identity. Initially, all we know
about the g; is the existence. However, if they are given by some push forward,
we find the g; given by an explicit construction. Of course, calculating the push
forward may be difficult of even practically impossible, but knowing a way of
constructing them is an enormously advantageous position to meerly knowing
their existence; for example, finding a bound on the degree is far easier.

Notation 3.1 In this chapter, f : C* — C” is a proper map defined by polyno-
mials. Let m = deg f and pick ¢ € C" such that f~'(q) = {p1,...,pm} are m
distinct points. m

3.1 Finding a Basis for C(z) over C(f)

Lemma 3.2 Let V C D C C? be an analytic subvariety, D an open set,
ai,...,ag: f71(D) — C holomorphic and linearly independent over C on f~!(v)
for somev € V. If g1, ..., g : D — C are holomorphic, and Zle a;i(z)g;(f(2)) =
0on f~'(V), then g =0on V.

Proof: There is a neighborhood U C V of v such that a; are linearly independent
over C on f~'(u) for every u € U. As ¥ a;(2)g;(f(z)) =0 for z € f~1(U) and
the a; are linearly independent, ¢g; must be zero on U. As the g; are zero on an
open subset of V', they must be zero on the entire V. m
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Lemma 3.3 If ay,...,a,, are rational, finite on f~'(g), and linearly independent
over C on f~'(q), then they give a basis for the field of rational functions C(z)
over C(f).

Proof: Assumethat -, a;g; =0, g; € C(f). By multiplyingall g’s by a common
denominator, we may take them to be polynomials. Now, according to lemma
3.2,%; a;g; = 0 would imply g = 0, hence, a; are linearly independent over C(f).
The dimension of C(z) over C(f) is m: see corollary A.14; hence, ay, ..., a,, form
a basis. m

In lemma 3.10, this result is proved for aq,...,a, € C[z] generating C[z]/(f)
without the demand that f =0 be m distinct points.

Lemma 3.4 Let a; be a basis for C(z) over C(f) and h : C* — C be a polyno-
mial. If fi(a;h dz) =0 for all ¢, then h = 0.

Proof: Assume that 2 # 0. As a; is a basis for C(z), A/h = Y, a;g; for some
g; € C(f). Now, f.(A dz) = m dv, whereas

I« (hZajgj dz) Zg] fe(ha; dz) = 0;
J

this is clearly contradictory. m

Lemma 3.5 Let a; be a basis for C(z) over C(f). There are rational functions,
or, if you wish, polynomials b; such that

R ble) de) = { e il

ifi =y

where ¢; are rational and non-zero. Such b; will necessarily form a basis for C(z)

over C(f).

If a; are polynomials and f.(a;a; dz) = A;; dv, b; may be chosen polynomial and
such that fi(a;b; dz) = det A dv. Hence, if det A € C, one may pick b; such that
C; = 1.

Proof: If det A = 0, there would have to be ¢ € C(f)™, not all zero, such
that 3=; A;; g; = 0. For h = 37 a;g;, this would mean that Y, f.(a;a;g; dz) =
fela;h dz) = 0 for all i. Now, according to lemma 3.4, h = 0; furthermore, as «;
are linearly independent over C(f), g; = 0.
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Let B = A~'; B, too, is a matrix over C(f). Let b; = 3", a;Br;. Now,

flab; dz) = . (z w0 By, dz)
k
= Zf*(aiak dZ) Bk]'
k

= ZAikBkj
k

= 52]

Thus, we have our b;. To make b; polynomial, multiply by a suitable polynomial

in f; according to corollary 2.6 such a polynomial exists. That ¢; is rational

follows from theorem 2.2.

If b; did not form a basis of C(z), 3_.b;g; = 0 for some g; € C(f) not all zero.
This would make 3. f.(a;b;g; dz) = ¢;g; dv equal zero, and, hence, g; = 0 for all
.

In the second part, let B = det A - A='; this will be a matrix over C[f]. Set
b; = 31 ax Br; and calculate as above; the result is fi(a;b; dz) = §;; det A. m

There is, of course, a good indicator for when «a; are linearly independent on
) if f7Y(v) = {ur, ..., um} (multiplicities counted), det(a;(ug));x is zero if
and only if a; are linearly dependent. Now, the ordering of the u; will affect the
sign of the determinant, and, hence, it is not necessarily a well defined function
in v. In order to correct this, take the square: let

D(v) = <det (aj(uk)) ‘k>2.

J

Now, there is a relation between D and det A where A;; are as in the above
lemma: if f~'(v) = {u1,...,um},

det A(v) = det(Aij('U)).,

L)

- e ()

k

= det<ai(uk))ik det (Afgk))kl det (aj(uk))kj
D)
[Te A(u)
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Theorem 3.6 Let a;, b;, and h be as in lemma 3.5 and f.(b; h dz) = H;(v) dv.
We have

& aj(z) Hi(f(2))
DELTLTe)

Proof: Let i denote the right side of the above equation. We find that the push
forward f.(b;(h — h) dz) = 0 for all j; hence, according to lemma 3.4, h = h. u

This result is not new. A similar theorem may be found in [1]: theorem 5.17
stating that C[z] C X702, u;C[f], u; € C(2). (It does not state that m is the
degree of C(z) over C(f), but it follows from the proof.) In order to use the
theorem, we must show that C[f] is integrally closed in C(f), C(z) is a finite
separable extension of C(f), and C|z] is the integral closure of C[f] in C(z). As
part of this, one needs that C[z] is integral over C[f]; at page 669 of [5] this is
proved: p € Cl[z] is a root of H(z) = [I;;)=.(* — p(2)) € Clv,z]. The rest is
quite simple.

3.2 Finding a Basis for C[z] over Clf]

As stated above, there is a basis for C(z) over C(f). It would, of course, be of
great interest to find a basis, or at least a set of generators for C[z] over C[f].

Hypothesis 3.7 The basis a; may be chosen such that ¢; = 1 in theorem 3.6;
or at least such that ¢;|H;. This would make every polynomial h into a sum

h =3 a;g; where g; € C[f]. m

Now, the set G = {z* | |u| < m} where m = deg f generates C|z] over C[f].
To show this, we must prove that any z* where |y| = m may be written as a
linear combination of elements of G over C[f]. Define a polynomial over C[f] by
Pi(z) = Hf(z):u(l' —t-z),t=(t,... tn), t-z =tz + -+ tpzn; P(t-2) =0.
The highest order term of P;(z) is 2™ making

Pi(t-z) = Z (7;) t*z" + lower degree terms in z;
lu|=m

hence, the identity 0™ P,/0t" = 0 gives z* as a linear combination of lower degree
monomials over C[f].

This, however, is not a very strong result, and far from as strong as the hypothesis.
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By lemma 3.3, a set of polynomials a1, . .., a, € C[z] which is a basis of C[z]/(f—
q) =Clz]/(f/i —aq1,---, [n — qu) over C is a basis for C(z) over C(f). I will find
a basis for C[z]/(g) of minimal degree and show that it must also be a basis for

C|z] over C[f] where f =g+ g.

However, in order to do this, I will add some extra restrictions:

Notation 3.8 I will assume that f = g + § where g; is homogeneous of degree
d;, degg; < d;, and g is itself a proper map. Now, m = deg f = degg =1]d;. m

My first step is finding a basis for C[z]/(g).

Lemma 3.9 If g is as above, there is a set ay,...,a, € Clz] of homogeneous
polynomials such that a; form a basis of C[z]/(g) over C and the number of a;
of degree k equals the number of © € Nj such that |u| = k and p; < d;.

Proof: For A = @& A; a homogeneous ideal in C[z]/I, let Dy A = dim¢ Ay and
Pi(z) =3 DrA z¥. We have PC[Z](;L') =1/(1 —2)” where 1/(1 —z) =1+ 2+
2 + -+ if A C B are homogeneous ideals, Pg/s = Pp — P4 as B/A = @By/Ax
makes dim(B/A), = dim B, /Ay = dim By — dim A.

Now, let A? = C[z]/(g1,.-.,9,) = AP /(gp).

The function g, is not a zero divisor in AP~'; in fact, gi,...,9, is a regular
sequence as g~ '(0) = {0}: see corollary A.16.

In AP~! the degree of g, is d,: i.e., there is no h such that g, = h in AP~! and

degh < d,. If such a h existed, the set of common zeroes ¢y = -+ =¢g,_1 = h =
gpt1 = -+ = go = 0 would have at most degh -[],, d; elements, which are too
few.

Now, we find that A»~! 2% (g,)AP~! is a bijection. I will show that an element of
degree k maps to one of degree k+d; and, hence, that Py yap1(2) = 2% Pyp—1(z).
Let us assume that g,h — h' = Z?;i g;h;; if we consider only the homogeneous
terms of degree d,+deg h, we get g,h = Z?;i g;h; making g, a null divisor which,
as we have already proved, it is not.

Now, we have
PAp(:L') = PAp—l/(gp)Ap—l(:E) = Pyp1 (:l?) — P(gp)Ap—l(:E) = (1 — l'dp) Pap—1 (l‘)
Using Pcpj(z) = Pgo(z) = 1/(1 — z)”, we get

[1(1 — z%)

0t [Tt = Tt

Pepyg)(z) =
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This makes Dy (C[z]/(g)) = ag; pick a; such that a; are homogeneous polynomials
of which there are oy, polynomials of degree k£ and such that they span the vector
space C[z]/(g) over C: if we write C[z]/(¢9) = ©By/A; where A, and By are
homogeneous of degree k, we know that dimc Bi/A; = a; and, hence, we may
pick aj, elements in By which form a basis for By /Aj.

The second part of the lemma is easily seen from the definition of ay.

It should also be noticed that this basis contains exactly m = deg g elements as

Zak = Pc[z]/(g)(l) = Hd] =m. [ |

By the following lemma, the above basis will be a basis for C(z) over C(g). This
result resembles lemma 3.3 but does not contain the demand that f = ¢ be m
distinct points.

Lemma 3.10 If a4,...,a, € C[z]| are homogeneous polynomials generating for

Clz]/(f) over C, then they also form a basis for C(z) over C(f).

Proof: Let (f) C C[f] be the maximal ideal generated by f, A = C[f](y) the
localization of C[f] at (f) and define the A-module M = C[2] ;.

I will show that M/(f)M = C[z]/(f). We have C[z]/(f) — M/(f)M. An
element of M/(f)M may be represented by p/q € M where p € C[z] and g € C[f]
with ¢ = 11in A/(f)A = C: ie., ¢ = Qo f where Q(0) = 1. Now, p = p/q in
M/(f)M as g —1 € (f)A and p — p/q = p(q — 1)/q; hence, the image of p in
C[z]/(f) maps to p/qg € M/(f)M.

Now, a; is a basis for M/(f)M. By Nakayama’s lemma — lemma A.17 — q;
generates M over A. I will show that a; also generates C(z) over C(f).

Any element of C(z) may be written p/q where p € Clz] and g € C[f]. As

p € Clz] C M = Clz](p), p = ¥; ajp; where p; € A = C[f]sy C C(f). Hence,

pla = a;pi/q-

As the number of generators equals the dimension of C(z) over C(f), it is a basis.
|

If dime C[z]/(f) = m, as 1 believe it to be, the a; above will be a basis for
Clz]/(f).

Next, I will show that a basis over C[z]/(g) containing m polynomials of minimal
degree — i.e., as in lemma 3.9 — will also be a basis for C|z] over Clg|; and,

furthermore, that it will also be a basis for C[z] over C[f]. In order to do that I
will need the following lemma.
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Lemma 3.11 Let ay,...,a, € C[z] be homogeneous polynomials forming a
basis for C[z] over Clg]. If f = g+ ¢ as above, a; will also be a basis for C[z]
over C[f].

Proof: Let h € C|z] be a homogeneous polynomial and h = Y a; hjog, h; € Clv].
Now, h — 3" a; hj o f will be of a lower degree than h.

Repeating this process (for the highest degree term) reduces the degree by at
least one every step. It terminates, leaving A expressed as a linear combination
of a; over C[f]. m

Theorem 3.12 With f = g + g as above, pick a basis ay,...,a, for Clz]/(g)
as done in lemma 3.9. If A;; = fi(aia; dz), det A is a non-zero constant, hence,
by lemma 3.5, there is a dual basis b; € C[z] given by b = A~ - a such that
f*(aib]« dZ) = 52']' dv.

Proof: By lemma 3.9, the number oy, of polynomials a; of degree k is given. Let
the a; be ordered by increasing degree.

By theorem 2.19, f.(hdz) = 0ifdegh < |d|—n and is a constant if deg h = |d|—n.
If we group the a; by their order and similarly group the components of A = [4;;],
we get
A - A Mo -+ Mojg)—n
A= D : = : f
Ay o A Mo -+ Mg jdn

where My is the a; x ap matrix produced by the fi(a;a; dz) where dega; = s
and deg a; = t. Now, notice that o = a4—,—1; also, note that My = 0if s+1 <
|d| — n, and that Mg is a complex valued square matrix if s +¢ = |d| —n. Hence,
det A = £ [[,44=|4-n det My € C is a constant. But, why cannot det A = 07

If f = g, we find that as a; are linearly independent over C(g), det A, cannot be
identically zero; hence, a; is a basis for C[z] over C[g]. By lemma 3.11, it will

also be a basis for C[z] over C[f]; hence, det A # 0.

Finally, apply the last part of lemma 3.5 to the case det A € C. u

Now, I have proved the hypothesis for the generic map f: where the zeroes of
f lie off the hyperplane at infinity. Still, T believe the hypothesis to be correct
more generally. However, I have neither been able to prove it nor to disprove it.

From the above proof, we may obtain some important information on the degree
of the dual basis. This is essential for finding bounds on the degrees of H; in

h> a; H;o f.
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Lemma 3.13 Let f, a;, and b; be as above. Then, dega;b; = |d| — n or, equiv-
alently, deg b, = deg a,,_;, the a; ordered by increasing degree.

Proof: In order to prove this, I will have to take a closer look at A and its inverse.
We split A into components My, consisting of the f.(a;a; dz) with dega; = s and
deg a; = t; by theorem 2.19, we have (for each element of the matrix) deg Mo f <
s+t+n—|d.

We start our inverting of A by ‘fixing’ the diagonal: let S be the matrix S = [Sy]
where Syt = 0if s +¢ # |d| —n and Sy = M;' if s+t = |d| — n. This makes
A-S = [Ng] where deg Ny o f < s —1t and on the diagonal Ny, = I (the identity

matrix of the right size).

Let Py, = 0 whenever s < t and P, = I; for s >, let

PSf = Z (_1)UNH1U2 "'Nuu—luu'

U =8>Uy > Duy =t
Now, A-S-P =[Ny [Pu]=1Iie,P=(A-5)or A7t =S5.P.

Now, as deg Ny o f < s —t, deg Ps; o f < s — 1; just look at the definition.
Multiplying P by S changes the ordering in one of the indexes but does not
increase the degree; hence, b = a - 5 - P makes degb; = dega,,—; or dega;b; =
|d| —n. ]

Theorem 3.14 With f and a; as above and h € C[z], h =Y a; H;of where H; €
Clv] is defined by H; dv = f.(hb; dz). Furthermore, deg H; o f < deg h — dega;.

Proof: As H;dv = f.(hb;dz), by theorem 2.19 and the above lemma, deg H;o f <
degh + degb;, + n — |d| = deg h — deg a;. m

This may be applied to the special case of Bezout identities.

Corollary 3.15 If h € (f1,..., fa) C Clz], h =3, fih; where degh; < degh —
deg f;.

Proof: Let h = Y ,a;H; o f; as h € (f), Hi(0) = 0, hence, we may write

Hi(v) =3, v;Hij(v); deg Hij o f = deg Hi o f — deg f; < degh — deg a; — deg f;.
Let h; =3, a, Hijjo f;now, h =3 f;h; and degh; < degh — deg f;. m
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3.3 Calculating Push Forward

This section will not contain lemmas or theorems. In working with this thesis, I
have made a series of observations which I have not been able to prove or even
formulate rigorously. Yet, I do believe these observations to be of interest.

Notation 3.16 Let f = g+ ¢g: C* — C” be a polynomial map with no common
zeroes at the hyperplane at infinity: i.e., as in the above section. Let d; =

deg f; = degyg;, m = deg [ =11 4d;. m

From the previous section, we know that there is a basis a; for C[z] over C[f]
with oy, elements of degree k, " ajz® = [Mml4+az+---+ ;L’dﬂ_l). Finding such a
basis is normally quite simple. First, note that we may take the basis to contain
monomials only: i.e., a; = 2.

Example 3.17 Let f: C*> — C? be defined by (z,y,2) — (2* —y,y*> — z2,2* —
z) = (u,v,w). First, we note that 2 = u +y and 2? = w + z; these may be used
in reducing the degree of any monomial containing z2 or y2. I will use y? = v+ zz
in a similar way, though it does not reduce the degree.

The basis must contain oy polynomials of degree k& where 3" agz® = (1 + 2)3 =
1+ 324322 + 23, First, we pick a; = 1. The rules of eliminating terms described
in the above paragraph does not apply to any monomial of degree 1, hence,
ay = x,a3 =y, and a4 = z. Using the rules on degree 2 leaves three monomials:
as = vy, ag = rz, and a; = yz. At degree 3, we nee only one term; the rules of
prohibits z?, y%, and z? as factors, leaving ag = zyz. m

I have not succeeded in finding a more rigorous algorithm for the above calcula-
tions. However, | have never encountered any significant problems.

I have made the observation that the basis may not only be chosen to be mono-
mial, but that one may demand that if z# is in the basis and v < u, then 2%,
too, is in the basis. In larger and more complex examples, this rule will make the
calculations much simpler.

In the above example, the basis was of the form {z# | u < o} for some o. This
may not be the case: e.g., take (z,y) — (2% 4+ y*, zy). However, I do believe that
in the generic case, such a basis may be chosen; and, in fact, that by performing
a linear transformation (on the z) first, such a basis may be found.

In any basis, there will be only one element of degree |d| — n; I will order the
basis a; by increasing degree so as to make that element the last: a,,. By either
theorem 2.19 or the Jacobi identity, f.(a; dz) =0 for all j < m.
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If we can find a representation of any polynomial ~ as a sum h = Y a; H; o f, the
push forward of A dz may be calculated. In order to find such a representation,
we use the same rules as in the above example.

Example 3.18 Let f be as in the above example and use the basis found there.
Let h = 2%yz. Using 2% = u — y, we get h = (u + y)zyz. Repeating the process
using the same rules for reducing a polynomial as in the example, we get

lyz = (u+ty)ryz

= uryz+ (v+ z2)zz
= wuzryztvrz+ (u+y)(w+ z)
= wuryz+vrz+uw+ur +wy + y

In order to calculate the push forward of 3° a; H; o f dz, we must know f.(a,, dz).
We may reduce the Jacobi determinant of f to a sum A = > a; D; o f. This
makes

fu(Adz) = Dy, fulay, dz) = m dv.

Example 3.19 With f as in the above examples, we find that A = 8zyz+ lower
degree terms. Hence, f.(asdz) = f.(Adz)/Ds = m/8 dv = dv.

Now, we know all we need to know in order to calculate the push forward of
w = hdz = 2°yzdz. We know that 2°yz = h = " a; H; o f where H,, = u, hence,
fe(zPyz dz) = u dv. m
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Chapter 4

Push Forward and Residues

If w is a holomorphic n-form with polar divisor D = (fi) + -+ + (f.), we may
define the residue of w along D to be

1
Resrw = 7/ w
f (2m2)™ J)f|=r

In [5], page 649, they use this definition but restrict it to a neighborhood of an
isolated common zero of f = 0, denoting it Resyg) w; this would make Resfw =

> p Respw.

In fact, the push forward itself is a residue: if w is an n-form, the push forward

H dv may de defined by

w

H(v) = Resy_, ﬂ

4.1 Integral Representations and Push Forward

There is an identity
[ fono=[  wnre
D f~1(D)

of course, an example of this is the use of the Cauchy representation to extend
the definition of f.w in theorem 1.6.

Given any integral representation

fuw(v) = /f*w(u) A R(v,v)

we may pull this back, getting
fao(v) = [w(C) AR, Q).
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Let us look at the special case of integral representation of functions: let r be a
function such that 2(0) = [h({)r(¢)d{ A d¢ for holomorphic h. Let f: U — V
where U and V' are connected open sets containing origo, V' as in definition 1.3.
If Suppr C V, f71(0) = {0} where f(0) =0 is a zero of multiplicity m, then

h(0) = —f.h(0)

= L[ h@r(0) [AQf d A dc:

a simple change of coordinates makes

W) =+ [ r(f(C— ) [atc — =) @ ade

4.2 A Representation

Let f: C" — C” be holomorphic, of finite type, and f(0) = 0. According to
[3], on a neighborhood of 0, S = {z € C" | fi(z) = --- = fu_1(z) = 0} is the
union of a finite number of irreducible curves parametrized by holomorphic maps
¢, : U; — C" where 0 € U; C C and ¢;(0) =0. If w =hdz and fiw = H dv, we
- (o)

w ho®;-d(f,o®,

o7 = H(0) —;Reso Aod, [,00;

Resy

(He has used a somewhat different wording.)

This result may be generalized, but not, however, without problems. The main
hindrance is that for f: C* — CP, X = f~'(0) may be non-parametrizable.

Theorem 4.1 Let F = (f,g): U — C? x C? be holomorphic, p+q =n, U € C"
open, F' proper; in short, I’ satisfies the demands of notation 1.1. Let V' be as
in definition 1.3; we demand that 0 € V. Let X = ¢7'(0), X = UX, where X,
are the irreducible components, w a holomorphic p-form, and F.w = >; Hy dvj.
Then,

w A dg 1 o
= Hiy,(0) = ==Y degy, g [
[1F; (1) (0) (2mi)P < BX xun{|f1=r} [T f;

v = (v,v") € CP x C?, for r > 0 such that {z | |g(2)| =71, f(z) =0} C V. It

would, of course, be tempting to denote this identity

Resp

w A dg w
Res = > degy g Resx,, .
FE, oo g e g
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If there is a local parametrization of X, by ®,: U, C C* - X, C C*, $,(0) = 0,
we get

;
/}(m{|f|:r} waj N /|<|=p Hg:

and, hence,

w A dg O w
=Y degy ¢ Resq =-

[T F; %: BX. ¢

Resgp

I1¢

Proof: Due to lemma 1.7 we know that F,w is well defined and holomorphic.

.....

By restricting the form F.w to the plane v/ =0 ( <= vy = -+ = vp3, = 0),
all terms in "7 Hy dvy cancel except H(; . ,) dv': this I will denote H' dv'. The
Cauchy integral representation of H' becomes

H'(0) = 1 / H'dv' 1 / Fw
—2mi)p S T dvs  (2mi)r ST T doy

’Ul

I want to relate this to the form w; not F,w. The problem is that A may be
identically zero on X,,; otherwise, there is no problem: F' is locally biholomorphic
almost everywhere. In order to avoid this problem, we perturb: we may solve for
g = u where A Z 0 on any connected component of g = u, and let u — 0.

- = lim
el -0
iY; "

F.w F.w
j/j=r jo/|=r

!
v!"'=0 vi=u J vj

it /, w

= Iimm —_—

u—0 |£JJ‘|:=u7“ H]‘ f]-

= Ydegy,g [
"

w

Wn{lf1=ry T f5

Here, degy, g denotes the local multiplicity of g along X,: i.e., the multiplicity
of F in a neighborhood of z.

The second part comes simply by pulling back w by ®,,. m

If $ = w A dg, we may write w = ¢/dg. If we are given ¢, we may still define w
to be ¢/dg, but this is not uniquely defined; however, it is uniquely defined as a
form on X = {g = 0} provided dg # 0 on X. Hence, we may write the result of
the theorem

¢/dg
"y,

¢
R =Y degy, g R
o F; %: X, g RO
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or, in the parametrized case,

% (¢/dg)
¢

¢
Res = de Res
F mF; %: €x,9 ¢
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Appendix A

Results Used

These are known results that I have used in the text. Most of these are simply
copied from a book or an article; in one case I have only use a very special case
of a theorem and, for simplicity, stated this result for this special case. In one
case | have found it simpler to provide a proof that to look up a good reference.

A.1 Some Definitions

I have chosen to add definitions of some of the concepts used. One of the reasons
for doing this is of course completeness; however, several concepts may be given
slightly differing definitions by various authors. The purpose of the definitions is
not rigor but to establish a notation, and so, they may be a bit brief.

Definition A.1 An algebraic set is the zero-set of a collection of polynomials;
if it is contained in a projective space, the polynomials must be homogeneous.
Similarly, an analytic set is the zero-set of a collection of analytic — unless
otherwise specified, complex-analytic — functions.

A algebraic set is reducible if it may be written as the union of two (affine)
varieties where neither are the variety itself; otherwise, it is irreducible.

An irreducible algebraic set V' C CP? is called a variety or sometimes a pro-
jective variety; an irreducible algebraic set V' C V¢ is called an affine variety.

Please note, that in many books, such as [5], a variety is not defined to be
irreducible: it is meerly an algebraic set.
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Definition A.2 The Zariski topology on an algebraic set is defined by V
closed <= V an algebraic set. m

Definition A.3 Let V C C? be an algebraic set. A polynomial on V is a
function p : V' — C defined by the restriction of a polynomial on C?. A rational
function on V is the quotient of two polynomials p and g on V', ¢ # 0.

A rational function on an algebraic set V' C CP? is the quotient of two homo-
geneous polynomials p and ¢ of the same degree where ¢ is not a zero divisor in
the ring of polynomials on V. m

Definition A.4 Let X and Y be affine varieties. A map f: X — Y is regular
if it is defined by polynomials; i.e., if X C C?, Y C C?, f is the restriction of a
polynomial map ¢ : C? — C¢9.

Let X and Y be varieties. A rational map f: X — Y is defined by a subvariety
(i.e., irreducible algebraic set) Z C X x Y such that for a Zariski-open set of
Xo C X, the projection Z N (Xo x Y) = Xj is bijective.

A map is dominating if its image is Zariski-dense. u

A.2 Algebraic Varieties

Lemma A.5 If X C CP? is a Zariski-open subset of a variety of dimension n,
there is a rational n-form on X which is not identically zero.

Proof: We may restrict ourselves to X C C?%: a Zariski-open subset of the
original X. The n-forms dz;, |I| = n, may not all be zero on X. m

In [8], theorem 2.23, the following result may be found:

Theorem A.6 MAIN THEOREM OF ELIMINATION THEORY. The projection
my : CP" x CP™ — CP™ is closed, i.e., if Z C CP" x CP™ is a closed algebraic
set, then so is (7). m
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A.2.1 Bezout’s Theorem

This is a special case of theorem 5.16 in [§].

Theorem A.7 Let fi,...,f, be homogeneous polynomials on C"*! such that
their common zero in CP" has dimension 0, then the number of common zeroes
(counted with multiplicities) is ]; deg f;. m

A corollary to this is:

Corollary A.8 If f: C* — C” is polynomial and proper, then f is finite.

Proof: If {f = 0} had dimension 1 or higher it would not be proper: it would
intersect the hyperplane at infinity. Hence, {f = 0} is, by the above theorem,
a finite number of points; at most []; deg f; points (counted with multiplicities).

A.2.2 Global Residue Theorem

This result is a special case of the residue theorem found in [5] at page 656:

Theorem A.9 Let Dy,..., D, be effective divisors in CP", D = Dy +---+ D,
w a meromorphic n-form on CP"™ with polar divisor D. Then, >"p Respw = 0
where Resp is the residue at P with respect to functions f; with polar divisors

D;. m

A.3 Algebraic lemmas

This version of Hilberts nullstellensatz may be found as an exercise at page 85
of [1] or as theorem 1.3A in [2].

Theorem A.10 Let k be an algebraically closed field, let a be an ideal in A =
klz1,...,2,], and let f € A be a polynomial which vanishes at all points of
Z(a)={p € k" | gla) = 0Vg € a}. Then f" € a for some integer r > 0. u
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As a direct consequence, we have the following corollary.

Corollary A.11 Let p,q € C[z] be such that p = 0 wherever ¢ = 0. Then, ¢|p*
for some k£ € N. u

This lemma may be found on page 669 of [5].

Lemma A.12 The ring C[z] is integral over C[f].

Proof: Let h € C[z]; p(z) = [If(z)=o( — h(2)) is a polynomial over C[v] and
p(h) = 0. |

The following theorem is proposition 3.17 in [8]:

Theorem A.13 Let f : X — Y be a dominating regular map, X and Y
affine varieties of dimension n; let K(X) and K(Y') denote the fields of ratio-
nal functions on X and Y. Then there is a Zariski-open Yy C Y such that
deg f=#f'(y) =[K(X): K(Y)] for all y € Y. m

A corollary to this theorem is:

Corollary A.14 Let C(z) = C(z1...,2,) and C(f) = C(f1,..., fa) denote the
field of rational functions in z and f. If f: C* — C” is polynomial and finite of
degree m, [C(z) : C(f)] = m: i.e., C(z) is a vector space of dimension m over

C(f)- m

The following result may be found at page 660 of [5]. The corollary follows from
this or may be deduced from theorem 8.21A in [2].

Lemma A.15 For U C C” a sufficiently small neighborhood of the origin and

f:U — C” a holomorphic mapping, then f;,..., f, is a regular sequence if and
only if f71(0) = {0}. That f; is a regular sequence is exactly that f, is not a
zero divisor in O/(fi,..., fo—1), O holomorphic functions on C”". u

Corollary A.16 Let g : C* — C" be defined by polynomials and ¢='(0) =
{0}. Then g; is a regular sequence in the sense that g, is not a zero divisor in

Clz]/(g1,- s 9p-1)-

Proof: If h, were a zero divisor in C[z]/(g1,...,gp-1), it would certainly be a
zero divisor in O/(g1,...,gp—1); according to the above lemma, that is not the
case. u
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The following version of Nakayama’s lemma is proposition 2.8 in [1].

Lemma A.17 If A is a local ring with maximal ideal m, k = A/m, M is a
finitely generated A-module. Let ay,...,a; € M. Then, if a; generate M/mM
over k, then they also generate M over A. m

A.4 When are Holomorphic Functions Algebraic?
This lemma i1s well known and easily proved.

Lemma A.18 A holomorphic function g : C* — C with |g(z)] = O(]|z||*), is a
polynomial of degree < k.

Proof: If |u| > k + n, we get

z)dz z)dz
/ 9(2) = lim 9(2) let z = tu
|z|_7“ ZH t—o00 |z|:t7“ A
tu)t™d
— i [ S
t—=00 J|y|=r t|#|u#
= 0
Hence, the power series expansion for g contains only terms of degree < k. m

The following result may be found in [5] at page 168.

Lemma A.19 Let V C CP? be an algebraic set. Any meromorphic function
on V is rational. (In the book, the word “variety” is used, not “algebraic set”;
however, [5] does not demand that varieties be irreducible, and so, the change is
meerly a ‘translation’.) m

A.5 Removable Singularities
The following lemma may be found in [5] at page 21.

Lemma A.20 Let V C M, M a complex manifold, be an analytic set. The set
of singular points of V' is contained in an analytic set not equal to V. m
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The following result is similar to the Levi extension theorem — page 396 of [5]
— though I need a lemma for extending a holomorphic function whereas that is
for extending meromorphic functions. 1 have chosen to give a new proof instead
of specializing the theorem: both are quite simple.

Lemma A.21 Let U C C" be an open set, V' C U an analytic variety of (com-
plex) codimension > 2. If ¢ is a holomorphic function or form on U \ V, then ¢
may be extended holomorphically to all of U.

Proof: Let g be a holomorphic function not identically zero such that ¢ = 0 on
V. There is a linear non-degenerate map (o, 7) : U — C x C"! such that g is
not identically zero on any fiber of m. Let W = n(V); as V has dimension n — 2
or less, so must W, making W of codimension 1 or higher.

Now, if A is holomorphic on U \ V, define

gy 1 h(¢) da(()
)= 3 g 20 ot

This function equals h outside #=!(W); furthermore, h is locally bounded and,
hence, by Riemann’s extension lemma, holomorphic across 7=!'(W), giving an
extension of h.

If, instead, we should have a p-form ¢ = 37, -, k1 dzr, apply the above result to
hy. This gives the desired result. m

A.6 Asymptotic Properties of Algebraic Func-
tions

The following is from [7].

Definition A.22 A set in R” is semialgebraic if it is a finite union of a finite
intersection of sets defined by polynomial equations or inequalities: {P(z) = 0},

{P(z) > 0} and {P(z) > 0}. -

Lemma A.23 If E is a semialgebraic set in R**", and f(z) = sup{y | (z,y,2) €
E C R xR x R"} is well defined and finite for large z, then either f = 0 for
large z, or f(z) = Az®(1 4+ o(1)) when z — oo where A # 0 and «a is rational. g
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A.7 Stokes’ theorem

At page 33 in [5] there is a version of Stokes’ theorem on varieties for forms with
compact support. This is not quite what I need, though almost. I have found
two different versions which may be used. Possibly, by going through some extra
trouble, I could have done without.

A.7.1 Stokes’ theorem on Varieties

The following version of Stokes’ theorem is from [4] (theorem 11.4.2).

Theorem A.24 Suppose D is an oriented analytic domain on a (real analytic)
subvariety V of some open set in R”: i.e., D is relatively compactin V, D C V* =
set of points p in V' at which the germ induced by V has dimension &k, and 9D is
contained in some subvariety of some neighborhood of 9D in V. Let a be a C!
differential form of degree £ — 1 in R”. Define

/ a:/ vita,
aD G

where (G is the set of points on dD at which dD is orientably embedded in V and
i : G — R™ is the natural injection. (¢}, is the ‘multiplicity’ of D.) Then

/ a:/da.
aD D

A.7.2 Stokes’ theorem on Semianalytic sets

The following stronger version of Stokes’ theorem is [6] (theorem I1.B.2.1):

Theorem A.25 Let X be a paracompact real analytic manifold of dimension n,
and M a locally closed semianalytic set in X of dimension p (0 < p < n). (In
our case it will even be semialgebraic). Then, the following diagram commutes:

(M)

H,(M;R) — D;(X)
MM lb
H,o(bM;R) ") Dy (X)
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where D'(X) are currents (D) (X) is the dual of p-forms with compact support
— D,(X)), b is the border in D'(X), and Oampar is the boundary in the exact

sequence of homology

0 — H,(M;R) 2% H,(M;R) ™ [, (bM;R) — ---
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