
The Iordanskii For
e in Helium IIJ�rn Inge Vestg�arden

Thesis submitted for the Degree ofCandidatus S
ientiarumDepartment of Physi
sUniversity of OsloMay 2001



2



A
knowledgmentsFirst of all thanks to my supervisor professor Jon Magne Leinaas for guidan
e andsupport through the whole work with this thesis, and for sele
ting the fas
inatingtopi
 of quantized vorti
es and for
es in helium II.Also thanks to my father, J�rgen Vestg�arden, for 
orre
ting the language.J�rn Inge Vestg�ardenOslo, May 2001

3



4



ContentsIntrodu
tion 7Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 Ba
kground 111.1 Classi
al Hydrodynami
s . . . . . . . . . . . . . . . . . . . . . . . 111.1.1 The Cir
ulation . . . . . . . . . . . . . . . . . . . . . . . . 121.1.2 The Magnus For
e . . . . . . . . . . . . . . . . . . . . . . 121.2 Ginzburg-Landau Theory . . . . . . . . . . . . . . . . . . . . . . . 141.2.1 Hydrodynami
al form . . . . . . . . . . . . . . . . . . . . 161.2.2 Plane Waves . . . . . . . . . . . . . . . . . . . . . . . . . . 161.2.3 Stationary Vortex . . . . . . . . . . . . . . . . . . . . . . . 181.2.4 Moving Vortex . . . . . . . . . . . . . . . . . . . . . . . . 191.3 Vortex Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201.3.1 A Vortex in a Plane Wave . . . . . . . . . . . . . . . . . . 211.4 Analogy to Ele
tro-Magnetism . . . . . . . . . . . . . . . . . . . . 221.4.1 2-D Ele
tro-Magnetism . . . . . . . . . . . . . . . . . . . . 231.4.2 The Analogy to Ele
tro-Magnetism . . . . . . . . . . . . . 241.4.3 The Lorentz For
e . . . . . . . . . . . . . . . . . . . . . . 252 Phonon S
attering 272.1 The S
attering Equation . . . . . . . . . . . . . . . . . . . . . . . 272.2 Analogy to Aharonov-Bohm S
attering . . . . . . . . . . . . . . . 292.3 Solution by Born Approximation . . . . . . . . . . . . . . . . . . 312.3.1 The S
attering Amplitude . . . . . . . . . . . . . . . . . . 322.3.2 The Hidden Terms . . . . . . . . . . . . . . . . . . . . . . 332.3.3 Small Angle S
attering . . . . . . . . . . . . . . . . . . . . 362.3.4 Dis
ussion of the Born Approximation . . . . . . . . . . . 372.4 Solution by Partial Wave Analysis . . . . . . . . . . . . . . . . . . 382.4.1 Boundary Conditions Near the Vortex . . . . . . . . . . . 392.4.2 Boundary Conditions Far From the Vortex . . . . . . . . . 412.4.3 The Aharonov-Bohm Sum . . . . . . . . . . . . . . . . . . 432.4.4 The Solution Far From the Flux-Point . . . . . . . . . . . 452.4.5 Dis
ussion of the Partial Wave Analysis . . . . . . . . . . 465



6 CONTENTS2.5 Density Corre
tions . . . . . . . . . . . . . . . . . . . . . . . . . . 493 The Phonon For
e 513.1 The Momentum-Flux Tensor . . . . . . . . . . . . . . . . . . . . . 523.2 Cal
ulation of the For
e . . . . . . . . . . . . . . . . . . . . . . . 543.2.1 Cir
uit Far From the Vortex . . . . . . . . . . . . . . . . . 563.2.2 Cir
uit Near the Vortex . . . . . . . . . . . . . . . . . . . 603.2.3 Numeri
al Cal
ulations . . . . . . . . . . . . . . . . . . . . 613.3 Con
lusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 653.4 The Ba
kground Fluid For
e . . . . . . . . . . . . . . . . . . . . . 664 The Two-Fluid Des
ription 694.1 Phenomenology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 694.1.1 Ex
itations . . . . . . . . . . . . . . . . . . . . . . . . . . 704.1.2 Super
uidity . . . . . . . . . . . . . . . . . . . . . . . . . 714.1.3 The Equations . . . . . . . . . . . . . . . . . . . . . . . . 724.2 Derivation from Ginzburg-Landau Theory . . . . . . . . . . . . . 734.2.1 The Mass Flux . . . . . . . . . . . . . . . . . . . . . . . . 764.2.2 The Energy . . . . . . . . . . . . . . . . . . . . . . . . . . 774.3 The Cir
ulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 794.3.1 Numeri
al Cal
ulation . . . . . . . . . . . . . . . . . . . . 835 For
es on a Vortex 855.1 The Iordanskii For
e . . . . . . . . . . . . . . . . . . . . . . . . . 875.2 The Super
uid Magnus For
e . . . . . . . . . . . . . . . . . . . . 885.3 The E�e
tive Magnus For
e . . . . . . . . . . . . . . . . . . . . . 915.3.1 Appli
ation on Helium II . . . . . . . . . . . . . . . . . . . 945.3.2 Berry's Phase . . . . . . . . . . . . . . . . . . . . . . . . . 955.4 Dis
ussion of the Controversy . . . . . . . . . . . . . . . . . . . . 97Con
lusion 99A Some Useful Integrals 101B Ve
tor Cal
ulus in 2-D 103C The Two-Dimensional Green's Fun
tion 105



Introdu
tionAmong the most 
ontroversial topi
s in super
uid helium II, is the Iordanskiifor
e. This is the phonon 
ontribution to the for
e perpendi
ular to the normal
uid velo
ity. It is an apparent 
on
i
t between dire
t 
al
ulations, whi
h geta Iordanskii for
e, and an indire
t determination, whi
h gets none. The goal ofthis thesis is to o�er a 
areful presentation of the topi
 and the importan
e isatta
hed to the dire
t 
al
ulations.We will study phonons s
attered on a vortex. The theory used is the quan-tum me
hani
al Ginzburg-Landau theory, and the equations are solved by bothBorn approximation and partial wave analysis. To 
omplete the understandingof the problem, the analogy to Aharonov-Bohm s
attering is dis
ussed. The vor-tex will be seen to impose a 
hange of the in
oming waves, in addition to thes
attered wave. The region right behind the vortex is of spe
ial interest and willbe dis
ussed separately.The transverse for
e from one phonon is found, by 
onsidering the momentumbalan
e on a 
ontour surrounding the vortex. Analyti
al answers are found in thelimits when the 
ir
uit is far from the vortex and 
lose to the vortex. Numeri
alstudies will be done in the intermediate regions. The 
ontribution from the regionright behind the vortex will prove to be essential to the for
e. The Iordanskiifor
e is found as the for
e from a thermal assembly of phonons.The indire
t determination of the Iordanskii for
e 
omes through the e�e
tiveMagnus for
e, whi
h is the for
e perpendi
ular to a moving vortex, in a station-ary liquid. The e�e
tive Magnus for
e is found from a many-parti
le quantumme
hani
s expression, and is asso
iated with the geometri
al Berry phase. Ap-plied on helium II, the result implies no Iordanskii for
e, opposed to the dire
t
al
ulations.Most of the topi
s dis
ussed in this thesis are built on the tension betweenthese 
on
i
ting results.The 
ontents of the 
hapters are:� Chapter 1: Presentation of Ginzburg-Landau theory, whi
h is the formal-ism used in most of the thesis. Quantized vorti
es and plane wave solutionsare introdu
ed. The 
hapter also in
ludes two appli
ations whi
h havenothing to do with the Iordanskii for
e: the motion of a free vortex, and7



8 INTRODUCTIONthe analogy between Ginzburg-Landau theory and two-dimensional ele
tro-magnetism.� Chapter 2: Cal
ulations of a phonon s
attered on a vortex. The meth-ods used are the Born approximation, and the partial wave analysis. Theanalogy to Aharonov-Bohm s
attering is dis
ussed.� Chapter 3: The results from 
hapter 2 is used to 
al
ulate the transversefor
e from one phonon, by 
onsidering the momentum balan
e on a 
ontouren
losing the vortex. The for
e is found both analyti
ally and numeri
ally.In addition the ba
kground 
uid for
e is found.� Chapter 4: A presentation of the two-
uid model and how the model 
an be
onstru
ted from Ginzburg-Landau theory in the low temperature regime.The normal 
uid 
ir
ulations is 
al
ulated from the s
attering results from
hapter 2.� Chapter 5: Dis
ussion of the di�erent for
es on a vortex in helium II, at�nite temperature. Presentation of the Iordanskii for
e, the super
uid Mag-nus for
e and the e�e
tive Magnus for
e. Derivation of the e�e
tiveMagnusfor
e and dis
ussion of the disagreement with the dire
t 
al
ulations.



NOTATION 9NotationIn Ginzburg-Landau theory, dimensionless units are used. This means that thespeed of sound is 
 = 1, and the 
onstant density of the ba
kground 
uid is�0 = 1. The 
ir
ulation of a q fold vortex is � = 2�q.Some of the symbols used are not standard in 
ondensed matter physi
s, butwe have tried to be 
onsequent in our notation throughout the thesis.�(r; t) Phase of Ginzburg-landau wavefun
tion�(r; t) Density of Ginzburg-landau wavefun
tion�(r; t) Phase 
u
tuation�(r) Time-independent phase 
u
tuation�(r; t) Density 
u
tuation�(r) Time-independent density 
u
tuationq = �1 Vortex winding number� = qk Aharonov-Bohm 
ux & s
attering parameterf(r) Density pro�le of stationary vortex
l = pl2 + 2�l Phase shift in a
ousti
 Aharonov-Bohm s
attering
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Chapter 1Ba
kground1.1 Classi
al Hydrodynami
sThe language used in most of this thesis is the quantum me
hani
al Ginzburg-Landau theory, but sin
e many of the quantities used there have 
lassi
al analo-gies, it is useful �rst to write down the equations ruling a 
lassi
al 
uid. Amore 
areful treatment of 
lassi
al 
uids 
an be found in a textbook, for exam-ple [LL87℄.The �rst equation to mention is the 
ontinuity equation. This is a statementof mass 
onservation ���t +r � (�v) = 0 (1.1)The quantities used here is � whi
h is the 
uid mass density and v whi
h is thevelo
ity. Conservation of momentumgives the important Navier-Stoke's equationdvdt = �v�t + (v � r)v = �1�rP � 1mrVex + �r2v (1.2)where P is the pressure, � is the dynami
al vis
osity and Veq an external potential.The Navier-Stoke's equation is diÆ
ult to solve and in many 
ases it is enoughto 
onsider a 
ase without vis
osity. Then the simpler Euler's equation 
an beused instead dvdt = �v�t + (v � r)v = �1�rP � 1mrVex (1.3)In many 
uids Euler's equation gives an adequate des
ription away from bound-aries and turbulent regions. Most pra
ti
al solutions in hydrodynami
s are doneby �tting solutions of Navier-Stoke's equation near boundaries with solutions ofEuler's equation in the rest of the 
uid.11



12 CHAPTER 1. BACKGROUND1.1.1 The Cir
ulationIn 
lassi
al hydrodynami
s the 
ir
ulation is de�ned as a 
losed 
ontour integralof the velo
ity. As the name implies, the 
ir
ulation tells us how mu
h the 
uidis rotating in the area en
losed by the 
ontour. It 
an be shown ([LL87℄) thatin 
ase of in
ompressible 
lassi
al 
uid, the 
ir
ulation is 
onserved when the
ontour follows the 
ow of the 
uid. Classi
ally the 
ir
ulation 
an take anyvalue � = IC v � dl = 
onstant (1.4)Another 
lassi
al quantity, is the vorti
ity whi
h is de�ned as the 
url of thevelo
ity ! = r � v. If Stoke's theorem is applied to the de�nition of the 
ir-
ulation (1.4), the line integral of the velo
ity 
an be transformed to a surfa
eintegral of the vorti
ity � = ZS dS � ! = 
onstant (1.5)whi
h shows that vorti
ity is 
ir
ulation per. unit area. A point vortex situatedat the origin has vorti
ity ! = �Æ(r).The 
ir
ulation of ordinary 
uids 
an take any value. In super
uids this is nolonger true, and the the 
ir
ulation is quantized in integer steps of� = hm (1.6)where h is Plank's 
onstant and m is the physi
al atom/mole
ule mass. The
ir
ulation of a super
uid 
annot be 
ontinuously 
hanged and 
ir
ulation of thewhole 
uid, �N , is thus a topologi
al quantity; quantized vortex solution 
annot be found by perturbation of non-vortex solutions. The quantized vorti
es, asthey appear in Ginzburg-Landau theory, are dis
ussed in se
tion 1.2.3.The idea of quantization of 
ir
ulation in super
uids 
an be as
ribed to On-sager [Ons49℄. In a footnote(!) he writes: \Vorti
es in a super
uid are presumablyquantized; the quantum of 
ir
ulation is h=m, where m is the mass of a singlemole
ule."1.1.2 The Magnus For
eThe main attention of this thesis will be devoted to the transverse for
e on avortex in super
uid helium II. This for
e will prove to have similarities to thefor
e on a body in a 
onventional 
uid, so it 
an be useful �rst to study the
lassi
al situation. A 
lassi
al 
uid passing a solid body will in many 
ases exerta for
e on the body. The for
e 
an be split in one parallel and one transverseto the initial 
uid velo
ity. These 
omponents are of di�erent natures. In the



1.1. CLASSICAL HYDRODYNAMICS 13
ases when the longitudinal for
e is non-zero it is found to be strongly dependenton the shape and the surfa
e of the body. In 
ase of potential 
ow there is nolongitudinal for
e on the body, whi
h is a statement of d'Alembert's paradox.The transverse for
e, when it appears, is on the 
ontrary not dependent on thedetails of the body, but only on the 
ir
ulation in the 
uid. The transverse for
eon a body from a 
uid is 
alled the Magnus for
e, after the German physi
istMagnus who dis
overed it in 1852, on spinning bodies in a liquid.In the following we will work in two dimensions. The result 
an easily begeneralized to three dimensions by letting the for
e be the for
e per unit length.To �nd the for
e, let us suppose that the body is at rest and the 
uid has thevelo
ity v. The for
e on the body 
an be found by 
onsidering the momentum-
ux tensor �ij = PÆij + �vivj (1.7)The momentum-
ux tensor is interpreted as the density of j-momentum in thedire
tion +i. The for
e on the 
uid from the body is found by integrating thetensor around a surfa
e en
losing the body. From Newtons third law the for
eon the body from the 
uid is the same, but in opposite dire
tion (�i-dire
tion).The 
omponents of the for
e are thenFi = �I dSj�ij (1.8)Let us suppose that far from the body solutions of the hydrodynami
al equationswith 
onstant pressure P and density � 
an be found. Besides that, the velo
itymust be very near a 
onstant velo
ity whi
h we put along the x-axis, v = v1ex+Æv. The 
onstant terms with P and v1iv1j do not 
ontribute to the for
e. Ifthe se
ond order term in the velo
ity di�eren
e Æv is ignored, we get for thetransverse for
e F? = �I dSj�v1 Ævj (1.9)With 
onstant �, the integral is nothing but the 
ir
ulation (1.4). In ve
tornotation, the Magnus for
e is FM = �v1 � � (1.10)The dire
tion of the � ve
tor is out of the plane. In this 
ase with 
onstant � andP , the longitudinal for
e is zero. With the above 
hoi
e of solutions for P and v,only the vivj term in the momentum-
ux tensor is non-vanishing, but in generalboth terms will 
ontribute. On a airplane wing, for example, the transversefor
e is 
aused by the pressure di�eren
e on the two sides of the wing. Withother solutions a longitudinal for
e 
omponents 
ould have been experien
ed, inaddition.



14 CHAPTER 1. BACKGROUNDIf the body moves with velo
ity u, v1 � u 
an be substituted for v1 in theMagnus for
e (1.10). For a body moving along with the velo
ity of the 
uid,there is no Magnus for
e.1.2 Ginzburg-Landau TheoryThe understanding of super
uid helium has developed in many steps and thereare many 
ontributors. The theory whi
h is presented here is 
alled Ginzburg-Landau theory. The name is often used on the more general theory of super-
ondu
tors as well, but here it will be applied to super
uids only (also referredto as Ginzburg-Pitaevskii theory). The histori
al development of the theories onliquid helium will not be presented here, but 
an be found in many text-books,e.g. [Gly94℄, [NP90℄ and [WB87℄. This presentation will just serve as a brief in-trodu
tion and the main point is to establish the formalism whi
h will be usedfor most of the 
al
ulations in this thesis.In nature there are two spe
ies of helium atoms 4He, whi
h are Bosons and3He whi
h are Fermions. For low temperatures these isotopes have very di�er-ent behavior so that ea
h of them must be dis
ussed separately. This thesis willbe restri
ted to bosoni
 helium only. With normal pressure we talk about threedi�erent phases of helium. For high temperatures it is of 
ourse a gas and belowthe boiling point it is an ordinary vis
id liquid 
alled helium I. In bosoni
 he-lium we 
an in addition experien
e a se
ond order phase transition at a 
riti
altemperature T�. Below this temperature we speak of helium II, whi
h is partlysuper
uid. At the absolute zero, helium is a pure super
uid. Helium II is more
arefully des
ribed in 
hapter 4. bosoni
 helium is liquid down to the absolutezero and solid helium is only found at high pressure.The theory des
ribing liquid helium 
an start with the grand 
anoni
al Hamil-tonian for a D-dimensional intera
ting systembK = bH � � bN=Z dDr b	y(r) ��}2r22m � �� b	(r)+12 Z dDr Z dDr0 b	y(r)b	y(r0)V (r� r0)b	(r0)b	(r) (1.11)where b	y(r) and b	(r) are the helium atom 
reation and annihilation operatorsand V (r� r0) is the intera
tion potential. The 
hemi
al potential is �. The �eldssatisfy the Bose 
ommutation rulehb	(r) ; b	y(r0)i = Æ(r� r0) (1.12)To get a reliable theory of the liquid, an appropriate intera
tion must be found.Intera
tions whi
h are realisti
 at a mi
ros
opi
 level, do often distort the math-emati
al handling and hide the ma
ros
opi
 behavior. The Ginzburg-Landau



1.2. GINZBURG-LANDAU THEORY 15theory is, on the 
ontrary, a simple model where the 
uid is treated as 
onsistingof weakly repelling Bosons, i.e. the only intera
tion entering into our 
al
ulationsis the repulsion when two atoms happen to be at the same point. The potentialis then V (r� r0) = gÆ(r� r0) (1.13)Su
h a theory is not valid for small length-s
ales, but it 
an serve a good des
rip-tion at a larger level. The mathemati
al simpli�
ation of the model is overwhelm-ing and makes it possible to 
arry out more detailed 
al
ulations. The equationof motion is i}�b	(r)�t = hb	(r) ; bKi= �� }22mr2 + gb	y(r)b	(r)� �� b	(r) (1.14)Here m is the helium mass, g is the intera
tion strength and � is the 
hemi
alpotential. The interpretation of the 
hemi
al potential is that the system has adensity �0 = m�=g whi
h is energeti
ally favorable. At temperatures near theabsolute zero, the quantized �elds 
an be repla
ed by their mean �elds, hb	i = 	.Sin
e 	 is a 
lassi
al fun
tion, it is mu
h easier to handle than the operator b	.Mean �eld in this 
ontext means the o�-diagonal matrix elementh	(N � 1)jb	j	(N)i, where 	(N) is the N parti
le wavefun
tion [NP90℄. Thisis 
alled the Gross-Pitaevskii approximation, whi
h will be used in most of the
al
ulations done later. The equation of motion for the 
lassi
al �eld isi}�	�t = �� }22mr2 + gj	j2 � ��	 (1.15)whi
h is often in literature referred to as the nonlinear S
hr�odinger equation. ALagrangian formalism 
an also be used instead of the Hamiltonian formalism.The Ginzburg-Landau Lagrangian density isL = i}2 � _		� � _	�	�� }22m jr	j2� g2m(mj	j2 � �0)2 (1.16)The theory as des
ribed above 
ontains many parameters. These are impor-tant when the thermodynami
al properties of the system is 
onsidered, but arejust distorting the equations when working at zero temperature. The �elds and
oordinates 
an be res
aled to dimensionless form, denoted with primes	0 =r�0m 	 t0 = g�0}m t x0 = pg�0} x (1.17)This transformations 
orrespond to setting all the 
onstants }; g;m and �0 tounity in our equation. Most 
al
ulations done in the rest of this 
hapter andin 
hapter 2 and 3 are in dimensionless units. The speed of sound is (when thevelo
ity is small) equal to unity in dimensionless units. In dimensional units it is
 =pg�0=m.



16 CHAPTER 1. BACKGROUND1.2.1 Hydrodynami
al formThe Ginzburg Landau theory is a quantum theory. The appli
ation of the theoryis however on a liquid whi
h in many 
ases 
an be treated like a 
lassi
al liquid.The analogy between the 
lassi
al equations in se
tion 1.1 and the Ginzburg-Landau theory is best seen by writing the wavefun
tion on polar form	 =r �mei� (1.18)where � and � are real fun
tions. The wavefun
tion is a solution of the S
hr�odingerequation i} _	 = � }22mr2	+ gm(mj	j2 � �0)	 (1.19)The standard interpretation of quantum me
hani
s is that j	j2 is the probabilitydensity. The quantity � = mj	j2 is then mass density. The phase of the wave-fun
tion will be a potential for the velo
ity, v = }mr�. By separating out thereal and imaginary part of (1.18), we get two equations_� + }mr � (�r�) = 0 (1.20)_� � }mr2p�2p� + }2m(r�)2 + 1} gm(mj	j2 � �0) = 0 (1.21)The �rst equation is the 
ontinuity equation. If we take the gradient of the se
ondequation it begins to look like the Euler equation. Supposing that � is non-singular, the order of time derivative and spa
e derivative 
an be inter
hanged.This is however not true in the 
ase of vorti
es as we will see later. Expressingthe equations by the density and velo
ity, we get_�+r � (�v) = 0 (1.22)_v+ v(r � v) = � 1mr � gm�� }2r2�2mp�� (1.23)where we have used the mathemati
al identity 12r(v2) = v(r � v). The lastequation is a variant of Euler's equation (1.3), where the quantum e�e
ts arehidden in the pe
uliar looking potential on the right hand side.1.2.2 Plane WavesThe physi
al ground-state of the Ginzburg-Landau liquid is a state minimizing theintera
tion energy, thus having density � = 1 in dimensionless units. Consideringsmall 
u
tuations around this density, plane wave solutions 
an be found. In



1.2. GINZBURG-LANDAU THEORY 17addition it is supposed that the ba
kground 
uid has the 
onstant velo
ity v0 =r�0. If the velo
ity is small, the 
orre
tion to the density � of order v20, 
an beignored. Seeking solutions of the Ginzburg-Landau equations near the groundstate, the �eld equations 
an be linearized in the small quantities � = � � 1 and� = � � �0._�+ � � 14r2� + v0 � r� = 0 _� +r2�+ v0 � r� = 0 (1.24)Plane wave solutions for � and � are spe
ially important, sin
e other non-vortexsolutions 
an be expressed as superpositions of su
h waves. Plane waves are ofthe form �k(x; t) = �keik�x�i!t �k(x; t) = �keik�x�i!t (1.25)where ! is the frequen
y and k is the wave-number of the wave. In dimensionlessunits ! is also equal to the wave energy. It must be pointed out that all physi
alsolutions of � and � must be real, so we must be ready taking the real part of oursolutions at any time. Inserting (1.25) into one of the linearized �eld equationsleads to the following relations between the 
onstants �k and �k�k = �i!0k2 �k (1.26)where !0 = ! � k � v0 is the energy in the rest frame where 
ondensate velo
ityis zero. From the other �eld equation we get!0 = k2(1 + k24 ) (1.27)with k = jkj. For low k the ordinary linear phonon energy ! � k is obtained,but for higher momenta the energy deviates from this. For k � 1 it gives thepe
uliar phonon energy ! � k22 + 1 and the speed of sound is also frequen
ydependent 
k = !0=k � k=2. We must be 
areful to use this energy spe
trum forhigher energies in quantum liquids, sin
e it does not �t the experimental 
urve,�gure 4.1. In this thesis all 
al
ulations are in the low energy regime, with alinear phonon energy !0 � k and a 
onstant speed of sound , 
 = 1 (In full units
 =pg�0=m).An important quantity is the time average mass 
ux1 of a plane wave. Thede�nition is hji = h(1 + �)(v0 +r�)i (1.28)The plane waves � and � are real, and only the real part of (1.25) 
ount. Theprodu
t of the real parts are <(�)<(r�) = 12<(��r� + �r�). The �rst term,1In our dimensionless units this is also equal to the probability 
ux and the energy 
ux.



18 CHAPTER 1. BACKGROUND<(��r�), is time-independent and survives the time averaging, while the latterhas time dependen
y e2i!, and vanishes.hjki = 12 k2!k j�kj2 k � nk k (1.29)where nk, as the the number density of the plane wave, is de�ned. In a thermalassembly of phonons this will appear as the distribution fun
tion.1.2.3 Stationary VortexIn Ginzburg-Landau theory the quantized vorti
es appear as multi-valued phasesof the wavefun
tion. Sin
e the wavefun
tion itself must be single-valued, theonly transformations allowed for the phase are �! �+2�q, with q as an integer.There is no way to 
hange it 
ontinuously from one value to another, and q 
anthen be seen as a topologi
al quantity of the 
uid; it 
an only 
hange in dis
retesteps.If the vortex is at rest at the origin the q-fold vortex-solution is � = q' where' = ar
tan(y=x) is the angle between y and x. The wave fun
tion on polar formis now 	 = feiq' (1.30)where f is the square root of the density pro�le (or just the density pro�le forshort) of the vortex. The symbol f = f(r) will in the rest of the thesis be used todenote the density pro�le of a stationary vortex. The velo
ity �eld is v = q}rme'.The vorti
ity is q }mr�r' = q hmÆ(r) (1.31)where the delta fun
tion is re
ognized from the formula in appendix B. Thistells us that the 
ir
ulation is an integer multiple q of the 
ir
ulation quantumh=m = � if the integral is en
losing the vortex, in all other 
ases it is zero.The density pro�le is found by substituting f = p� in the equations (1.20)and (1.21), whi
h here are presented on dimensionless form. The �rst equationis now simply r' � rf , whi
h means that f is a fun
tion of the radius alone,f = f(r). From the se
ond we obtain the di�erential equation�2f�r2 + 1r �f�r + (2� q2r2 )f � 2f3 = 0 (1.32)The boundary 
ondition far from the vortex is that the density must rea
h thedensity of the rest of the 
uid, whi
h in dimensionless units means thatf ! 1. Near the origin we must have f ! 0 to avoid a singular wave-fun
tion.An analyti
al solution of (1.32) with these boundary 
onditions is not possible
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Figure 1.1: Numeri
al solution of the density pro�le f , and the analyti
al ap-proximation ~f , as fun
tions of r=p2.to a
hieve, so the best we 
an do is to �nd the asymptoti
 behavior and plotnumeri
al solutions.By doing series expansions near the origin we easily �nd f � rjqj, but theproportionality fa
tor is still undetermined. It must be found by �tting solutionsnear the vortex to those far from it. Far from the vortex the pro�le 
an be ex-panded in powers of r�1, giving f � 1 � 14r2 . Sin
e the gradient of the phasegoes as r�1 the tail of the vortex pro�le far from the vortex 
an in many 
ases beignored. This is 
alled the point vortex approximation. These two asymptoti
 ex-pressions 
an, when q = �1, be brought together in an analyti
al approximationfor f . The fun
tion ~f = rqr2 + 12 (1.33)whi
h was found by Fetter [Fet65℄ will serve as an adequate approximation to thefull fun
tion f . The �gure 1.1 shows a plot 
omparing the analyti
al approxima-tion (1.33) and the numeri
al solution of Kawatra and Pathria [KP66℄.For the rest of the thesis we will suppose that vorti
es have winding-numbersjqj = 1, where a solution with q = 1 will be 
alled a vortex, and a solution withq = �1 will be 
alled an anti-vortex.1.2.4 Moving VortexFrom stationary vortex solutions, it is possible to �nd approximate solutions fora slowly moving vortex, by assuming that the solutions of the moving 
ase 
an beseen a small perturbation of the stationary 
ase. The phase of the wave fun
tionis thought to be � = q'0 = q ar
tan � y�y0x�x0�, where r0 = r0(t) is the vortex



20 CHAPTER 1. BACKGROUNDposition. For the phase we write � = f2(1 + Æ�), where f = f(jr � r0j) is thedensity pro�le of a stationary vortex, de�ned in the last se
tion. By inserting thisinto the Ginzburg-Landau equation of hydrodynami
al form, (1.20) and (1.21),the de�nition of f , (1.32), 
an be used to get rid of some terms. By ignoringse
ond order terms in Æ�, we get the following two equations2f _f + f2Æ _�+ qf2rÆ� � r'0 = 0 (1.34)q _'0 + f2Æ�� 1frf � rÆ�� 12rÆ� � 0 (1.35)The time derivatives of f and '0 are entirely through the vortex position r0, sothat _f = �rf � _r0 and _'0 = �r'0 � _r0. When making a rough estimate of Æ� farfrom the vortex, it is enough to work to order � jr � r0j�1, thus putting f = 1.Seeking slowly 
hanging solutions, the r2Æ� term 
an be ignored giving a simpleequation for the density 
orre
tionÆ� � qr'0 � _r0 (1.36)The 
orre
tion is of order � jr � r0j�1 and thus dominating 
ompared to the
orre
tion in the 
onstant density pro�le 1� f � jr� r0j�2. If the vortex moveswith 
onstant velo
ity along the x-axis, so that x0 = vt and y0 = 0, the density
orre
tion is Æ� = �qv y(x�vt)2+y2 . The 
orre
tion is anti-symmetri
 about thex-axes, and proportional to the vortex winding number q.This result 
an also be applied to the situation when the ba
kground 
uid isnot at rest, but moving with some velo
ity vs, by substituting _r0 ! _r0�vs. Thefor
e on the vortex in this situation will be 
al
ulated in se
tion 3.4.1.3 Vortex MotionIn se
tion 1.2.4 the 
hange of the �elds far from the vortex, due to the vortexmotion, was studied. Now we want to examine the equations inside the vortex
ore, in order to �nd the vortex equations of motion. The derivation will followthat of E. S
hr�oder and O. T�ornkvist [ST97℄, ex
ept that their derivation isdone for a vortex string in three dimensions while we only will 
onsider a vortexpoint in two dimensions. We start with the Ginzburg-Landau �eld equations onhydrodynami
al form_�+r � (�r�) = 0 (1.37)_� + 12(r�)2 � 12 1p�r2p� + �� 1 = 0 (1.38)where � and � is the density and the phase of the wave fun
tion. The 
ontributionsoriginating from the vortex 
an be separated out�! q'+ ~� �! f2~�



1.3. VORTEX MOTION 21where the density pro�le of the vortex is f = f(R). We use R = jr � r0j and' = ar
tan( y�y0x�x0 ) whi
h is the polar 
oordinate system 
entered at the movingvortex point r0 = r0(t). The remaining fun
tions ~� and ~� are supposed to benon-singular and well behaved near the vortex point. The �eld equations 
annow be written as2 _ff + _~�~� + 2frf � r~� + 1~�r~� � r(q'+ ~�) + ~�r2~� = 0 (1.39)q _'+ _~� + 12 �q'+r~��2 � 12 1fp~�r2(fp~�) = 0 (1.40)where the identities rf � r' = 0 and r2' = 0 have been used. All the timedependen
y in f and ' is through r0, so that _' = �r' � _r0 and _f = �rf � _r0.We now do expansions in powers of R�1. The gradient of the phase is r' = 1Re'and the density pro�le is proportional to R, f � R. All the terms of power R�2fall out and the the terms proportional to R�1 are�r~� � _r0 + q2r ln(~�)� ez� � eR = 0 (1.41)�r~� � _r0 + q2r ln(~�)� ez� � e' = 0 (1.42)In the limit where R ! 0 these solutions are exa
t. The following equationrelates the motion of the vortex to the �elds ~� and ~�_r0 = hr~�+ q2r ln(~�)� ezir=r0 (1.43)The exa
t vortex motion is found as self-
onsistent solutions for the vortex equa-tion of motion (1.43) and the �elds. And approximation of the vortex motion
an be found by inserting the vortex into solutions of the �eld equation withoutbothering about the in
uen
e of the vortex on the solutions. The only appli-
ation whi
h will be 
onsidered in this thesis, is the vortex in a plane wave, inse
tion 1.3.1.1.3.1 A Vortex in a Plane WaveOne appli
ation of the vortex motion formula, (1.43), is to see how a vortexbehaves in a plane wave. This means that the modi�
ation of the wave be
auseof the vortex (whi
h is so 
arefully dis
ussed in 
hapter 2) is ignored.The linearized �eld equations have plane wave solutions, whi
h were studiedin se
tion 1.2.2. To avoid 
onfusion, let us suppose that �k is real. The planewave solutions of the phase � and density � = �� 1 are then� = 1k�k sin(k � r� !t) � = �k 
os(k � r� !t) (1.44)



22 CHAPTER 1. BACKGROUNDwhere the frequen
y, in the low energy limit is, ! = k. If the plane wave ispropagating along the x-axes the equations of motion (1.43) for the vortex are_x0 = �k 
os(kx0 � !t) (1.45)_y0 = �q2�k sin(kx0 � !t) (1.46)This is in qualitatively agreement with what is earlier done by L. K. Mykle-bust [Myk96℄ in his thesis for Cand. S
ient. He uses ~f = r=pr2 + 1=2 as anapproximation for the vortex pro�le, and in the small k limit, he gets the samek-dependen
y as above. But his result di�ers from ours in that he gets q4 insteadof q2 as the fa
tor in the _y0 equation.A very rough estimate of the solution of the above equations 
an be found ifkr0 is small. If the kx0 terms are ignored on the right hand side, we get_x0 � �k 
os(!t) (1.47)_y0 � �q2k�k sin(!t) (1.48)The boundary 
onditions 
an be 
hosen so that y0(0) = � q2�k and x0(0) = 0,whi
h gives x0(t) = 1k�k sin(!t) (1.49)y0(t) = �q2�k 
os(!t) (1.50)whi
h des
ribes an ellipse. The relation between x0 and y0 is then�x0a �2 + �y0b �2 = 1 (1.51)with a = �k=k and b = q2�k. When k gets smaller, the motion gets more and morein the x-dire
tion. The area of the ellipse is �ab = �q2k�2k. The area is independentof k if the normalization �k � pk is 
hosen.In this estimate of the motion, a lot of e�e
ts have been ignored. The s
at-tering of the wave on the vortex will, as seen in 
hapter 2 and 3, exert a for
eon the vortex. If the vortex has a mass2 it would give a drift of the vortex inthe dire
tion of the for
e. If the analogy to ele
tro-magnetism is applied (se
tion1.4), where vorti
es are interpreted as 
harges, one 
ould expe
t a radiation ofenergy from the a

elerating vortex. The vortex losing energy will spiral inwards.1.4 Analogy to Ele
tro-MagnetismFor a long time there has been known analogies between two-dimensional ele
tro-magnetism and hydrodynami
s on a thin �lm. Before Maxwell's equations were2The question of the vortex mass is still unsolved.



1.4. ANALOGY TO ELECTRO-MAGNETISM 23well established people 
ould gain insight on ele
tro-magnetism from su
h analo-gies by experimenting on 
uids. An introdu
tion to the analogies between a
lassi
al 
uid and ele
tro-magnetism 
an be found in [Myk96℄. Today the sit-uation is the other way round: ele
tro-magnetism is very well understood andstudied, while there still exist phenomena in 
uid me
hani
s whi
h are still notentirely understood. One su
h phenomenon is quantized vorti
es in super
uid�lms, whi
h 
an be shown to have some of the same behavior as (quantized)point 
harges in an ele
tro-magneti
 theory. A referen
e starting with Ginzburg-Landau theory is an arti
le by D.F. Arovas and J.A. Freire [AF96℄. They workdire
tly with the Ginzburg-Landau Lagrangian density. By requiring that thepartition fun
tion shall be invariant, they 
an integrate out some of the variablesand obtain a Lagrangian whi
h is to se
ond order in the �elds equal to the QED-Lagrangian. We will do a more simple and dire
t approa
h instead, by startingwith the �eld equations on polar form, (1.20) and (1.21), and try to transformthem into Maxwell's equations.There also exists an analogy to the potential formulation of ele
tro-dynami
s,whi
h is des
ribed in [Myk96℄. In 
hapter 2 the analogy between phonon s
atter-ing on a vortex and Aharonov-Bohm s
attering is dis
ussed. This analogy 
omesfrom terms quadrati
 in the �elds and will not be transparent in the linearizedequations 
onsidered here.1.4.1 2-D Ele
tro-MagnetismFirst we will take brief look at two-dimensional ele
tro-magnetism, where theE-�eld is lying in the plane while the B-�eld is perpendi
ular to the plane. ThisB-ve
tor 
an hen
e be treated as a s
alar, sin
e it has a �xed dire
tion. In twodimensions there are only three Maxwell's equations, sin
e r � B = 0 alwaysholds. r �E = �
 (1.52)��E�t +rB � ez = J
 (1.53)�B�t +r�E = 0 (1.54)The equations are Gauss' law, Ampere's law and Faraday's law. The density �
is the 
harge density and J
 is the 
urrent density. Instead of using the �elds Band E, we 
ould use a potential formulation and introdu
e a Lagrangian densityas a fun
tion of the potential � and A. Then the �rst two equations would bethe �eld equations, while Faraday's law would be a 
onsequen
e of the de�nitionsB = r�A and E = �r�� _A.Charged parti
les moving in an ele
tri
 and magneti
 �eld will also experien
ea for
e; the Lorentz for
e. If the parti
le position is r0 and it has mass m and
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harge Q, the for
e is simplym�r0 = Q(E+B _r0 � ez) (1.55)whereE and B is the ele
tri
 and magneti
 �eld evaluated at the parti
le position.These are all the basi
 equations needed in 
lassi
al ele
tro-magnetism in twodimensions.1.4.2 The Analogy to Ele
tro-MagnetismIn dimensionless units, the Ginzburg-Landau �eld equations on hydrodynami
alform, (1.20) and (1.21) are_�+r � (�r�) = 0 (1.56)_� + 12(r�)2 � 12 1p�r2p� + �� 1 = 0 (1.57)We want to do the identi�
ationQ = 2�q B = 1 � � E = r�� ez (1.58)where Q will be identi�ed as 
harge, B as the magneti
 �eld and E as the ele
tri
�eld. The most 
ommon way is to de�ne the ele
tri
 �eld as proportional to�r� � ez. The 
ontinuity equation, (1.56), is then Faraday's law exa
tly. Thereason why we 
hoose to do it di�erently, is that our 
hoi
e makes the E-�eldsingular. This makes it possible to draw the analogy to point 
harges and stillkeep information from the density pro�le3. If there are N vorti
es present withpositions rk(t), Gauss' law is dire
tly found from the de�nition of Er �E = r � (r�� ez) =Xk 2�qk Æ(r� rk) � �v (1.59)where the delta fun
tions are identi�ed from r � r' = 2�Æ(r) found in ap-pendix B. The quantized vorti
es appear as point 
harges in the ele
tro-magneti
formulations! The 
harges are given by Q = 2�q. In full units this would havebeen proportional to the quantized 
ir
ulation of the vortex.In the �rst equation (1.56) the substitutions 
an be done without mu
h trou-ble. In the se
ond (1.57) we have to take the gradient of the whole equations andtake the 
ross produ
t with ez to be able to do the identi�
ations. The gradientand the time derivative do not 
ommute, sin
e the E-�eld is singular. From ap-pendix B the 
ommutator is found �r ; ��t�'0� ez = 2� _r0Æ(r� r0). The vortex
urrent 
an be identi�ed�r ; ��t� � � ez =Xk 2�qk _rkÆ(r� rk) � Jv3In most analogies only point vorti
es are 
onsidered.



1.4. ANALOGY TO ELECTRO-MAGNETISM 25The two hydrodynami
al �eld equations are now_B +r�E = Br�E�E � (rB � ez) (1.60)� _E+rB � ez = Jv + 12r �E2 + r2p1 �Bp1�B �� ez (1.61)To 
ompare this with the last two of Maxwell's equations we must linearize in Band E. It must be noted that linearization is only valid far from the vortex 
ores,sin
e B ! 1 near the vortex. After the linearization the equations are still notexa
t Maxwell's equations, sin
e (1.61) has an additional term � r2B. In thelow energy limit, where the B �eld is slowly varying, this term 
an be negle
ted.The analogy to ele
tro-magnetism is hen
e valid just in the low energy limit.1.4.3 The Lorentz For
eThe last equation needed is the Lorentz for
e, or the for
e on a moving 
harge inan ele
tro-magneti
 �eld. In hydrodynami
s this must be analogous to the for
eon a moving vortex in a Bose-liquid. In se
tion 1.3 an equation for the motion ofa vortex (1.43) was derived_r0 = hr�+ q2r ln� � ezir=r0 (1.62)where r0 is the vortex position. Applying the analogy (1.58), this 
an be writtenQ [E+ _r0 �Bex℄ = ��rB (1.63)where a large 
onstant external magneti
 �eld is de�ned to be Bex = �ez. Theevaluations of E and rB are still at the vortex position r0. The left hand sideof (1.63) looks pretty mu
h as a Lorentz for
e. The term _r0 �Bex is also equalto the ba
kground 
uid Magnus for
e, whi
h is dis
ussed in se
tion 3.4.The right hand side is not proportional to the vortex a

eleration as expe
tedfor a massive vortex, nor zero, as for a massless vortex. From the form of theequation (1.63) we 
an thus not draw any 
on
lusion about the vortex mass.In [AF96℄ the right hand side of the equation was zero, implying a massless vortex.The reason why we arrived on di�erent looking result, is that the derivation donein se
tion 1.3 kept information from the density pro�le of the vortex, while mostanalogies are done within the point vortex approximation.
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Chapter 2Phonon S
atteringA well-known phenomenon in quantum physi
s is the Aharonov-Bohm e�e
t,whi
h says that an ele
tron beam is a�e
ted by a magneti
 
ux-string, even ifthe ele
tron itself is not in dire
t 
onta
t with the 
ux. The whole e�e
t is dueto the ve
tor potential around the 
ux-string and hen
e a pure quantum phe-nomenon. In this 
hapter, we will see that this is to some extent analogous tothe e�e
t of a stationary vortex string on a phonon wave, whi
h will be 
alled thea
ousti
 Aharonov-Bohm e�e
t. We will exploit this analogy by using the wellknown solutions of the Aharonov-Bohm e�e
t to dis
uss our a
ousti
 s
atteringproblem. In resent time there has been a lot of interest in this subje
t, sin
e it isstill not entirely understood and it is important when dis
ussing the for
es a
tingin helium II. A more 
omplete dis
ussion of the for
es in helium II is held in 
hap-ter 5. In this 
hapter only the e�e
t of a single plane wave on a stationary vortexis 
onsidered. The dis
ussion will mainly follow the arguments of Sonin [Son96℄and Stone [Sto99℄. The original paper by Aharonov and Bohm [AB59℄ will alsoprove a useful sour
e. The summation in the partial wave analysis will be donea

ording to Sommer�eld and Minakata [SM00℄.2.1 The S
attering EquationThere are at least two possible starting points when dis
ussing the s
attering ofa plane wave on a vortex. The �rst one is the 
lassi
al hydrodynami
al equationfor a super
uid; the se
ond is the quantum me
hani
al Ginzburg-Landau theory.We will use the latter in the semi-
lassi
al Gross-Pitaevskii approximation. Ifthe vortex line is straight, we have 
ylindri
al symmetry and e�e
tively a two-dimensional problem.We start with the S
hr�odinger equation on polar form. With one vortexsituated at the origin, � = �+q' and � = f(1+�) are substituted. If the deviationfrom a stationary vortex solution is small, the equations (1.20) and (1.21) 
an be27



28 CHAPTER 2. PHONON SCATTERINGlinearized in � and �, to obtain_�+ � � 14r2� =���qr' � r�+ (1 � f2)� + 12r ln(f) � r�� (2.1)and _� +r2� =� f�qr' � r� � 2r ln(f) � r�g (2.2)where the parameter � = 1 is introdu
ed to ease the book-keeping. Noti
ethat � = 0 
orrespond to no vortex present, giving the wave equations studiedin (1.2.2). In the 
ase of plane waves, without disturbing vorti
es, r2� = �k2�.In the long wavelength limit, where k� 1, we thus havejr2�j � j�j (2.3)We will now suppose that this 
ondition holds with a vortex in the ba
kgroundtoo. The r2� term in (2.1) will thus be ignored. It is not obvious that smallk always ensures that r2� is small when the vortex is present, but this 
an beexpli
itly 
he
ked later when the solutions are found (see se
tion 2.4.5).The equations (2.1) and (2.2) will now be solved by treating the appearan
eof the vortex as a perturbation. We want the solutions to be as 
lose as possibleto plane waves, sin
e su
h waves later enable us to introdu
e temperature in the
uid. In the point vortex approximation f = 1, and q 
ould have been used as theperturbation parameter. But sin
e we will try to extra
t some information fromthe density pro�le, the new parameter � = 1 is introdu
ed. Both � and q havethe disadvantage that they are not small numbers themselves. The perturbationmust then in some sense re
e
t that the operators appearing with the vortexshall not be too in
uential. This 
an happen in at least two ways. First: sin
ethe operators 
ontain derivatives, their e�e
t 
an be small in the low energylimit. Se
ond: The operators 
an be small far from the vortex. Typi
ally thephase 
ontribution goes as � r�1 and the density as � r�2. In full units wewould in addition have noti
ed that the vortex 
ontributions are proportional tothe 
ux quantum hm , and the perturbation 
ould also be seen as a semi-
lassi
alapproximation in powers of h. Formally all this redu
es to series expansionsin �. From the �rst equation (2.1) the density 
an be expressed by the phaseex
lusively� = � _�+ � ��qr' � r ��1 � f2 + 12r ln(f) � r� ��t��+O ��2� (2.4)Inserting this into the equation (2.2), the s
attering equation is found�r2 � �2�t2�� =� �2qr' � r ��t��� �(1� f2) �2�t2 � 2(1 � 14 �2�t2)r ln(f) � r��+O ��2� (2.5)



2.2. ANALOGY TO AHARONOV-BOHM SCATTERING 29Further we assume a harmoni
 time dependen
y�(r; t) = �(r)e�i!t �(r; t) = �(r)e�i!t (2.6)In the low energy regime the frequen
y is ! � jkj. After dropping a higher orderterm in k and putting � ba
k to unity, the s
attering equation is�r2 + k2� � = ��2ikqr' � r � (1� f2)k2 � 2r ln(f) � r�� (2.7)In most 
ases only the phase 
ontributions to the equations will be 
onsidered,sin
e it is probably dominant. The fun
tion f will then be put to unity.The 
ontents of the rest of this 
hapter are dis
ussions and solutions of thes
attering equation (2.7). In se
tion 2.2 the analogy between the s
attering equa-tion and Aharonov-Bohm s
attering is 
onsidered. In se
tion 2.3 the equation issolved by using the Born approximation, while in 2.4 the tools of partial waveanalysis is used. The density 
orre
tions are studied in se
tion 2.5.When the phase � is known, the density 
u
tuation � 
an be found from (2.4).2.2 Analogy to Aharonov-Bohm S
atteringConsider a magneti
 
ux-string pier
ing a plane while the magneti
 �eld is zeroanywhere else. The ve
tor potential generating the magneti
 �eld is non-zerohowever, and it will intera
t with a passing ele
tron beam, even if the beam isnot in any dire
t 
onta
t with the 
ux itself. The e�e
t is then totally due tothe ve
tor potential, and this is what is 
alled the Aharonov-Bohm e�e
t. Thetime-independent S
hr�odinger equation for an ele
tron intera
ting with a ve
torpotential is hr+ ie
Ai2  = �2mE (2.8)where E = p22m is the ele
tron energy and } = 1. A 
ommon example of su
h apotential is one giving a magneti
 �eld proportional to a delta fun
tionA = 12��mr' (2.9)where �m is the total magneti
 
ux and r' = 1re'. It is 
onvenient to de�ne� = e2�
�m. In their arti
le [AB59℄, Aharonov and Bohm solved this equation bypartial wave analysis and from that solution they extra
ted, in the limit of larger, the famous expression1 � eikr 
os(')�i�('��) + aAB(')pr eikr (2.10)1In their paper, the in
oming wave was from the right, not left as in our 
ase.



30 CHAPTER 2. PHONON SCATTERINGwhere the Aharonov-Bohm s
attering amplitude isaAB(') = sin(��)p2�ik e�i'2sin �'2 � (2.11)Noti
e that the �rst term in (2.10) solves the Aharonov-Bohm equation (2.8) butthis solution does not satisfy the right boundary 
onditions. Aharonov and Bohmsolved the equation (2.8) by partial wave analysis, and this method is presentedin se
tion 2.4. One problem with partial wave analysis is to determine the rightboundary 
onditions. In the original paper [AB59℄ the 
onstraint was that the
urrent density should be along the x-axis asymptoti
ally far from the vortex.Exa
tly the same solution was found by M.V. Berry [Ber80℄ by requiring thatthe wavefun
tion should be single-valued. The single-valuedness of the solutionis not transparent in the asymptoti
 form (2.10) but is obvious in the partialwave expression. The partial wave expression for the wavefun
tion is �nite andwell behaved at all distan
es r from the origin and at all angles '. The asymp-toti
 expression for the s
attering amplitude (2.11) is on the 
ontrary singularas ' ! 0. This singularity appears be
ause the attempt to extra
t a s
atter-ing amplitude fails near the forward dire
tion! A di�erent expression is needed.A good treatment of the near forward dire
tion is found in an arti
le by C.M.Sommer�eld and H. Minakata [SM00℄. E.B. Sonin has also derived a version forthe a
ousti
 problem [Son96℄. It turns out that the forward dire
tion will beextremely important when the for
e on a vortex is found in 
hapter 3.An analogy to the magneti
 Aharonov-Bohm s
attering 
an be found in super-
uid helium, where the time independent phase variation of the Ginzburg-Landauwavefun
tion � in (2.7) plays the role of the ele
tron wavefun
tion in (2.8). Thestati
 �eld around the point vortex plays the role of the ve
tor potential. In thepoint vortex approximation, the a
ousti
 s
attering equation (2.7) is�r2 + k2�� = �2i�r' � r� (2.12)where the vortex 
ux is � = qk, and q is quantized, q = �1, with sign dependentwhether we have the vortex, or the anti-vortex solution. Working to �rst order inthe vortex 
ontribution, a se
ond order term in � might as well be added, giving[r+ i�r'℄2 � � �k2� (2.13)whi
h is similar to the original Aharonov-Bohm equation. The rewriting 
an bedone sin
e r2' = 0. In 
ontrast to the original Aharonov-Bohm problem, wherethe magneti
 
ux is an external parameter whi
h 
an be 
hanged independentlyof the ele
tron energy, the total 
ux in the a
ousti
 
ase is dependent of thefrequen
y ! of the in
oming wave. For a situation with a �xed wave number thiswill not 
ause any problems, but as soon as we have to manipulate the boundary
onditions in a spe
i�ed situation this di�eren
e will be visible.



2.3. SOLUTION BY BORN APPROXIMATION 312.3 Solution by Born ApproximationA standard method of solving s
attering equations is the Born approximation. Itgives the solution of the equation to �rst order in the s
attering parameter. Thes
attering equation (2.7) 
an be written as(k2 +r2)� = �O� (2.14)where the operator O isO = ��2ikqr' � r� (1 � f2)k2 � 2r ln(f) � r� (2.15)The solution of the equation to �rst order in � is� = �k �eik�r + �Æ��+O ��2� (2.16)where �k is a 
onstant. The s
attered wave 
an be expressed by the Green'sfun
tion, whi
h is a solution of the equation(r2 + k2)D(r) = �Æ2(r) (2.17)The two-dimensional time-independent Green's fun
tion isD(r) = i4H(1)0 (kr) (2.18)found in appendix C. The fun
tion H(1)0 (kr) is the zeroth order Hankel fun
tionof the �rst kind. The Born solution for the s
attered wave isÆ� = i4 Z d2r0 N(r0) H(1)0 (kjr� r0j) (2.19)The fun
tion N(r) isN(r) = Oeikx = �2�k sin(')r � k2(1 � f2) + 2f 0f ik 
os(')� eikr 
os(') (2.20)where � = qk and f = f(r) is the density pro�le of the vortex. Noti
e thatin a point vortex des
ription, with f = 1, the last two terms disappear, leavingonly the �rst term, whi
h we will 
all the phase 
ontribution. Most likely this isthe most important term, but we are interested in seeing if the other two termsgive any 
onsiderable 
ontribution, so they will be kept until a good reason tothrow them away has been found. The last two terms will be 
alled the density
ontributions sin
e they are the 
ontributions from the density pro�le of thevortex.



32 CHAPTER 2. PHONON SCATTERING2.3.1 The S
attering AmplitudeIn s
attering problems it is often possible to separate the r dependen
y and theangle dependen
y in the s
attered wave. The fa
tor whi
h is a fun
tion of ' isthen the s
attering amplitude. The s
attering amplitude for a phonon s
atteredon a vortex will now be found.The phase 
ontribution to the s
attering equation is usually 
onsidered asmost important, so in the following we will only use the �rst term in (2.20),giving the s
attered wave asÆ� = i�k2 Z d2r0 sin('0)r0 H(1)0 (kjr0 � rj)eikr0 
os('0) (2.21)The e�e
t of the density pro�le of the vortex will be studied in se
tion 2.5. TheBorn integral is diÆ
ult to 
arry out in general and we need to do di�erentapproximations. The ordinary s
attering amplitude is found by assuming thatthe main 
ontribution to the integral 
omes from the region where kjr� r0j � 1.Doing series expansions in r�1, we getjr� r0j = r � r0 
os('0 � ') +O �r�1� (2.22)The expansion of the Hankel fun
tion for large arguments isH(1)0 (z) z!1�! r 2�izeiz (2.23)A trigonometri
 identity is also needed
os('0)� 
os('0 � ') = �2 sin('2 ) sin('0 � '2 )Noti
e that if ' � 0 the '0 dependen
y in the exponent in the integrand dis-appears and therefore more terms are needed in the expansion to get a 
orre
tresult for small angles (se
tion 2.3.3). If the integration is performed in polarangles (r0; '0), the integral isÆ�a = �ik2 r 2�ikreikr Z 10 dr0 Z 2�0 d'0 sin('0)e�2ikr0 sin('=2)sin('0�'=2)First the integration with respe
t to '0 is done. Sin
e the integration is over awhole period, the substitution '0 ! '0 + '2 
an be made without 
hanging theintegration limitsZ 2�0 d'0 sin('0 + '=2)e�i2kr0 sin('=2) sin('0)=Z 2�0 d'0 [sin('0) 
os('=2) + 
os('0) sin('=2)℄ e�i2kr0 sin('=2)sin('0)



2.3. SOLUTION BY BORN APPROXIMATION 33By substituting u = sin('0) it is easily seen that the se
ond integral is zero. The�rst integral 
an be rewritten to a form re
ognizable as a Bessel fun
tion (seeappendix A)Z 2�0 d'0 
os('0) e�i2kr0 sin('=2) sin('0) = 2�i J1 (�2kr0 sin('=2))The r0 integration is now only the integral over a Bessel fun
tion. The 
onditionthat ' shall be non-zero is now 
learly seen to be essential to the r0 integrationZ 10 dr0 J1 (�2kr0 sin('=2)) = 1�2k sin('=2)The �nite angle s
attered wave 
an far from the vortex be separated in a ' partand a r part. When all 
onstants are gathered, the phase 
ontribution to thes
attered wave 
an be written asÆ�a = a(')pr eikr (2.24)where the s
attering amplitude isa(') = ��p2�ik 
ot('2 ) (2.25)This is the most 
ommon form seen for the s
attered wave and it is valid for �niteangles. The index a, at the s
attered wave, is to remind us that this is the termwhi
h 
an be expressed by the s
attering amplitude. The result deviates fromthe original Aharonov-Bohm s
attering amplitude (2.11) expanded to �rst orderin �, by an additional s-wave. The partial wave analysis (see se
tion 2.4.2) willshow that this s-wave 
omes from the se
ond order term in � whi
h marks thedi�eren
e between the a
ousti
 and magneti
 Aharonov-Bohm s
attering.The Aharonov-Bohm s
attering amplitude is divergent and be
omes in�nitelylarge as the angle rea
hes the forward dire
tion. In the se
tion about small angles
attering (se
tion 2.3.3), we will see that this apparent singularity is not physi
al,but a 
onsequen
e of how approximations are dealt with.2.3.2 The Hidden TermsThe asymptoti
 wave in the original Aharonov-Bohm result (2.10) is, opposedto the Born solution, not a plane wave but of the form � eikx�i�('��). Themissing fa
tor is the twist of the in
oming wave, but sin
e it is proportional tothe perturbation parameter �, it is still hope that it is not gone for good, but hasbeen lost in the approximations done when extra
ting the s
attering amplitude(se
tion 2.3.1). The s
attered wave in the Born approximation was�ik2 Z d2r0 y0r02eikx0H(1)0 (kjr0 � rj) (2.26)
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Figure 2.1: The real part of the s
attered wave (2.24) expressed by the Borns
attering amplitude (2.25). The plot 
learly shows the phase di�eren
e at thepositive x-axis. What is not 
lear from the plot, however, is that the s
atteredwave be
omes in�nitely large when '! 0.The region in r0 spa
e giving the s
attering amplitude was r0 � r. The hiddenterms must then be found by some other approximation. We will now sear
h inthe region where jy � y0j � jx� x0j and jyj � jy� y0j. Sin
e these 
ontributionsare 
entered around the point r0 � r, it is 
onvenient to do a 
hange of variables�ik2 eikx Z d2r00 y00 + yjr00 + rj2eikx00H(1)0 (kr00) (2.27)where we have substituted r00 = r0� r. In last se
tion the asymptoti
 form of theHankel fun
tion was used on the basis of r � r0. Now the same approximationis used, with the assumption that jy00j � jx00j. The Hankel fun
tion is thenH(1)0 (kr00) �s 2�ikjx00jeikjx00j+ ik2jx00 j (y00)2 (2.28)Supposing that jyj � jy00j, gives us a Gaussian integral in y00, whi
h by theordinary formula (appendix A) givess 2�ikjx00j Z 1�1 dy00 e� k2ijx00j (y00)2 = 2k



2.3. SOLUTION BY BORN APPROXIMATION 35The 
ondition that jyj � jy00j makes the result just valid for �nite angles. Intro-du
ing the step fun
tion jx00j+ x00 = 2�(x00) gives us the hidden terms asÆ�hidden = i�eikx Z 1�1 dx00 yy2 + (x00 + x)2 e2ikx00�(x00)This integral 
an be solved by doing a tri
k. We haveyy2+x2 = ��x �ar
tan( yx)� � sign(y)�(x)�. The step fun
tion �(x) does not 
on-tribute to the derivative, but it makes the whole fun
tion 
ontinuous sin
e it
an
els the singularity in the Ar
tan( yx) fun
tion.Z 1�1dx00 yy2 + (x00 + x)2 e2ikx00�(x00)= ���ar
tan� yx00 + x�� � sign(y)�(x00 + x)� e2ikx00�(x00)�x00=1x00=�1+ Z 10 dx00 �ar
tan� yx+ x00�� � sign(y)�(x00 + x)� ��x00 �e2ikx00�where the integration limit in the last integral has 
hanged be
ause of the stepfun
tion in the exponent. The �rst term vanishes. The ar
tan( yx00+x) is zero inboth limits and in the �1 limit is the step fun
tion zero, while the e2ikx00�(x00)term disappears in the 1 limit be
ause of rapid os
illations. The fun
tionar
tan � yx+x00 � � � sign(y)�(x00 + x) is 
ontinuous and slowly varying. Opposedto this, the last term is rapidly os
illating, and most 
ontribution to the integral
omes from small x00. An approximation is to put the slowly varying term outsidethe integral, evaluated in x00 = 0. The remaining integral just gives �1, so thehidden terms areÆ�hidden = �i�eikx har
tan�yx�� � sign(y)�(x)i (2.29)The angle ' 2 (0; 2�) is ' = ar
tan( yx) + ��(�x) + 2��(x)�(�y). This givesthe hidden terms as Æ�hidden = �i�ekx('� �) (2.30)To �rst order in �, this is the lost fa
tor in eikx�i�('��) from the original Aharonov-Bohm solution. In the Born approximation, this term appears as a part of thes
attered wave sin
e it is proportional to �. But it is proportional to exp(ikx),not exp(ikr), and it does not disappear far from the vortex, whi
h makes it morenatural to interpret it, in a

ordan
e with Aharonov and Bohm, as a modi�
ationof the in
oming wave. The Born approximation is usually applied on s
atteringproblems where the s
attering 
enter is well lo
alized so that the in
oming wavesare just plane waves. In the s
attering of a phonon on a vortex this is impossible,
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h is a manifestation of the long range of the vortex; there is no lo
alizeds
attering 
enter. Despite this, the Born approximation gives the 
orre
t answer,and the reason why these non-s
attering terms are usually not found in the Bornapproximation, is just be
ause of the mathemati
al approximation done in theevaluation of the integral.The s
attered wave found in se
tion 2.3.1 together with these hidden terms,form the solution for �nite angles. Near the forward dire
tion this solution is notvalid, whi
h leads us on a sear
h for a spe
i�
 small angle result in se
tion 2.3.3.2.3.3 Small Angle S
atteringIn se
tion 2.3.1 an expression for the s
attered wave was found, but the solutiondiverged for small angles. By doing di�erent approximations an expression whi
h
an des
ribe the important forward dire
tion will now be looked for. Sin
e ourin
oming wave is propagating in dire
tion of positive x, the small angle region isthe area 
entered at the positive x-axis. The integration will here be performed inCartesian 
oordinates x0 and y0. The main 
ontributions to the integral is thoughtto 
ome from the terms where r0 is small, so that we 
an do series expansion ofjr � r0j with x � y; x0; y0 as a 
ondition. This derivation relies on one done bySonin [Son96℄. The only di�eren
e is that he uses polar 
oordinates des
ribing r.We use the following expansionjr� r0j = x� x0 + 12x(y � y0)2 +O �x�2�Compared with the expansion done in se
tion 2.3.1 one extra term must be kept,sin
e the �x0 term 
an
els against the +x0 term from the in
oming wave. Theextra terms also saves us from a breakdown when x0 � x, so in the small angles
attering there is no need to sear
h for hidden terms as in se
tion 2.3.2. Theasymptoti
 expansion of the Hankel fun
tion for large arguments (2.23) givesH(1)0 (kjr� r0j)eikx0 �r 2�kxieikx+ ik2x (y�y0)2The small angle s
attered wave 
an hen
e be writtenÆ�s � �ik2 r 2�ikxeikx Z d2r0 y0r02 e ik2x (y�y0)2 (2.31)There is no x0 dependen
y in the exponent, so the x0 integration 
an simply bedone Z 1�1 dx0x02 + y02 = �jy0j



2.3. SOLUTION BY BORN APPROXIMATION 37The y0 integration is a bit more bothersome. It 
an not be 
arried out 
om-pletely, but by some manipulations it 
an be transformed to an integral whereall y-dependen
y is in the integration limits.Z 1�1 dy0 y0jy0j e ik2x (y0�y)2=Z 1�1 du u+ yju+ yj e ik2xu2=��Z �y�1 +Z 1�y � du e ik2xu2=��Z 1y +Z 1�y � du e ik2x u2=2Z y0 du e ik2xu2The small angle result 
an then be expressed as the integralÆ�s = �r2�ikx eikx Z y0 du e ik2xu2 (2.32)It is not a problem that the �nal result 
an not be expressed by elementaryfun
tions, sin
e usually only the derivative with respe
t to y is needed. Theanswer 
an be written more 
ompa
t with the error fun
tionÆ�s = i�� eikx erf yr k2xi! (2.33)with the error fun
tion de�ned as erf(z) = 2p� R z0 dt e�t2. This integral is wellde�ned in the limit y ! 0, so that there is no trouble with singularities in 
ontrastto the s
attering amplitude expression (2.25).2.3.4 Dis
ussion of the Born ApproximationFrom the Born approximation three di�erent results have been found: two be-ing valid for �nite angles and one whi
h is valid just for small angles. All theterms originate in the same integral and they appear as a result of the di�er-ent approximations. If one is 
lever enough it should be possible to extra
t oneasymptoti
 expression for all angles, but for so long the di�erent 
ases must betreated separately. The Born approximation result 
an be summarized as�Borns =�k "eikx + i�� erf yr k2xi!# (2.34)



38 CHAPTER 2. PHONON SCATTERINGfor small angles and�Borna =�k �eikx (1� i�('� �)) + a(')pr eikr� (2.35)for �nite angles. The s
attering amplitude isa(') = ��p2�ik 
ot('2 ) (2.36)Be
ause of the long range of the vortex, it is a twist on in
oming waves. Bothsolutions are 
ontinuous in their domains. The error fun
tion is well de�ned forsmall argument and a
tually it approa
hes zero at the positive x-axis, leavingjust a plane wave there. The argument of the error fun
tion goes to in�nity forx� y � px, whi
h are the largest angles where the small angle approximationis still valid. The asymptoti
 expansion of the error fun
tion for large argumentsis erf(z) z!1�! sign(<(z))� 1p� 1z e�z2 (2.37)For small angles, the approximations ' � y=x and r � x(1 + y22x2 ) are valid. Inthe region ' � 1 and pr' � 1, the small angle expression (2.34) 
an thus bewritten �Borns � �k �eikx [1 + i�� sign(y)℄ + ��p2�ik eikrpr 2'� (2.38)The �rst term is the plane wave, while the se
ond 
omes from the twist of thein
oming wave. The last is the s
attered wave. The expression is exa
tly thesame as the �nite angle expression (2.35), expanded for small angles. The Bornsolution is thus 
ontinuous.The 
on
lusion of the Born approximation is that it gives a 
ontinuous solutionto the s
attering problem. The solution seems to be in agreement with theoriginal Aharonov-Bohm result, to �rst order in �. In addition a spe
ial smallangle result is developed, giving a 
ontinues solution at all angles. The hiddenterm found in 2.3.2, giving the twist of the in
oming wave, was essential to geta 
ontinuous solution. The solution presented here is the mat
h of di�erentsolutions in di�erent regions, but sin
e all these solutions 
ome from the sameintegral it should be theoreti
ally possible to get one solution valid at all angles,just as done in the partial wave expansion (se
tion 2.4.3).2.4 Solution by Partial Wave AnalysisIn the original arti
le by Aharonov and Bohm [AB59℄, the S
hr�odinger equationwas solved by partial wave analysis. This means that the solution is an expansion



2.4. SOLUTION BY PARTIAL WAVE ANALYSIS 39in eigenstates of the angular momentum operator. To write down a generalexpression for the wavefun
tion is very easy, so the worry is how to treat theboundary 
onditions right, and later how to sum up. We will see that thereare di�eren
es between the a
ousti
 and magneti
 Aharonov-Bohm s
atteringin de
iding the boundary 
onditions, but that the result is mainly the same.Aharonov and Bohm also provided a method for doing the summation when kris large, but their result is not satisfa
tory right behind the vortex, and we willinstead present a solution found by Sommer�eld and Minakata [SM00℄. This isdone in se
tion 2.4.3.In 
ontrast to the Born approximation, the partial wave analysis is non-perturbative by nature and the 
al
ulations are best done by keeping all ordersof �. But the s
attering equation was derived by perturbation, whi
h means thatthe answer obtained is just valid to lowest order. The s
attering equation for apoint vortex is �r2 + k2�� = �2i�r' � r� (2.39)where � = qk is still supposed small 
ompared to unity. The partial wave expan-sion is �(r) = 1Xl=�1 �l(r)eil'Sin
e l is just running over integers we have no problems with multivaluedness.Substituting this into our equation all derivatives of ' just give the eigenvaluesil, whi
h means that r' � r ! ilr2 and r2 ! r2l = �2�r2 + 1r ��r � l2r2 . Demandingthat the equation holds for ea
h l, we get the Bessel equations�k2 + �2�r2 + 1r ��r � l2 + 2�lr2 � �l = 0 (2.40)where the 
ux � = qk. Note that in the magneti
 Aharonov-Bohm problem, wewould have got an additional term �2=r2. The total solution 
an be written assuperpositions of Bessel and Neumann fun
tions�l = �lJ
l(kr) + �lN
l(kr) (2.41)where 
k = pl2 + 2�l, and the 
onstants �l and �l are dependent of k. TheBessel fun
tions J�
l(kr) with negative subs
ripts 
ould have been used insteadof the Neumann fun
tions as well, but sin
e this, in the a
ousti
 
ase, 
ause adegeneration for l = 0, the Neumann fun
tions are 
hosen.2.4.1 Boundary Conditions Near the VortexIn the magneti
 Aharonov-Bohm s
attering, all the 
onstants �l in the generalpartial wave analysis solution (2.41) are zero. This 
an be found by examining a
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ux tube of �nite 
ore size, with the 
onstraint that the total wavefun
tion shallbe normalizable. Sin
e Neumann fun
tions get arbitrarily large for small argu-ments, a wave-fun
tion 
ontaining the Neumann fun
tions is not normalizablewhen the size of the 
ux tube is shrunk to zero.The solution of the a
ousti
 Aharonov-Bohm problem presented in this se
-tion, is a solution within the point vortex approximation. Opposed to the mag-neti
 problem, it is in the a
ousti
 
ase not possible to make an arbitrary solutionwith �nite 
ore size, sin
e the density pro�le of the vortex is determined of the �eldequations. Instead we will try to derive advantage from the known behavior of thevortex pro�le. The s
attering equation (2.7) was derived by requiring that pres-en
e of the vortex 
ould be treated as a perturbation of a wave equation. Near,or inside, the vortex 
ore this 
ondition fails, sin
e the free wave 
ontributionin the equations are vanishing 
ompared to those terms 
ontaining 
ontributionsfrom the vortex. However, the original linearized �eld equations (2.1) and (2.2)
an be used inside the vortex 
ore, where the vortex pro�le 
an be approximatedwith f � r. If the �elds � and � and their derivatives are non-singular, the onlysingular terms are r' � r�1 and r ln(f) � r�1. So the terms ruling inside thevortex 
ore are � qr' � r�+ 12r ln(f) � r� � 0� qr' � r� � 2r ln(f) � r� � 0A
tually these are the same equations that were found in se
tion 1.3, aboutvortex motion, applied on a stationary vortex. In this se
tion the main 
on
ern,thought, is the boundary 
onditions in the partial wave analysis. Let us then usethe partial wave expression for the �elds, r' ! ilr2e' and r ln(r) ! 1rer. Theabove equations then look like� iqlr2 �l + 12r ��l�r = 0� iqlr2 �l � 2r ��l�r = 0If �l is isolated from the se
ond equations and put into the �rst, the result is ase
ond order ordinary di�erential equation in �l alone.r2�2�l�r2 + r��l�r � l2�l = 0 (2.42)As all se
ond order partial di�erential equations, the general solution 
an bewritten as a superposition of two fun
tions. In this 
ase the fun
tions are �l �r�jlj. Be
ause of degenera
y there is for l = 0 an additional solution �0 � ln(r).The total solution for � must be nonsingular when r ! 0, whi
h means that�l � r+jlj (2.43)
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Figure 2.2: The real part of the partial wave analysis solution to the s
atteringproblem (2.48). The plot is generated with jlj � 60 and � = 0:25.The partial wave expression (2.41) should be �t to the 
onstraint (2.43). Takingthe limit r ! 0 of (2.41) is not allowed, sin
e it is a point vortex result. But kr
an be taken to zero, by keeping r �xed and letting k ! 0. For small angles theBessel fun
tion goes as J�(z) � z� while the behavior of the Neumann fun
tionsare N�(z) � z�� when � 6= 0 and N0(z) � ln(z). We thus have the 
ondition�l k!0�! 0 (2.44)In the low energy limit the 
onstants �l are vanishing, just as in the magneti
 
ase.The fa
t that our point vortex solution just satis�es the 
onstraints for small k,
an be seen as a 
lear indi
ation that the point vortex approximation is just validin the long wavelength limit. This is natural sin
e waves with shorter wavelengthswill have more interferen
e with the vortex 
ore. Pra
ti
ally this means that thepoint vortex approximation works �ne together with long wavelength solutions,but if the intention is to keep higher orders in k, it is more dubious if the pointvortex approximation holds. This would for example have 
onsequen
es for the
al
ulation of the longitudinal for
e on a vortex, sin
e it is higher order in k.2.4.2 Boundary Conditions Far From the VortexIn last se
tion restri
tions were put on the general partial wave solution (2.41)from 
onditions on the behavior 
lose to the vortex point. Now the behaviorat a large distan
e from the vortex is 
onsidered. The normal 
uid in helium II
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hapter 4) is 
onstru
ted as a weighted integral over plane waves. To identify thenormal 
uid it is then a need for solutions whi
h are as 
lose as possible to planewaves, far from the vortex. The ideal situation must then be a solution whi
h farfrom the vortex 
an be separated in an in
oming plane wave, and an outgoings
attered wave. We will thus apply the 
onstraint that ea
h partial wave farfrom the vortex 
an be divided in one term belonging to the in
oming plane waveand one term proportional to exp(ikr), demanding that the terms proportionalto exp(�ikr) are zero. But this does not mean that the total solution 
an bedivided in a plane wave and a term proportional to exp(ikr). Be
ause of thesumming of l to in�nity the total wave looks di�erent, as we will see.For simpli
ity, the x-axis is put along the dire
tion of the plane wave, whi
hin partial wave expansion looks likeeikr 
os' =Xl ilJl(kr)eil' (2.45)The asymptoti
 expansions of the Bessel fun
tions for large kr are also neededJ�(kr) kr!1�! r 2�kr 
os(kr � �2 � � �4 ) (2.46)An expansion like this proves to be problemati
 when summing up, sin
e it is justvalid for � � kr. It is, however, working �ne when applied at one partial waveat a �xed l. The partial waves of the s
attered phonons are �l = �lJ
l(kr) wherethe 
onstants �l are to be determined. Subtra
ting the partial waves of exp(ikx),writing out the asymptoti
 expressions and de
oupling the 
osine terms, leads to��l(kr)� ilJl(kr)	 =r 2�kr 12ei(kr��4 ) ��le�i�2
l � 1	+r 2�kr 12e�i(kr��4 ) ��lei�2
l � ei�l	In the partial wave analysis the overall 
onstant �k will be put to unity. It 
aneasily be put ba
k in the �nal answers. Our boundary 
onditions are ful�lled ifwe let the 
oeÆ
ient before exp(�ikr) be zero, whi
h leads to�l = ei�l�i�2
l (2.47)The 
onstants are then determined so that the total wave 
an be written as� =Xl (�1)le�i�2
l J
l(kr)eil' (2.48)The solution is plotted in �gure 2.2. The anti-symmetry between the upper andlower half plane is 
learly seen. We also noti
e that even though the tear rightbehind the vortex gets broader far from the vortex, the angle it o

upies gets



2.4. SOLUTION BY PARTIAL WAVE ANALYSIS 43smaller. This leads to the apparent singularity in polar 
oordinates at an in�nitedistan
e behind the vortex. The plot 
an be 
ompared to the photographs ofwater waves s
attered on a 
lassi
al vortex in [BCL+80℄.The subs
ripts of the Bessel fun
tions are in the a
ousti
 
ase 
l = pl2 + 2�l.For small values of � this is approximately the same as the magneti
 version,namely jl + �j. An ex
eption is for the s-wave, or the l = 0 term. To �rst orderin �, the di�eren
e between a
ousti
 and magneti
 Aharonov-Bohm s
attering is� = e�i�2 �J�(kr)� J0(kr) (2.49)For large arguments the expansion of the Bessel fun
tion (2.46) 
an be safelyused, so that to �rst order in �� � �i�r �2ikreikr (2.50)whi
h is exa
tly the di�eren
e between the found solutions of the magneti
 (2.11)and a
ousti
 (2.25) s
attering problem.The sum (2.48) is 
onvergent for all kr 2 , sin
e for the index � mu
h greaterthan kr the Bessel fun
tions behave asJ�(kr) � 1p2�kr �ekr2� ��This means that when doing numeri
al 
al
ulations there is just need to keepterms with l just a bit larger than kr.When expanding the Bessel fun
tions in terms of 
osine fun
tions this 
on-vergen
e is lost, so that our expression for the wave be
omes divergent for all�nite r. This means we have to be extremely 
areful when using these asymp-toti
 expressions. To avoid problems with singularities, will follow the exampleof Sommer�eld and Minakata [SM00℄ and instead express the Bessel fun
tions as
ontour integrals.2.4.3 The Aharonov-Bohm SumAharonov and Bohm found the wavefun
tion of an ele
tron s
attered on a mag-neti
 
ux string as a series of partial waves. Their solution was�AB =Xl (�1)le�i�2 jl+�jJjl+�j(kr) eil' (2.51)Most of the arti
le [AB59℄ is about how to sum up for large r, and they endup with a solution as a sum of a twisted plane wave exp(ikx � i�(' � �)),2If there exist terms proportional to the Neumann fun
tions for all l, the expression for thewave would be divergent.



44 CHAPTER 2. PHONON SCATTERINGand a s
attered wave on the form a(')pr exp(ikr). The unfortunate thing abouttheir solution is that the s
attering amplitude a(') be
omes in�nite as the angleapproa
hes the forward dire
tion ' � 0; 2�. This is in sharp 
ontrast to thepartial wave expression they started with (2.51), whi
h is 
onvergent, 
ontinuous,single-valued and well behaved for all �nite r and '. The reason for the apparentsingularity, is the use of the asymptoti
 expansion of the Bessel fun
tions forlarge arguments (2.46), whi
h is used for all values of � = jl + �j, while theapproximation is just valid for kr � �. This is the reason why they end up witha divergent series.Even though the expanded series is stri
tly speaking divergent, Aharonovand Bohm end up with an expression with turns out to be right for all large6 -? 6-�� �C =(t) <(t)Figure 2.3: The integra-tion path C in the 
omplext-plane. angles, sin
e they are 
areful in analyzing the asymp-toti
 expression before summing up. Many referen
es([Son96℄,[WT98℄,[She98a℄) use this expansions of theBessel fun
tion when dis
ussing Aharonov-Bohm s
at-tering.To do the summation, we will instead use the methodof Sommer�eld and Minakata [SM00℄ whi
h leaves thesum beautifully 
onvergent and 
ontinuous. The mostimportant step is the �rst, expressing the Bessel fun
-tions as 
ontour integralsJ�(z) = 12�ei�2 � ZC dt e�iz 
os(t)+i�t (2.52)The integration 
ontour C is in the upper half of the 
omplex plane . The ni
ething about this 
ontour is that it < 0 for t 2 C. It is this quality whi
h makesour series 
onvergent. The sum is now�AB = 12� ZC dt e�ikr 
os(t)Xl (�1)leijl+�jt eil'To ease the notation we will now restri
t ourself to positive values of �. Negativevalues of � (anti-vorti
es) 
an easily be obtained from the �nal answer by letting�! �� and '!�'+ 2�. The above sum 
an be divided in one sum for l � 0and one for l < 0. Both of these series are geometri
 and by using the ordinaryformula for su
h series we arrive at�AB = 12� ZC dt e�ikr 
os(t) � ei�t1 + ei('+t) � e�i�t1 + ei('�t)�whi
h put on one fra
tion line is�AB = 14� ZC dt e�ikr 
os(t) �ei�t(e�i' + e�it)� e�i�t(e�i' + eit)
os(') + 
os(t) �



2.4. SOLUTION BY PARTIAL WAVE ANALYSIS 45The question now is how to remove the denominator so that (2.52) 
an be usedto get the answer expressed by Bessel fun
tions. The tri
k is to useZ kr0 dz e�iz(
ot(t)+
os(')) = e�ikr(
os(t)+
os(�)) � 1�i(
os(t) + 
os('))The term 1=(�i(
ot(t) + 
os(�))) will disappear from the �nal answer. This 
anbe seen by noting that the original Aharonov-Bohm sum (2.51) is zero at kr = 0,whi
h also applies to the integral R kr0 dz.�AB =�i4� eikr 
os(') Z kr0 dz e�iz 
os(')�ZC e�iz 
os(t) �e�i'(ei�t � e�i�t) + e�i(1��)t � ei(1��)t�By using the formula (2.52) we 
an transform ba
k to Bessel fun
tions and hen
eget a sum of four Bessel fun
tions of the �rst kind. These 
an in turn be expressedby two Hankel fun
tions of the �rst kindH(1)� (z) = J��(z)� e�i��J�(z)i sin(��) (2.53)The whole solution 
an now be written as an integral over two Hankel fun
tions.By making use of sin(�(1� �)) = sin(�) the solution 
an be expressed as�AB = eikr 
os(') A(kr) (2.54)where we, to ease notation, have de�nedA(kr) � sin(��)2 Z kr0 dz e�iz 
os(')� h�e�i'+i�2 �H(1)� (z) + ei�2 (1��)H(1)1��(z)i (2.55)What we have managed to do so far is to transform the original Aharonov-Bohmsum to an integral. This trans
ription is exa
t. The expression in itself is notvery useful, but it turns out to be possible to do a very ni
e expansion of it farfrom the 
ux point.2.4.4 The Solution Far From the Flux-PointAs promised, the expression from the last se
tion will be simpli�ed in the largekr limit, and we will start by 
arrying the integral in (2.55) to in�nity. Theintegration 
an then be performed exa
tly with the formulaei�2 � Z 10 dz e�iz 
os(')H(1)� (z) = �2 sin �(' � �)sin(��) sin(') (2.56)



46 CHAPTER 2. PHONON SCATTERINGFrom now on it is important that the angle ' is running between 0 and 2� to getthe 
orre
t result. By doing some trigonometri
 manipulations we getA(1) = e�i' sin [�('� �)℄sin(') � sin [(1 � �)(' � �)℄sin(') = e�i�('��)This is the asymptoti
 behavior far from the vortex. The deviation from thisexpression 
an now be expressed as an integral from kr to in�nity. Now theasymptoti
 expansion of the Hankel fun
tions 
an be usedH(1)� (z) z!1�! r 2�izeiz�i�2 � (2.57)Opposed to the sum (2.51), the subs
ripts of the Hankel fun
tions are now �xedand small. This means that the rewriting is safe, and the the approximation isa
tually very good.A(1)�A(kr) � sin(��)2�i (�e�i' + 1)Z 1kr dzpz ei(1�
os('))z= i sin(��)e�i'2 h1 � erf �p�2ikr sin�'2��iThis was obtained by substituting 1�
os(') = 2 sin2('=2) and u = sin('=2)p�2iz.The error fun
tion is erf(z) = 2p� R z0 du exp(�u2). Sin
e sin('=2) is positive forangles between 0 and 2� we have no problems with multivaluedness. The �nalsolution of the Aharonov-Bohm problem far from the 
ux point and all angles is�AB = eikr 
os(') ne�i�('��) � i sin(��)e�'2 h1� erf �p�2ikr sin�'2��io(2.58)This is the solution obtained by Sommer�eld and Minakata. We noti
e that the�rst term is dis
ontinuous at forward angles, but the singularity 
an
el againsta similar dis
ontinuity in the s
attered wave, leaving the full solution 
ontinuousand single valued.2.4.5 Dis
ussion of the Partial Wave AnalysisFar from the 
ux-point the sum of partial waves (2.48) has been transformed tothe fun
tion (2.58) whi
h is valid for all angles. The Born solution was divided inone expression for �nite angles and one for small angles. The partial wave result
an be expanded in ea
h of these regions to see if the solutions are identi
al.For �nite angles, whi
h means that sin('2 )pr � 1, the error fun
tion 
an beexpanded by the use of (2.37). The total wave (2.58) 
an hen
e be written�AB � "eikr 
os(')�i�('��) + sin(��)p2�i e�i'2sin �'2 �# (2.59)
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Figure 2.4: The real part of Sommer�eld and Minakata's summation of theAharonov-Bohm sum (2.58), for � = 0:25. It must be 
ompared with the di-re
t plot of the partial wave expression (�gure 2.2). The phase shift of the waveis 
learly seen. The s
attered wave is seen as the \dots" distributed over the plot.
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Figure 2.5: The same plot as �gure 2.4, but seen from another angle, and withjkxj < 20 and jkyj < 40. This plot 
learly shows the damping of the wave rightbehind the vortex.



48 CHAPTER 2. PHONON SCATTERINGas expe
ted. This is the ordinary expression found by Aharonov and Bohm. Itdi�ers from the Born solution in an additional s-wave, whi
h marks the di�eren
ebetween a
ousti
 and magneti
 Aharonov-Bohm s
attering.The other expression to 
ompare it with, is Sonin's small angle expression,(2.33). This result is only to �rst order in �, so we must expand (2.58) in thesame way. In the small angle limit, the angle is ' � 0; 2�, so that sin('=2) � y=x,' � � � �� sign(y) and exp(�i'=2) � sign(y). Then the dis
ontinuous terms
an
el and �AB � eikx "1 + i�� erf yr k2ix!# (2.60)This is the same as the small angle result found by Born approximation (2.33).The 
an
ellation of the dis
ontinuous terms is just shown to �rst order in �, butthe full solution is 
ontinuous at arbitrary order.It is important that the vortex is not a mass sink or sour
e. There must beno net mass 
ux passing through a 
ontour surrounding the vortex. We will nowuse the original partial wave expression for the mass 
uxhjki = 12Xml ��m ���l�r er + ilr e'� ei(l�m)' (2.61)Integrating the mass transport through a 
ir
le surrounding the vortex, meansan integral with line segment dl = r d' er. We need the density found from (2.4)�m = ik�1� �m(kr)2� �m J
m(kr) (2.62)and the 
omponent in r-dire
tion of gradient of the phase��l�r = �l �J
l(kr)�r (2.63)where 
l = pl2 + 2�l and �l = (�1)l exp(�i�2
l). The integral just gives 
ontri-butions for diagonal terms, R 2�0 d' exp(i(l�m)') = 2�Æml. The net 
ux throughthe 
ontour is thenr Z 2�0 d' hjkir = <"�ikr�Xl �1� �l(kr)2�J
l �J
l�r # = 0 (2.64)The expression is purely imaginary. The real part, whi
h is the physi
al 
ompo-nent, is zero, and the mass is 
onserved.In the derivation of the s
attering equations, derivatives of the phase wasnegle
ted to ease the mathemati
al handling. The 
ondition jr2�j � j�j will now
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itly 
he
ked by inserting the solution (2.62). There are two assumptions:the wave-number is small, k � 1, and the distan
e from the vortex is large, r � 1.The derivatives of �1� �l(kr)2� with respe
t to r will thus be negle
ted as higherorder in r�1. The Bessel fun
tions satis�es the Bessel equation, whi
h makes thederivations easy to performr2lJ
l(kr) = ��k2 + 2�lr2 �J
l (2.65)where rl = �2�r + 1r ��r � l2r2 . The �rst terms is se
ond order in k, and 
an benegle
ted. The se
ond term is small when r is large. In addition is proportionalto � = qk, whi
h is small. The 
on
lusion is that the assumption jr2�j � j�j isjusti�ed.2.5 Density Corre
tionsSo far only the point vortex approximation has been studied, both for the Bornapproximation 2.3 and for the partial wave analysis 2.4. Now we will again usethe Born approximation and try to extra
t information from the terms 
ontainingthe density pro�le f in (2.20). Of spe
ial interest is the long wavelength limit;to see how the k dependen
y is 
ompared to the phase 
ontributions. The �rstdensity term in (2.20) is � k2(1 � f2) exp(ikr0 
os('0)). If the approximation ofthe density pro�le (1.33) and the asymptoti
 form of the Hankel fun
tion (2.23)is used, we getÆ�d1 � ik24 r 2�ikr eikr Z d2r01 + 2r02 e2ikr0 sin('2 ) sin('0�'2 ) (2.66)After substituting '0 ! '0 + '2 , the angle part of the integral gives a Besselfun
tion 3 Z 2�0 d'0 e2ikr0 sin('2 ) sin('0) = 2�J0 �2kr0 sin('2 )�The r0 integration gives a modi�ed Bessel fun
tion as an answer, so thatÆ�d1 � 14r2�ir k3=2 eikr K0 �p2k sin('2 )� (2.67)The se
ond density 
orre
tion in (2.20) is � ik f 0f 
os('0) exp(ik 
os('0)), where f 0here denotes derivative with respe
t to r0. This gives the 
ontributionÆ�d2 � �k4r 2�ikr eikr Z d2r0 
os('0)f 0f e2ikr0 sin('2 ) sin('0+'2 ) (2.68)3The formulae used 
an be found in appendix A.



50 CHAPTER 2. PHONON SCATTERINGAs for the other integral, the angle integration here also gives a Bessel fun
tionZ 2�0 d'0 
os('0 + '2 )e2ikr0 sin('2 ) sin('0) = � sin('2 ) 2�i J0 �2kr0 sin('2 )�Using the same approximation for the density pro�le as above, we haver0f 0(r0)=f(r0) � 11+2r02 . The r0 integration is then an integral of the kindZ 10 dx2x2 + 1J1(ax) = Z 10 dx �1 � x2x2 + 12 � J1(ax)=1a � 1p2 K1( 1p2a)This gives that the se
ond density 
orre
tion isÆ�d2 � �12r2�ir k1=2 sin('2 ) � 12k sin('2 ) � 1p2K1 �p2k sin('2 )�� (2.69)The leading order of the modi�ed Bessel fun
tions for small arguments areK0(z) � � ln(z) and K1(z) � 1z+ z2 ln z. The �rst density 
orre
tion (2.67) is thuslogarithmi
ally divergent near the forward dire
tion. As in the 
ase of the phase
ontributions we must think that this is just a 
onsequen
e of the approximationsbeing made, and not a physi
al property. If we forget this term as higher order ink, and take the low k limit, we see that both the density 
orre
tions have leadingorder terms of order k3=2 ln(k). The density 
orre
tion is then in the low k limitÆ�d � �18p2�i (3 � 
os(')) k3=2 ln(k)eikrpr (2.70)The ordinary s
attering amplitude goes for small wavenumbers as k1=2. Thedensity 
orre
tions 
an thus in the small wavelength limit be ignored. But thedi�eren
e is only of order k ln(k), so that if we shall go up one order from theleading one, we must also take the density pro�le into 
onsideration.



Chapter 3The Phonon For
eThe goal of this 
hapter is to provide an expression for the for
e on a vortexfrom a single s
attered wave. Or more a

urate: to �nd the transverse for
e
omponent to order � = qk. The answer to this question is of vital impor-tan
e for the dis
ussion of the Iordanskii for
e in helium II, as dis
ussed in 
hap-ter 5. There are several arti
les available 
al
ulating the for
e from a single wave.Sonin [Son96℄[Son01℄ and Shelankov [She98a℄[She98b℄ end up with the 
on
lu-sion that the for
e is proportional to �, while Wexler and Thouless [WT98℄ andDemir
an, Ao and Niu [DAN95℄ 
on
lude that it must be higher order in �.Stone's arti
le [Sto99℄ is also important.Central in the interpretation of the result is that the for
e originates in theasymmetry of the phonon wave in the presen
e of a vortex. This seems to be ana
ousti
 analogy to the Aharonov-Bohm e�e
t, dis
ussed in se
tion 2.2. Central inthe dis
ussion is also the region right behind the vortex, where we remember from
hapter 2 that the formalism with the s
attering amplitude failed. Stone [Sto99℄interprets the for
e as the 
reation of transverse momentum in this region. The
riti
ism of the results [WT98℄ and [DAN95℄ also points to the fa
t that they donot in
lude the e�e
ts of small s
attering angles.All 
al
ulations in this 
hapter will use the solutions of the s
attering problemfrom 
hapter 2, where a plane wave s
attered on a stationary vortex was exam-ined. The fa
t that the vortex was not allowed to move, was in the s
atteringproblem presented as a boundary 
ondition introdu
ed to ease the mathemati
alhandling, but in this 
hapter it will be of great physi
al signi�
an
e, sin
e thevortex at rest 
an also be thought of as being held still by an external for
e.There must be a momentum transfer between the vortex and the wave whi
h ispossible to extra
t by examining the momentum-
ux tensor. The momentum-
ux tensor �ij is the density of i-momentum in the j dire
tion, so the for
e onthe wave is H dSi �ij. To get the 
orre
t result the momentum transfer must takepla
e inside the integration 
ontour. The region over whi
h the for
e is applied,
orresponds to region whi
h is kept at rest. If a point vortex is 
onsidered, itdoes not matter where the 
ontour is, as long as it en
loses the vortex. If a larger51



52 CHAPTER 3. THE PHONON FORCEpart of the vortex is kept at rest, for example the 
ore, or the whole pro�le, wemust be more 
areful in our 
hoi
e of 
ontour. A safe 
hoi
e in all 
ases is to putit in�nitely away from the vortex.The for
e will 
u
tuate a lot, but we are only interested in the time-average.When from now on speaking about the for
e on the vortex, the meaning is thetime-average of the for
e. The for
e on the vortex is thenFj = �I dSih�iji (3.1)with summation over i = x; y. The dSi is the 
omponents of the ve
tor des
ribingan in�nitesimal surfa
es segment (line in two dimensions).The 
al
ulations will be done in several ways: In 3.2.1 the s
attering resultfrom the Born approximation will be used to �nd the for
e by letting the inte-gration 
ontour be in�nitely away from the vortex. In the spirit of the Born ap-proximation only terms to �rst order in the s
attering parameter will be broughtinto 
onsideration. If problems with divergen
es appear near ' = 0, the smallangle result for the s
attered wave must be used instead.The limit when the integration 
ontour is pla
ed 
lose to the vortex is studiedin se
tion 3.2.2. This limit requires that a point vortex is 
onsidered, sin
eall intera
tion between the for
e and the wave has to be inside the integration
ontour. The 
al
ulation is amazingly simple, and it is not even ne
essary tosolve the s
attering problem to get the result.Instead of trying to extra
t an analyti
al expression from the partial waveanalysis, the 
al
ulation is done numeri
ally in se
tion 3.2.3 at a �nite distan
efrom the vortex and by keeping a �nite number of terms. This result 
an be
ompared with the two analyti
al results. The numeri
al treatment is straightfor-ward, even though the expressions themselves are long. It seems to be 
onsensusof what the partial wave expression should look like, and sin
e mu
h of the prob-lem is how to take the limits in�nitely from the vortex, a numeri
al treatmentat �nite distan
e is a way to get a reliable result, and 
omplement the analyti
al
al
ulations.3.1 The Momentum-Flux TensorIn the 
al
ulation of the for
e the momentum-
ux tensor is needed. By Noetherstheorem the momentum-
ux tensor 
an be found from the Lagrangian density. Ifthe Lagrangian density L is a fun
tion of the �elds � and � and their derivatives,the de�nition of the tensor is�ij = LÆij � �L�(�i�)�j� � �L�(�i�)�j� (3.2)where �i denotes derivation with respe
t to 
oordinate i. The symbol L is inthis 
ontext no longer a fun
tion of the �elds, but the fun
tion of the spatial
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oordinates and time that we get when a spe
ial solution for the �elds is inserted.The Ginzburg-Landau Lagrangian on polar form isL = �� _� � 12�(r�)2 � 18�(r�)2 � 12(�� 1)2 (3.3)whi
h, by the de�nition, gives the energy momentum tensor�ij = LÆij + ��i��j� + 14��i��j� (3.4)The solutions whi
h we are going to insert are plane waves s
attered on a station-ary vortex. In the long wavelength limit it will be assumed that the derivativesof the density 
an be ignored, so that su
h terms 
an be dropped both in theLagrangian and the momentum-
ux tensor. Suppose that the integration 
ontouris at a large radius r. The density pro�le of the vortex goes as 1� 14r2 . Sin
e thelength of the integrations 
ontour is of dimension r, the density pro�le 
an be
ompletely ignored in the momentum-
ux tensor, though it 
an not ne
essarilybe ignored when solving the �eld equations. In the rest of this derivation only apoint vortex will be 
onsidered, so that the following substitutions are done� = 1 + � � = �+ q' (3.5)The �elds � and � are thought to be small, so that the Lagrangian 
an be ex-panded in these �elds. In 
hapter 2 the linearized �eld equations were solved, andwe want to use these solutions to get an expression for the for
e. Upon thermalaveraging all �rst order terms in the momentum-
ux tensor vanish and we areleft with an expression to se
ond order in � and �. There are at least two waysof �nding the right expressions for the momentum-
ux tensor. The �rst is toexpand the tensor to se
ond order in the �elds, and then insert the linear �elds.The other way is to expand the Lagrangian to third order so that the �eld equa-tions are quadrati
 in � and �. Then we must be 
areful sin
e the �eld equationsare no longer linear, and terms that appear to be linear in the Lagrangian density
an still 
ontain hidden quadrati
 terms that will survive the time averaging.Those two pro
edures sket
hed above do anyway give the same result, so weare free to use the easiest and only 
onsider the quadrati
 terms in the Lagrangiandensity L(2) = �� _�� 12(r�)2� �r� � qr'� 12�2 (3.6)The diagonal term LÆij 
an be rewritten by using the �eld equation��L�� = 0 = _�+r� � qr'� � (3.7)



54 CHAPTER 3. THE PHONON FORCESo that L = 12�2 � 12(r�)2 (3.8)The time average of the ex
itation part of the momentum-
ux tensor is thenh�iji = PÆij + h�i��j�i+ h��i�i q�j'+ h��j�i q�i' (3.9)The 
oeÆ
ient before the diagonal part of the tensor is what we de�ne as theaverage pressure P = h12�2 � 12(r�)2i. A

ording to the solutions in 
hapter 2,it is useful to assume the solutions to have a harmoni
 time dependen
y�(r; t) = e�i!t�(r) �(r; t) = e�i!t�(r)Sin
e both the phase � and density � are real fun
tions, we have to be a bit
areful. In most 
al
ulations it is easiest to think of them as the real parts of
omplex fun
tions, but for produ
ts of fun
tions, the produ
ts of the real partsare not the same as the real part of the produ
t. The formula to use in ourmultipli
ations is<(ae�i!t)<(be�i!t) = 12< �a�b+ (a+ b)e�2i!t�Taking the time average, the e�2i!t term vanishes andh<(ae�i!t)<(be�i!t)i = 12< (a�b)For 
onvenien
e we forget to write < before all terms from now on. The �nalexpression for the time average of the momentum-
ux tensor is thenh�iji = PÆij + 12�i���j�+ q2���i��j'+ q2���j��i' (3.10)where the pressure is P = 14(j�j2 � jr�j2) (3.11)The re
ipes of how to �nd the for
e is: plug in solutions of � and � into theenergy momentum tensor (3.10), insert this in the expression for the for
e (3.1),and �nally do the 
ontour integration.3.2 Cal
ulation of the For
eIn 
hapter 2 the s
attering problem of a phonon on a vortex was 
onsidered bothwith the Born approximation and by partial wave analysis. These two solutions
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e expression, and the answers will be 
ompared. Butbefore this is done, let us do some more rewriting. With ve
tor notation the for
eis F = �I �PdS+ 12r��(r� � dS) + q2�� [r�(r' � dS) +r'(r� � dS)℄�(3.12)where the pressure is P = 14(j�j2 � jr�j2). If the integration 
ontour is a 
ir
lewith radius r, the surfa
e segment (a 
urve in two dimensions) is dS = rd'. Thefor
e then be
omesF = �Z 2�0 d' �P r+ r2 ���r (r�� + q��r')� (3.13)This expression should be valid both for the transverse and the longitudinal for
e
omponent. In our thesis only the transverse for
e is of interest. If we werereally pedanti
 in our notation, an index k on the for
e 
ould have been addedto remind us that this is just the e�e
t of a single phonon with wavenumber k.F P? = �r Z 2�0 d' [sin(')P ℄ (3.14)F ��? = �r2 Z 2�0 d' [�r� �y��℄ (3.15)F q? = �q2 Z 2�0 d' [���r� 
os(')℄ (3.16)These formulae are the 
ommon starting point for our 
al
ulations. To go furtherseparate formulae for the 
ase of Born approximation and partial wave analysismust be developed.As mentioned earlier the for
e from a s
attered wave is dis
ussed in di�er-ent arti
les ([Son96℄,[She98a℄ and [WT98℄). All these referen
es agree that thepressure part of the for
e, F P? is zero if the integration 
ontour is far from thevortex. Mu
h attention is due to a term proportional to the transverse s
attering
ross-se
tion �? = r Z 2�0 d' sin(')ja(')j2 (3.17)whi
h 
an be extra
ted from (3.15). There are two di�erent expressions usedfor the s
attering amplitude. One is the ordinary Born s
attering amplitude� 
ot('=2), the other is a partial wave expression, whi
h 
an be extra
ted byusing the asymptoti
 form of the Bessel fun
tions. Both these expressions 
reateproblems, sin
e they make the transverse s
attering 
ross-se
tion divergent. TheBorn result gives a divergent integral near ' = 0 and the partial wave expression



56 CHAPTER 3. THE PHONON FORCEgives a divergent series. The arti
les [Son96℄, [She98a℄ and [WT98℄ treat thedivergen
es in di�erent ways and end up with di�erent 
on
lusions. However inthis thesis we will not go into this dis
ussion. There are two two reasons for that:First, we know that the s
attering amplitude is not well de�ned for ' � 0. If weend up with a divergen
e, there is no need to regularize, we only need to use thesmall angle result from se
tion 2.3.3 instead. This should remove all divergen
esin a painless way. Se
ond, only the for
e to order � is of interest. The term �?is of order �2, so if we get a result proportional to � from this, it seems like thewhole perturbative approa
h to the problem fails (!) and 
an no longer be used.3.2.1 Cir
uit Far From the VortexIn se
tion 2.3 the s
attering of a phonon on a vortex was studied by using theBorn approximation, and now this solution is inserted into the derived formulaefor the transverse for
e, (3.14), (3.15) and (3.16). The s
attering formalism isjust valid far from the vortex, and the integration 
urve will thus be put at alarge distan
e. In a way this is also the most general limit, sin
e it does not putany 
laims on exa
tly where the momentum transfer between the vortex and thewave takes pla
e. It works �ne both for point vorti
es and vorti
es where the
ore or the whole pro�le is kept �xed.In the spirit of the Born approximation the 
al
ulation will be done just to�rst order in � = kq. The 
orre
tions from the density pro�le of the vortex (se
-tion 2.5) will not be taken into a

ount, sin
e they are of higher order in k. The
al
ulation is tedious and involves many steps and has a lot of pitfalls. There isno need to say that an a

urate treatment of the s
attering problem in se
tion 2.3is required to get the 
orre
t result. Sin
e the 
al
ulation of the transverse for
eis the main goal for the thesis, the derivation is presented in great detail.The solution found to the s
attering problem was divided in one expressionvalid for �nite angles, and one for small angles. These used together gave asolution whi
h was 
ontinuous and single-valued. As dis
ussed by Sonin [Son96℄,the small angle 
ontribution is important for the for
e, but it is, as we shall see,not ne
essary to use the spe
ial solution derived for small angles to �nd this, sin
eit a
tually is 
ontained in the ordinary Aharonov-Bohm s
attering amplitude aswell.The �nite-angle solution 
an be written as the sum of a twisted plane wave,and a s
attered wave disappearing at in�nity. The twist of the in
oming wavewill prove to be essential to the result. No part of the waves � or � blows upfar from the vortex1. Sin
e the integration 
ontour is of length � r, all terms oforder � r�3=2 
an be thrown away when r goes to in�nity. The �nite-angle Born1The s
attering amplitude a(') blows up near ' � 0, but this is not a physi
al property,sin
e the s
attering amplitude is just valid for �nite angles.



3.2. CALCULATION OF THE FORCE 57solutions is � = �k �eikx (1� i�('� �)) + Æ�a� (3.18)where Æ�a = a(')pr exp(ikx) is the s
attered wave (2.35) expressed by the s
atteringamplitude. Be
ause of the form of the s
attered wave, only derivatives withrespe
t to r 
ount far from the vortexrÆ�a = ikÆ� er +O �r�3=2� (3.19)A re
kless expansion in powers of r�1=2 like this, is not to be re
ommended inall situations. It does indeed work rather good in the er dire
tion but in thee' dire
tion if fails badly, sin
e it in
ludes derivatives of a(') with respe
t to', whi
h gives very nasty divergen
es near ' = 0. For the 
al
ulation of thetransverse for
e this does not matter, sin
e only the er dire
tion 
ounts, butwhen for example the 
ir
ulation of the phonon gas is found in se
tion 4.3, this isof importan
e. Problems like this is also a motivation to do numeri
al 
al
ulationsas well.The �rst part of the for
e to be dis
ussed is the one from the pressure, (3.14).It is often said to vanish, and we shall see that a 
orre
t form of the in
omingwave is required for this to happen. Sin
e the density is P = 14(j�j2� jr�j2), thetwo things needed are� = �k �ik �eikx (1 � i�('� �)) + Æ�a�+ i�sin(')r eikx�+O ��2�and r� = �k �ikeikx (1� i�('� �))� i�r'+ ikÆ�a er�+O ��2; r�3=2�where k = kex. Next we take the absolute square of these two quantities. Thegradient of the angle ' is r' = 1r (� sin('); 
os(')), so thatj�j2 = j�kj2 �k2 �1 + 2<(e�ikxÆ�a)�+ 2�k sin(')r � +O ��2; r�3=2�andjr�j2 = j�kj2 �k2 �1 + 2<(e�ikx 
os(')Æ�a)�+ 2�k sin(')r �+O ��2; r�3=2�This is all whi
h is needed to �nd the pressure, and we see that it 
an be ex-pressed by the s
attered wave Æ�a alone, sin
e the 
onstant terms and the termsproportional to sin(') 
an
el.P = j�kj2k22 <�(1� 
os('))e�ikx Æ�a	 (3.20)
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e of the extra fa
tor exp(�i�(' � �)) in the in
oming waveis 
learly seen. If it was not there, it would not 
an
el the sin(') fa
tor fromthe density. In turn this would have given a non-zero 
ontribution to for
e! Ifa(') � sin(')1�
os(') is inserted, the pressure part of the for
e (3.14) is proportional toF P? � pr Z ��� d' sin2(')eikr(1�
os(')) r!1�! 0 (3.21)When r ! 1 the os
illations of the integrand be
ome more and more rapid.Where the os
illations are fast it will average to zero, and only for ' near 0 theos
illations will be slow. On the other hand: near ' = 0 the sin2(') term tendsto zero. There is then no net 
ontribution to the integral when r gets large, andhen
e no 
ontribution to the for
e 
oming from the pressure term.In addition to the pressure term, there are two more terms in the expressionfor the transverse for
e. First we take a look at (3.15). It 
ontains a derivativewith respe
t to y, whi
h 
an be expressed by the derivatives of polar angles as�y = sin(')�r + 1r 
os(')�'. The plane wave has no dependen
y of y, so to �rstorder in � what we need is�r� = �k ik 
os(')eikr 
os(') +O (�)and �y� = �k ��i�
os(')r eikr 
os(') + ikÆ�a sin(')�+O �r�3=2�The produ
t is�r���y� = j�kj2k ���
os2(')r + k sin(') 
os(')e�ikr 
os(') Æ�a�From �rst term in the produ
t, the following 
ontribution to the for
e is found12k�j�kj2 Z 2�0 d' 
os2(') = �2 j�kj2k� (3.22)This is again a term 
oming from the twist of the plane wave. The se
ond termin �r���y� gives�r2 j�kj2k2 Z ��� d' sin(') 
os(') e�ikr 
os(') Æ�a=� 12 j�kj2k2pr ��p2�ik Z ��� d' 
os(') sin2(')1 � 
os(') eikr(1�
os('))where the Born result for the s
attered wave Æ�a = ��p2�ikr sin(')1�
os(')eikr is used.The integrand is, as in the pressure term, os
illating faster and faster as r goes



3.2. CALCULATION OF THE FORCE 59to in�nity. Only around ' � 0 the os
illations are rather slow. The main
ontribution is expe
ted to 
ome from from a small region, (��;�), near zero.The parameter � is thought to be a small number. The integration limit 
annevertheless be dragged to in�nity, sin
e the main 
ontribution anyway 
omesfrom the small values of '. The integral is then Gaussian and 
an be solved withthe standard formula (appendix A)�j�kj2k2pr ��p2�ik Z ��� d' e� kr2i '2 �!1�! ��j�kj2k� (3.23)The above 
ontribution 
omes from the small s
attering angles. It 
ould as wellbe found from the small angel expression for �, just as done by Sonin [Son96℄. Ina way it is surprising that it is 
ontained in the ordinary s
attering amplitude aswell. The two 
ontributions to F ��? are added, so thatF ��? = ��2 j�kj2k� (3.24)There is then one 
ontribution left to study, and that is what we labeled F q? in(3.16). Unlike the expression for F ��? , F q? is in itself proportional to �. The onlypossibility for a �rst order result in � is when plane waves are inserted for � and�, i.e. � = �keikr 
os(') +O (�) � = ik�keikr 
os(') +O (�)The last 
ontribution to the for
e then be
omesF q? = �12 j�kj2k� Z 2�0 d' 
os2(') = ��2 j�kj2k� (3.25)Again Sonin's arti
le is a
tually the only one of the dis
ussed arti
les mentioningthis 
ontribution.So far � = qk is used as a s
attering parameter, sin
e that is the natural
hoi
e when the analogy to Aharonov-Bohm s
attering is 
onsidered. This ishowever not the most 
onvenient 
hoi
e when doing a thermal average. Then thebest quantity to use is the average mass 
ux (1.2.2) of a plane wave, whi
h ishjki = 12 j�kj2kk (3.26)The 
ir
ulation is, in dimensionless units, given as �q = 2�q. Expressed by thesequantities the result from the Born approximation 
an be summarized as followsF P? = 0 F ��? = �12�qhjki F q? = �12�qhjki (3.27)This is in agreement with Sonin [Son96℄, Stone [Sto99℄ and Shelankov [She98a℄,but di�ers from the result by Wexler and Thouless [WT98℄.
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uit Near the VortexIn se
tion 3.2.1 the for
e was found by 
onsidering the asymptoti
 behavior ofthe Born solution at a large distan
e from the vortex. In this se
tion we willturn the other way round, and try to extra
t information when the integration
ontour is pla
ed 
lose to the vortex. In a way this limit is more sinister than thelarge distan
e limit. When the integration 
ontour is far from the vortex it doesnot matter where the for
e on the vortex is applied, sin
e it anyway is inside the
ir
uit. If the area en
losed by the integration loop is tiny it is however 
ru
ialthat we know exa
tly where the for
e is applied. If the integration radius is takento zero, the only possibility is to 
onsider a point vortex, sin
e a �nite vortex 
orekept at rest must be a�e
ted by a for
e over a �nite area. So far the point vortexapproximation is presented as something whi
h is just valid far from the vortex.This is just partly true, and a
tually it is just as mu
h an approximation whi
hholds for waves with long wavelengths. The distan
e r must be well away fromthe vortex 
ore, but at a distan
e where kr 
an get arbitrarily small.As a 
onsequen
e of this, the solution of the s
attering on a point vortex willnow be used for small integration 
ontours to �nd the for
e. Sin
e the integration
ontour is of length � r, only terms of order � r�1 
an be 
ontributing whenthe integration 
ontour is small. In the Born approximation, the solution wasonly found asymptoti
ally at large distan
es from the vortex. But the partialwave analysis result is valid near a vortex, and the partial wave expression for �is nonsingular as kr approa
hes zero. This means that all terms 
ontaining just� or derivatives of � 
an be negle
ted in this limit, and F �� ! 0. The density
u
tuation is however singular in the the point vortex approximation� = ik�� qr' � r� = ik�+ i��k sin(')r eikx +O ��2� (3.28)The pressure is P = 14(j�j2�jr�j2). In the small r limit the jr�j2 term vanishes.The same happens to the k2j�j2 part of j�j2. So when the limit is taken we getP r!0�! 12 j�kj2k�sin(')r (3.29)This gives F P? = �r Z 2�0 d' P sin(') r!0�! �12�qhjki (3.30)where the 
ir
ulation quantum is �q = 2�q and the average mass 
urrent ishjki = 12j�kj2k2. In the last term ,F q?, only the plane waves are inserted for � and� to lowest order in �. The result is hen
e independent of r, and the result fromlast se
tion is still valid. The analyti
al 
al
ulation of the for
e in the limit nearthe vortex 
an hen
e be summarized asF P? = �12�qhjki F ��? = 0 F q? = �12�qhjki (3.31)
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ompared with the large r limit (3.27). The terms are not the same,but their sum is equal. The 
on
lusion is that in the point vortex approximation,the for
e on the system is just in one point, and hen
e it does not matter wherethe integration 
ontour is pla
ed.The asymptoti
 
al
ulation presented here is remarkably simple. It was noteven ne
essary to solve the s
attering problem to get the result. The only 
ondi-tions it relies on, is that � is nonsingular when r ! 0, while � is not.3.2.3 Numeri
al Cal
ulationsIn addition to the Born solution of the Aharonov-Bohm problem, there is also anexpression by partial wave analysis. In the previous se
tions 3.2.1 and 3.2.2 theasymptotes when the integration 
ontour was pla
ed at large distan
e and 
loseto the vortex, were 
onsidered. The same 
ould be done with the partial wavesolution. There should however not be any need to do the same 
al
ulationsagain2, so instead we will make formulae valid for integration 
ontours at alldistan
es, and then study them numeri
ally. Our intention is to 
lutter as littleas possible with the original result, and hen
e we will just plug in the full partialwave expression into the formula for the transverse for
e. All the formulae, aspresented here, are 
omplex, but from the derivation of the transverse for
e weremember that the for
e was given as the real part of the expressions. All numberspresented from now on are real parts of the expressions. It must be noted thatthe imaginary parts are usually very small. In the analyti
al 
al
ulations doneearlier, they disappeared 
ompletely.In the numeri
al handling of the problem, the substitution z = kr is done.The wave � = �(z; ') is � =Xl �leil' (3.32)where �l = (�1)le�i�2
lJ
l(z) (3.33)The subs
ript of the Bessel fun
tions are in the a
ousti
 Aharonov-Bohm s
at-tering 
l = pl2 + 2�l, with � = qk. In the 
al
ulations the density � is alsoneeded. It is found from the phase in (2.4). In the point vortex approximationit is � = [ik � qr' � r℄�=ikXl �1 � �lz2 ��leil' � ikXl Rleil' (3.34)2The Born and partial wave analysis solutions have been 
arefully 
ompared, and found tobe the same.
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h de�nes Rl = Rl(z). The derivative of �l is��l�r = k2 (�1)le�i�2
l (J
l�1(z)� J
l+1(z)) (3.35)The integrals with respe
t to ' are easy to perform in the partial wave analysis.They will always be one of the twoZ 2�0 d' sin(')ei(l�m)' = i�(Æl�m;1 � Æl�m;�1)Z 2�0 d' 
os(')ei(l�m)' = �(Æl�m;1 + Æl�m;�1) (3.36)Let us now �nd the for
e by handling the equations (3.14), (3.15) and (3.16) oneby one. From the 
al
ulation of the momentum-
ux tensor, the pressure wasfound to be P = 14(j�j2 � jr�j2). In partial wave analysis this isP = k24 Xlm �RlR�m � ��l�z ���m�z � lmz2 �l��m� ei(l�m)'Integrating this a

ording to (3.36) the pressure part of the for
e isF P? = �r Z 2�0 d' P sin(') = ��4k(SP1 + SP2 + SP3 ) (3.37)where the tree sums areSP1 = izXl Rl �R�l�1 �R�l+1� (3.38)SP2 = �izXl ��l�z ����l�1�z � ���l�1�z � (3.39)SP3 = �1zXl l�l �(l � 1)��l�1 � (l+ 1)��l+1� (3.40)An important thing to noti
e is that the only dependen
y of k in these sums isthrough the 
ux � = kq, so lowest order in q also means lowest order in k.The partial derivative with respe
t to y is in polar 
oordinates�y = sin(')�r + 1r 
os(')�'. The integrand in F ��? is then���r ����y = k2Xlm ��l�z �sin(')���m�z � i 
os(')mz ��m� ei(l�m)'With the integration formulae (3.36) the double sums redu
e to single sumsF ��? = �12 Z 2�0 d' ���r ����y = ��2k(S��1 + S��2 ) (3.41)



3.2. CALCULATION OF THE FORCE 63where S��1 = izXl ��l�z ����l�1�z + ���l+1�z � (3.42)S��2 = �iXl ��l�z �(l� 1)��l�1 � (l+ 1)��l+1� (3.43)The only term left now is the one that was 
alled F q?. It involved a produ
t ofthe kind ���r �� = �ik2Xlm ��l�z R�mei(l�m)'What made this term di�erent from the other was that it was in itself proportionalto �. Sin
e we are just keeping �rst order terms, plane waves 
an a
tually beinserted for � and �. It 
an however be ni
e to have a formula at the same formas the other terms, so thatF q? = ��2k� Sq � ��2k� "�iXl ��l�z �R�l�1 +R�l+1�# (3.44)The transverse for
e 
an now be found by summing SP1 ; SP2 ; SP3 ; S��1 ; S��2 and Sq.The only k dependen
y of the sums are through powers of �. Sin
e we are onlyinterested in the leading order terms, let us do some �nal de�nitionsAP = 14 ��� �SP1 + SP2 + SP3 ��=0 (3.45)A�� = 12 ��� hS��1 + S��2 i�=0 (3.46)The last sum Sq is in itself proportional to � so it just needs to be evaluated at� = 0. To �rst order in �, the for
e 
an then be written asF P? = ��qhjkiAP F ��? = ��qhjkiA�� F q? = �12�qhjki Sqj�=0 (3.47)This is a 
onvenient way of writing it, when it shall be 
ompared with the ana-lyti
al limits (3.27) and (3.31). Both AP and A�� are fun
tions of z = kr only.When z ! 0 it 
an mean either that r gets small or k gets small (or both).The above result has been studied analyti
ally in the two limits z !1 andz ! 0. In (3.27) the large 
ontour limit was found to beAP ! 0 A�� ! 12
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Figure 3.1: Shows AP (z), A��(z) and AP (z) + A��(z) as fun
tion of z. Thenumeri
al expression are done with jlj < z + 10. The two terms AP (z) andA��(z) os
illate around their respe
tive average values for large z, but swit
hpla
es near z = 0. The sum AP (z) +A��(z) is 
onstant.The other limit, for small z, was found in (3.31) to beAP ! 12 A�� ! 0The last terms, F q, was the same in both limits and sin
e only plane waves enterinto the 
al
ulation, Sqj�=0 = 1 always. As said earlier it is expe
ted that thesum AP +A�� should remain 
onstant in the point vortex approximation. Thisbe
ause the momentum transfer between the vortex and the wave is just in onepoint, and hen
e it does not matter at what distan
e the integration 
ontour ispla
ed. This 
an be seen in plot 3.1 whi
h shows numeri
al values of AP , A��and AP +A�� as fun
tions of z.The numeri
al handling of the sums is easiest for small z. It is the Besselfun
tions J
l(z) that make our series 
onvergent, sin
e they 
onverge rapid tozero as jlj � z. This means the further out z is, the more terms must beevaluated. It is then a question of 
omputer speed how far out we 
an go. Thereis also a problem with respe
t to numeri
al errors. The more terms that areadded, the more numeri
al errors are a

umulated.The table 3.1 shows some values of AP and A�� around z = 100, and where allterms with jlj < 120 are evaluated. The values are not far from the asymptoti
values of AP = 0 and A��. They seem to os
illate around these values, just as inthe plot 3.1, but with lower amplitude sin
e they are further out.



3.3. CONCLUSION 65z = 100 z = 101 z = 102 z = 103AP = �0:0025 �0:0029 0:0048 �0:0011A�� = 0:5025 0:5029 0:4952 0:5011Table 3.1: Some values AP and A�� near kr = 100.3.3 Con
lusionIn this 
hapter three di�erent 
al
ulations of the transverse for
e from a s
at-tered wave has been done: one by putting the integration 
ontour far from thevortex (se
tion 3.2.1), one by putting the integration 
ontour near the vortex (se
-tion 3.2.2) and one numeri
al at �nite distan
es (se
tion 3.2.3). The analyti
allimit with the integration 
ontour at large distan
e gave the resultF P? = 0 F ��? = �12�qhjki F q? = �12�qhjki (3.48)This limit is the one usually 
onsidered when 
olle
ting the for
e. The 
al
ulationwas tedious, and strongly dependent of the form of the wave. Both the spe
ialsmall angle 
ontribution and the twist of the in
ident wave, proved to be 
ru
ialfor the result.Considering a point vortex, the for
e 
ould also be found with an integration
ontour asymptoti
ally near the vortex. This gave the resultF P? = �12�qhjki F ��? = 0 F q? = �12�qhjki (3.49)This 
al
ulation was very easy, but the limit is not so safe as the large 
ontourlimit, sin
e it is just valid for a point vortex, and for small wavelengths.The numeri
al result was obtained by summing up a �nite number of termsfrom the partial wave analysis. The result is shown in �gure 3.1, whi
h alsoveri�es the two analyti
al results.The respe
tive terms di�er in di�erent 
al
ulations, but the total for
e, whenall terms are 
olle
ted, is always the same. The 
on
lusion from this 
hapter isthat the transverse for
e from a single s
attered wave isF? = ��qhjki (3.50)The for
e is proportional to the 
ir
ulation quantum and the mass 
ux of thein
oming wave. When going the full two-
uid expression this gives a for
e pro-portional to the normal 
uid velo
ity, whi
h is in favor of the Iordanskii for
e.The full dis
ussion of the 
onsequen
es of this result, is held in 
hapter 5.In the 
al
ulations of the for
e only the solution of the a
ousti
 Aharonov-Bohm s
attering problem was used. Some of the literature use the magneti
version instead, and to �rst order in the 
ux �, the magneti
 analogy di�ers from



66 CHAPTER 3. THE PHONON FORCEthis by an additional s-wave, � = �(r), found in (2.49). This is, however, notproblemati
 to the transverse for
e, sin
e any s-wave gives 
ontributions anti-symmetri
 in ', and thus vanishing in the integrals.But even if the s-waves are not 
ontributing to the transverse for
e, they areessential to the evaluation of the longitudinal for
e.3.4 The Ba
kground Fluid For
eIn this 
hapter the for
e on a vortex from a plane wave has been 
arefully dis-
ussed. The derivation involved many steps and terms, so to be able to devoteall attention to the wave, only the simplest of all possible ba
kground 
uids was
onsidered, namely one vortex at rest. A more general ba
kground 
uid 
ould forexample be the sum of a vortex at rest and a 
uid moving with 
onstant velo
ityv1s far from the vortex. It is possible that the asymptoti
 super
uid velo
ity �eld,
ould as the plane waves, exert a for
e on the vortex. In se
tion 1.2.4 a vortexmoving with 
onstant velo
ity, was 
onsidered. Be
ause of galilean invarian
ethis is equivalent with 
onsidering a stationary vortex and a 
onstant velo
ity�eld far from the vortex. If we substitute _r ! �v1s in the density 
orre
tionfrom se
tion 1.2.4, we get the solutionvs = qr'+ v1s � = 1� qr' � vs (3.51)The for
e on the vortex 
an be found, in exa
tly the same manner as previouslyin this se
tion, by an integral of the momentum-
ux tensor (3.1). The onlydi�eren
e is that the above solutions are inserted for the plane wave solutions.The integration 
ontour is a large 
ir
le with the vortex in the 
enter. All termsof order r�2 
an be negle
ted, and thus all derivatives of the density � 
an beforgotten too. The two velo
ity �elds r', and v1s are of very di�erent natures.Far from the vortex the 
onstant �eld v1s is dominating the lo
al behavior sin
ethe vortex 
ontribution goes as � r�1. The vortex is on the 
ontrary essentialto the global properties of the 
uid, su
h as the 
ir
ulation, where the 
onstant�eld v1s does not 
ontribute at all.The ba
kground 
uid for
e must be �rst order in v1s and �rst order in the
ir
ulation quantum �q , if it exists (hopefully it does). Terms of the kind (v1s )2and (r')2 are symmetri
 about the origin and do not 
ontribute. The relevantterms in the energy momentum tensor (3.4) are�0ij = � (qr' � v1s ) Æij + qv1si �j'+ qv1sj �i' (3.52)The �rst term is diagonal so the 
oeÆ
ient is identi�ed as the pressure. Let usthen let the asymptoti
 super
uid velo
ity be along the x-axis, v1s = v1s ex. Thetransverse for
e 
an then be written asF 0? = �qv1s I [(��x') dSy + �y' dSx + �x' dSx℄
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os('); sin('))d' and r' = 1r (� sin('); 
os(')). Inserting thisleads to F 0? = �qv1s Z 2�0 d' �sin2(') + 
os2(')� = �2�qv1sWe noti
e that there are two equal 
ontributions to the for
e, one from thepressure and one from the 
ross term v1si �j'. With ve
tor notation this givesF0? = ��� v1s (3.53)At zero temperature this is the only transverse for
e, and it is identi
al to the
lassi
al Magnus for
e (1.10). In full units, the for
e is proportional to the totaldensity �.This derivation was not so 
areful as the one with a plane wave passing thevortex. Physi
al arguments were used instead of mathemati
al 
al
ulations toget the result as fast as possible. The question now is: is this result still valid atnonzero temperature? In 
hapter 4 helium II at nonzero temperature is studied.The 
on
lusion from that 
hapter is that with Ginzburg-Landau theory, heliumII looks like a phonon gas on a ba
kground 
uid, where the ba
kground 
uid is a
lassi
al solution just like this. The result from this se
tion is hen
e not alteredwhen temperature is introdu
ed. But we might get modi�
ations to the s
atteringproblem in 
hapter 2, and this 
ould 
hange the for
e from the s
attered planewaves 
al
ulated earlier in this 
hapter.
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Chapter 4The Two-Fluid Des
ription4.1 PhenomenologyWith normal pressure helium is the only existing 
uid at temperatures nearthe absolute zero, and 
onsequently helium is the only possibility of studyingliquids at temperatures where quantum phenomenon be
omes 
ru
ial. In naturethere are two spe
ies of helium, 3He obeying Fermi statisti
s and 4He obeyingBose statisti
s, where in this thesis only the latter will be 
onsidered. Two phasetransitions o

ur in 4He. The �rst is at the boiling point at T = 5:2K. Below thistemperature 4He behaves as a vis
ous liquid, 
alled helium I, down to the lambdapoint at T� = 2:172K. Below this temperature we speak of helium II, in whi
ha new phenomenon appears: 
ow through narrow 
apillaries without vis
osity.This property is 
alled super
uidity, and was �rst dis
overed by P.L.Kapitza in1938. But regarding helium II as a pure super
uid is not 
orre
t either, sin
evis
ous phenomena are observed. For example will a rotating disk in helium IIbe brought to rest be
ause of fri
tion with the liquid. These two properties were�rst explained by Landau [Lan41℄ in 1941, by treating helium II as a mixture oftwo 
uids: a super
uid with density �s and a normal vis
ous 
uid with density�n, where the physi
al density of the liquid is the sum of these. There is noentropy asso
iated with the super
uid, so all heat transfer is in the normal 
uid.This explains the super
uid 
ow through 
apillaries sin
e a temperature gradientis needed to set up a net normal 
uid 
ow. The two densities are stronglydependent of temperature, so at the absolute zero helium II is purely super
uidwhile at the lambda temperature only the normal 
uid is present. The totaldensity is approximately 
onstant.The total mass 
ux of the 
uid is �svs + �nvn with super
uid velo
ity vsand normal 
uid velo
ity vn. The super
uid velo
ity is without rotation so thatr� vs = 0 everywhere (ex
ept vortex points).The mi
ros
opi
 pi
ture of helium II is that the super
uidity is due to the theBose-Einstein 
ondensation below the lambda temperature. Landau [Lan41℄ did69



70 CHAPTER 4. THE TWO-FLUID DESCRIPTIONnot believe in a relation between super
uidity and Bose-Einstein 
ondensation,and he 
ommented that \nothing 
ould prevent atoms in a normal state from
olliding with ex
ited atoms, i.e. when moving through the liquid they wouldexperien
e a fri
tion, and there would be no super
uidity at all". The obje
tionis later regarded as false and Bogoliubov [Bog47℄ showed that in the 
ase of aweakly intera
ting Bose gas there was no fri
tion between the ex
itations andthe ground state atoms. This is also believed to be true for strongly intera
tinghelium II 1. In [LL87℄ it is also emphasized that we must be 
areful not to think ofthe two 
uids as two physi
al 
uids existing independently of ea
h other. Insteadit must be thought of as if the quantum 
uids possess the property of having two
ows simultaneously. They therefore re
ommends to use the terms super
uidand normal 
ow instead of part.Many textbooks give a brief introdu
tion to the two-
uid model. A ni
egeneral des
ription 
an be found in [WB87℄, while [LL87℄ gives a ma
ros
opi
des
ription with mu
h attention to thermodynami
s. For our situation withquantized vorti
es, [Don91℄ must be 
onsulted, sin
e he dis
uses for
es in thetwo-
uid model, and the two-
uid model in presen
e of vorti
es.4.1.1 Ex
itationsIt is possible to begin a dis
ussion of helium II by des
ribing the individual atomsand their intera
tions. The intera
tion between the atoms is however strong,even at zero temperature, so su
h an approa
h is likely to miss the more 
olle
-tive nature of the ex
itations in the liquid. Two kinds of elementary 
olle
tiveex
itations are usually spoken of: phonons and rotons. A dis
ussion of these ex-
itations was �rst held by Landau [Lan41℄. Sometimes the phrase phonon means\sound wave". Speaking of a gas of sound waves is however not too instru
tive,so phonon means in our 
ontext just a kind of 
olle
tive ex
itation of the 
uid.If the ex
itations have momentum p, their energies areEph = 
p Er = (p � p0)2� +� (4.1)where 
 is the speed of sound, � is the e�e
tive mass of the roton and � isthe roton energy gap. After the �rst arti
le by Landau it has been pointedout by Bogoliubov [Bog47℄ that the division in phonons and rotons is arti�
ial.The phonons should be regarded as di�erent region of the same ex
itation spe
-trum. The same 
on
lusion was also rea
hed by Landau in [Lan47℄, where healso sket
hes the 
urve 4.1. Near zero momentum, the 
urve is almost linear.This is the phonon region. The roton region is near the minimum of the 
urveat Q = 1:9�A�1. Even though the phonons and rotons 
an be regarded as dif-ferent regimes of an ex
itation 
urve , it is often 
onvenient to speak of phonon1There are, as we will see, intera
tions between the normal 
uid and the super
uid, butthese are only through vortex lines.
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itation energy as a fun
tion of mo-mentum. Found from inelasti
 neutron s
attering data in [DDH81℄.regions and roton regions. It is still un
lear what 
auses the non-linear form ofthe ex
itation 
urve. For temperatures above 1K the thermodynami
al behavioris almost 
ompletely due to the rotons. For low temperatures mainly ex
itationswith small energies are 
reated. Be
ause of the energy gap, �, this means thatphonons are dominating for very low temperatures, usually below 0:4K. In therest of this thesis we will forget about rotons, and only the phonon region will be
onsidered.The pi
ture of a gas of ex
itation on a ba
kground also leads to the interestingfeature of se
ond sound. First sound is what previously has been 
alled just\sound": waves moving through the 
ondensate. Se
ond sound is sound wavespropagating in the gas of ex
itations. There is no room (nor need) for a dis
ussionof the properties of se
ond sound in this thesis. More about ex
itations in heliumII 
an be found in [Gly94℄ or other text-books.4.1.2 Super
uiditySin
e super
uidity is su
h an important phenomenon in helium II a short argu-ment for super
uidity, as it was �rst done by Landau [Lan41℄, is presented here.The argument is very simple and it shows that super
uidity is just a 
onsequen
eof the ex
itation spe
trum and the galilean invarian
e of the system. Landau'sargument has been modi�ed and generalized, but the basi
 idea is always thesame. Let us 
onsider a super
uid at the absolute zero with uniform velo
ity v,
owing through a narrow 
apillary. Fri
tion with the walls is, at a mi
ros
opi
level, ex
itation of phonons and rotons in the 
uid in 
onta
t with the bound-aries. Thus let a phonon be ex
ited with momentum p in the rest system of the
uid, where the walls are moving with velo
ity �v. The total momentum is P0



72 CHAPTER 4. THE TWO-FLUID DESCRIPTIONand E0 is the total energy of the system (
uid+ex
itation).P0 = p E0 = 
p (4.2)In the rest system of the 
apillary, the energy and momentum isP = P0 +Mv E = E0 +P0 � v+ 12Mv2 (4.3)whereM is the mass of the 
uid. The last term in the energy is the kineti
 energyof the 
uid. The �rst two terms are the ex
itation energy �E = E0 + P0 � v inthe rest system of the 
apillary. For a phonon to be ex
ited, this energy must benegative �E = 
p + p � v < 0 (4.4)This means that there 
annot be any ex
itation of phonons unless the 
uid ismoving faster than the speed of sound, i.e.v > 
 (4.5)if the 
uid velo
ity is slow, there are no ex
itations and hen
e no fri
tion withthe walls. Exa
tly the same argument 
an be applied to the roton ex
itations. Itleads to the 
ondition that v >q2�� , where � is the energy gap of the roton and� is the 
hemi
al potential. As long as the energy gap is non-zero, super
uidityis possible. In 
ontrast to liquid helium, there is no energy gap for a free Bosegas. It is thus not a super
uid. A dis
ussion of the energy spe
trum of a weaklyintera
ting Bose gas is held by GriÆn [Gri96℄At �nite temperatures helium II 
onsists of a 
ondensate and parti
les inex
ited states. The above argument whi
h shows that for a slowly moving 
uid,no new phonons and rotons are exited, should still be valid. There are, however,intera
tions between the walls and the thermal ex
itations already existing in theliquid. The super
uid is thus asso
iated with the 
ondensate, while the normal
uid is regarded as an ordinary vis
id 
uid.4.1.3 The EquationsThe intention with this introdu
tion to the two-
uid model is not to give a 
om-plete dis
ussion of all its properties and pe
uliarities, but to give enough infor-mation to understand the dis
ussion of the for
es on a vortex in 
hapter 5. Sofar, the important properties of the two-
uid model has been des
ribed mainlywith words, but it 
an also be useful to see the equations of motion. As des
ribedin [Don91℄, they are�s dvsdt = ��s� rP + �sSrT + �n�s2� r(vn � vs)2 � Fns (4.6)�n d�ndt = ��n� rP � �sSrT � �n�s2� r(vn � vs)2 + Fns + �r2v2n (4.7)
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uid is des
ribed by a variant of Euler's equation (1.3) and thenormal 
uid is des
ribed by a kind of Navier-Stoke's equations (1.2), as expe
ted.In addition ea
h of the 
uids respe
t a 
ontinuity equation. The most interestingfeature, from our point of view, are the mutual fri
tion terms between the normal
uid and super
uid, Fns. They are ne
essary to get a 
orre
t des
ription of thetwo 
uid model at a ma
ros
opi
 level. The link to the rest of this thesis is thaton a mi
ros
opi
 level, the mutual fri
tion for
es are through vortex lines. Thesuper
uid Magnus for
e and the Iordanskii for
e dis
ussed in 
hapter 5 are thenboth 
ontributing to the mutual fri
tion terms.A detailed des
ription of the thermodynami
s of the two-
uid model is eithernot needed. One feature worth mentioning, though, is that there is no entropyasso
iated with the super
uid 
ow. This must be kept in mind when dis
ussingadiabati
 motion in se
tion 5.3.4.2 Derivation from Ginzburg-Landau TheoryThe two-
uid des
ription, as sket
hed in this 
hapter, is pure phenomenology; thisis how helium II looks in experiments. The point of the following is to link thetwo-
uid model to Ginzburg-Landau theory. In the 
hapters 1, 2 and 3 the Gross-Pitaevskii approximation was 
onsidered, whi
h means that the quantum �eldswere approximated with 
lassi
al fun
tions. This approximation is valid near theabsolute zero, when the liquid is in a 
ondensed state. A better approximationfor low temperatures is to 
onsider small deviations from the 
lassi
al �elds, andexpand in these quantities.A se
ond quantized des
ription of liquid helium 
ould start with the Ginzburg-Landau Hamiltonian density (4.8), whi
h is a fun
tion of the atom 
reation andannihilation operators, b	y and b	. For an intera
ting Bose gas, is it 
onvenient towrite b	 = 	+ Æb	, where 	 = hb	i is the 
ondensate wavefun
tion. In a Bose gasthe 
ondensed state is usually the non-intera
ting zero momentum state. Theproblem with liquid helium is that it is not easy to identify the 
ondensate insu
h way, sin
e even the ground state is strongly intera
ting. A way to avoidsu
h problems is to forget about 
ondensate and non-
ondensate, and des
ribethe liquid as a phonon gas at the top of a ba
kground 
uid instead. In su
ha des
ription the opportunity to do dire
t identi�
ation of the 
ondensate ornormal 
uid is lost, but the 
olle
tive 
hara
ter of the ba
kground 
uid and theex
itations is emphasized.In the 
hapters 1, 2 and 3 the polar form of the 
lassi
al �elds is used,	 = p� exp(i�), where � and � are real. We will now quantize these �elds.A quantization of the phonon gas makes it possible to �nd the normalization ofthe �elds, and thus determine the mass 
ux and the energy of the liquid. Thetime averages of the 
lassi
al quantities, be
ome assembly averages in the se
ondquantized formalism.



74 CHAPTER 4. THE TWO-FLUID DESCRIPTIONThe simplest 
ase is to 
onsider a homogeneous ba
kground moving withvelo
ity vs. As in most of the 
al
ulations in Ginzburg-Landau theory, dimen-sionless units are used.The Hamiltonian isbH = 14 �b�(rb�)2 + (rb�)2b��+ 18b�(rb�)2 + 12(b�� 1)2 (4.8)where �b� is the 
onjugate momentum of b�. The Hamiltonian is Hermitian sin
ethe �elds are self-
onjugate. Working with the full �elds is impossible be
ause ofthe non-linear stru
ture of the Hamiltonian density. As des
ribed above, smalldeviations from the 
lassi
al solutions will now be 
onsidered. A very simple
lassi
al solution of the above equations is � = 1 +O (v2s) and � = �0, where thesuper
uid velo
ity vs = r�0 is small and 
onstant. The operators are thenb� = 1 + b� b� = �0 + b� (4.9)The Hamiltonian (4.8) 
an now be expanded to se
ond order in the �elds b� andb�. The zeroth and �rst order terms will not 
ontribute to the dynami
s of thesystem, so only the quadrati
 terms must be taken into a

ountbH2 = 12(rb�)2 +bjph � vs + 18(rb�)2 + 12b�2 (4.10)where the phonon 
ux operator isbjph = 12 (b�rb�+rb�b�) (4.11)The 
lassi
al solutions of the above Hamiltonian are plane waves, as des
ribed in(1.25). The �elds 
an hen
e be expanded by the 
lassi
al waves asb�(x; t) =Xk �keik�x�!tb�k + ��ke�ik�x+!tb�yk (4.12)b�(x; t) =Xk �keik�x�!tb�k + ��ke�ik�x+!tb�yk (4.13)where b�k and b�yk are the phonon annihilation and 
reation operators obeying theordinary Bose 
ommutator hb�k ; b�yli = Ækl (4.14)A

ording to the 
lassi
al solution found in se
tion 1.2.2, the frequen
y is ! =!0 + k � vs, where !0 = kq1 + k24 . The energy 
ould be expanded in small kgiving !0 � k. In a way this is an honest thing to do, sin
e the expression is notdealing right with the high momenta. The 
ost of keeping the full expression is



4.2. DERIVATION FROM GINZBURG-LANDAU THEORY 75small, thought, so it will be kept to remind us that the energy spe
trum is notsimply linear. An experimental result for the energy spe
trum in helium II isshown in �gure 4.1. The �eld b� and its 
onjugate momentum �b� must satisfythe fundamental 
ommutator[b�(x; t) ; b�(y; t)℄ = �iÆ(x� y) (4.15)In the thermodynami
al limit, the volume is taken to in�nity. The sum over kthen be
omes an integral,Pk ! V R dDk(2�)D , where the dimension D is either 2 or3. Inserting the �elds (4.12) and (4.13) into the fundamental operator leads toV 2i=Z dDk(2�)D��k�ke�ik�(x�y) = iÆ(x� y) (4.16)where = indi
ates the imaginary part of the expression. The relation= (��k�k) = 12V (4.17)is then obtained. Together with the 
lassi
al relation �k = i k2!0�k, this uniquely,up to a phase fa
tor, determines the normalization of the �elds�k =r !02V k2 �k = i kp2V !0 (4.18)where the frequen
y is given by !0 = kq1 + k24 . This is the result for the simplesituation of a homogeneous 
ondensate moving with 
onstant velo
ity. There aremany ways to generalize this, with for example a more general ba
kground 
uidor we 
ould have tried to draw more information from higher order terms, butthe result presented here should be suÆ
ient to re
ognize the ordinary two-
uidformulae. The most serious obje
tion, due to the fa
t that the goal of this thesisis to determine the Iordanskii for
e, is that this des
ription does not in
ludevorti
es. A quantization of the phonon wave with a vortex in the ba
kground, isa lot more 
ompli
ated than the one presented here. Probably it is more easilya
hieved in polar 
oordinates than in the ordinary Cartesian used here.Regarding the k-dependen
y, a few things must be kept in mind. In the lowenergy limit the asymptoti
 k dependen
y is �k � pk and �k � 1pk . The phase isdominating the density, whi
h is the reason why derivatives of the density is oftenignored. So far it is presented as we do expansion in � and �. This is not entirely
orre
t sin
e the phase � is not small for small k. But all dependen
y of � inour theory is through the derivatives, r� and _� whi
h are small quantities. The
orre
t presentation is hen
e that we do expansion in the density and derivativesof the phase.



76 CHAPTER 4. THE TWO-FLUID DESCRIPTION4.2.1 The Mass FluxHelium II, as presented here, 
onsists of a ba
kground 
uid, des
ribed by a 
las-si
al wave-fun
tion, and a bath of thermal ex
itations around it. To identify the
entral formulae of the ma
ros
opi
 two-
uid des
riptions from this, translationand interpretation are needed. The identi�
ation is best done by studying themass 
ux of the whole system. The mass 
ux operator is de�ned bybj = 12 �b�rb� +rb�b�� (4.19)The assembly average of the operator ishbji = vs + hbjphi (4.20)sin
e the �rst order terms vanish. The phonon 
ux operator is de�ned in (4.11).In this simpli�ed des
ription the phonon gas is thought to be homogeneous, sothat jph = 1V Z dDxhbjphi (4.21)inserting the �elds (4.13) and (4.12), only the diagonal terms where k = k0 survivethe integration. Using the normalization from last se
tion the expe
ted result isobtained jph = 1V Xk k �N(�) + 12� (4.22)where the Bose-Einstein distribution fun
tion isN(�) = hb�ykb�ki = 1exp(�=kBT )� 1 (4.23)The energy spe
trum of phonons on a moving ba
kground was found in se
-tion 1.2.2. Giving the phonon gas the drift velo
ity vn, the energy is� = ! � k � vn = !0 � k � (vn � vs) (4.24)where the rest frame energy is !0 = kp1 + k2=4. The energy of the phonon gasis thus dependent on the relative velo
ity vn � vs. The velo
ities are thought tobe small, so that the distribution fun
tions 
an be expanded. In the thermody-nami
al limit V !1, we obtainjph = �Z dDk(2�)D k [k � (vn � vs)℄ �N�� �����=!0



4.2. DERIVATION FROM GINZBURG-LANDAU THEORY 77By putting the kx-axis along the dire
tion of vn � vs, the 
omponents along allother dire
tions in k spa
e disappear and the important formula identifying thenormal 
uid density is obtained:jph = �(vn � vs)Z dDk(2�)D k2x�N�� �����=!0 � �n(vn � vs) (4.25)The phonon part of the mass 
ux is proportional to the normal 
uid density. Butthe dire
tion is along the relative velo
ity vn � vs, not the normal 
uid velo
ityvn. The phonon gas is thus not equivalent to the normal 
uid. The total mass
ux is j = vs + �n(vn � vs) = �svs + �nvn (4.26)The super
uid mass-density is de�ned to be �s = 1 � �n. The relation betweenGinzburg-Landau theory and the two-
uid des
ription should be established. InGinzburg-Landau theory we speak about a ba
kground 
uid and a phonon gas,not super
uid and normal 
uid. The density of the ba
kground 
uid is identi
alto the total density and must not be 
onfused with the super
uid density. Thenormal 
uid is not visible in the total density, whi
h is 
onstant, but is identi�edfrom the mass 
ux, and it will be seen to be proportional to the normal 
uid restenergy.It 
an be useful to integrate out the angle dependen
y, to get a new formula forthe normal density. In the low temperature limit only the small k are relevant, andwe put !k = k. There is no angle dependen
y in the distribution fun
tion, so weget � from the angle integration in two dimensions and 4�=3 in tree dimensions.By doing a partial integration with respe
t to k, and transform ba
k the angleintegral R d
 = 2(D � 1)�, a formula for the normal 
uid density in the lowtemperature limit is obtained�n = D + 1D Z dDk(2�)D kN0 (4.27)The temperature dependen
y of �n is easily found by substituting u = k=kBT .The integral then be
omes independent of T and it is seen that �n � TD+1. Inthe same way it is immediately seen that integrals of higher orders in k will alsobe higher order in T , and in the low temperature limit they 
an be negle
ted.The exa
t evaluations of the integrals are not important, sin
e the normaldensity will always be identi�ed by one of the integrals (4.25) or (4.27).4.2.2 The EnergyIn the same manner as we found the two-
uid expressions for the mass 
ux theenergy density 
an be found. The total Hamiltonian of the ex
itations is an



78 CHAPTER 4. THE TWO-FLUID DESCRIPTIONintegral of the Hamiltonian density over the whole quantization volumebH2 = Z dDx bH2 (4.28)where the Hamiltonian density after a few partial integrations isbH2 = �12 b�r2b�+bjph � vs � 18b�r2b� + 12b�2 (4.29)Inserting the Fourier 
omponents of � (4.13) and � (4.12), the Hamiltonian den-sity is given as a double sum. Using that the integration just gives the volumeV for the diagonal elements, and zero for the o�-diagonal elements, we 
an writethe Hamiltonian as bH2 =Xk !k � bNk + 12� (4.30)where the number operator is bNk = b�ykb�k. The average energy density of thesystem 
an be found as the operator average of the Hamiltonian divided withthe volume. It 
an, if the va
uum energy is dropped and the 
ontinuity limit istaken, be written as E = 1V h
H2i = Z dDk(2�)D !kN(�) (4.31)where N(�) = h bNki = (exp(�=kBT )� 1)�1 is the Bose-Einstein distribution fun
-tion. The phonon frequen
y is, as in the last se
tion, � = !0 � k � (vn � vs).To �nd the two-
uid expressions for the mass 
ux the distribution fun
tion wasexpanded to �rst order in the velo
ities vn and vs. In the 
ase of the energywe need to go to se
ond order, sin
e the �rst order terms fall out in the angleintegration. The zeroth order term is the rest energy density of the normal 
uidEn = Z dDk(2�)D !0N(!0) (4.32)whi
h is proportional to the normal 
uid density (4.27). So far it has been diÆ
ultto �nd an interpretation of the normal 
uid density, but it is now 
lear that it isasso
iated with the thermal energy. The terms of se
ond order in vn and vs areZ dDk(2�)D "�(vs � k)k � (vn � vs)�N(�)�� �����=!0 + 12k ((vn � vs) � k)2 �2N(�)��2 �����=!0#where in the low energy limit !0 � k. In the last term the the substitutionk �2�k2N(k) = ��k �k�N(k)�k �+ �N(k)�k (4.33)
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an be done. The �rst term gives a 
ontribution of higher order in T . The last 
anbe identi�ed as proportional to the normal 
uid density (4.25). The 
ross-termsbetween the velo
ities 
an
el out, so that the ex
itation kineti
 energy density is12�n(v2n � v2s) (4.34)This is the result from the quadrati
 terms in the Hamiltonian. In addition thereis a zeroth order 
ontribution from the ba
kground 
uid , 12v2s , so the total energydensity is exa
tly what we hoped for, namelyE = En + 12�sv2s + 12�nv2n (4.35)where En is the rest energy density of the normal 
uid and the two other termsare respe
tively the super
uid and normal 
uid kineti
 energy densities.4.3 The Cir
ulationIn the two-
uid des
ription of helium II, the 
ir
ulation of the super
uid velo
ityvs is quantized. Opposed to this, the normal 
uid is regarded as an ordinaryvis
ous 
uid, and the 
ir
ulation should be allowed to possess any value. Witha relative motion to the walls, the normal 
uid will experien
e fri
tion, so atequilibrium the normal 
uid velo
ity at the boundary must be identi
al with themotion of the 
ontainer. In our thesis we will always use a 
ontainer at rest, andhen
e a normal 
uid velo
ity and 
ir
ulation whi
h is zero at the boundaries.When integrating the mass 
ux along the boundaries, only the super
uiddensity is visible I dl � j = I dl � (�svs + �nvn) = �s� (4.36)The densities �s and �n are thought to be 
onstant by the boundaries. Thisformula appears expli
itly in the 
al
ulation of the e�e
tive Magnus for
e inse
tion 5.3.In the phonon s
attering in 
hapter 2 the 
onstraint was that the s
atteredphonons should deviate as little as possible from plane waves. Plane waves givea non-rotating phonon gas. What is the 
onsequen
e of this 
onstraint for thenormal 
uid 
ir
ulation in the presen
e of a vortex? Is it 
onsistent with a non-rotating normal 
uid by the boundaries?Earlier in this 
hapter, the two-
uid model has been developed in the lowtemperature limit from the Ginzburg-Landau theory, without vorti
es. If, on the
ontrary, one vortex is present, it is known from 
hapter 2 that plane waves arenot just s
attered by the vortex, but the in
oming plane waves themselves aremodi�ed as well. When using the same thermal distribution as in the 
ase of
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es, is it possible that the phonon gas is rotating. Our situation is in asense paradoxi
al: We will �nd the 
ir
ulation of the ex
itations in the presen
eof the vortex, whi
h 
orrespond to no 
ir
ulation when there are no vorti
es. Inother words it is the equilibrium state of the thermal system with a vortex in themiddle.As before, the Ginzburg-Landau theory is presented in dimensionless units.Considering the situation of one vortex at rest at the origin, the integral of themass 
urrent of the ba
kground 
uid 
an easily be found,I dl � j0 = q I dl � r' = 2�q = �q (4.37)whi
h is not surprising. To �nd the 
ontribution from the phonons we �rst
al
ulate the 
ontribution from one single wave s
attered on the vortex, and thengeneralize the result to be valid for a thermal average of ex
itations. The mass
ux of a wave with wave-number k ishjki = 12��r' (4.38)where � and � are plane waves s
attered on a stationary vortex. Be
ause oftime averaging there are no 
ontributions from the mixed terms between theba
kground and the ex
itations, so that the leading order term 
ontains the�elds to se
ond order. The phase � was found in (2.35). We take the gradientr� = �k �ikeikx(1� i�('� �))� i�eikxr'+rÆ�a� (4.39)where � = kq as usual. The other quantity needed is the density whi
h by (2.4)is � = �k �ikeikx(1� i�('� �)) + ikÆ�a + i�sin(')r eikx�+O ��2� (4.40)If the integration 
ontour is a 
ir
le, the line segment is dl = re'd' and only thegradient in the e' dire
tion is needed in the 
ontour integral. For large angles,the s
attered wave is expressed by the s
attering amplitude (2.35) so that thegradient is rÆ�a = ikÆ� er +O �r�3=2� (4.41)This formula is lying a bit. It is true that the derivative in the e' dire
tion isof order r�3=2, but a pure expansion in powers of r�1=2 misses the rather uglysingularities in ' 
oming from the derivatives of a(') near ' = 0. This singularitywill not, and must not, enter into the integrals, but its existen
e is a motivationto look for expli
it small angle 
ontributions later.



4.3. THE CIRCULATION 81The in
oming wave is along the x-axes, whi
h in polar 
oordinates is ex =
os(')er � sin(')e'. This gives the mass 
urrent in the e' dire
tion to behjki' = 12 j�kj2k h�k sin(')� �r (1 + sin2('))� k sin(')e�ikxÆ�ai (4.42)Integrated over a whole period the plane wave part disappears as it should. Whentaking out the �rst term proportional to � and integrating it, we get12 j�kj2r Z 2�0 d' h��r (1 + sin2('))i = �32 j�kj2k� (4.43)This is the 
ontribution from the term proportional to � in the density and fromthe twist of the in
oming wave in the phase.We will now �nd the 
ontributions from the s
attered wave in (4.42). Thes
attered wave is Æ�a = ��p2�ikr sin(')1� 
os(')eikr (4.44)The term exp(ikr(1 � 
os(')) is more and more rapidly os
illating as r ! 1.Where the os
illations are fast, the integral will average to zero, and the major
ontribution will 
ome for the small angles, where the os
illations are 
alm. Weexpand the integrand in this region12 j�kj2r Z 2�0 d' ��k ��p2�ikr sin2(')1� 
os(')eikr(1�
os('))�= �kj�kj2pr ��p2�k Z ��� d' e� kr2i '2This situation is similar to that in the 
al
ulation of the transverse for
e. Theparameter � is in this approximation small. But sin
e the main 
ontribution tothe integral is for small ', when r !1, the integration limit 
an still be taken toin�nity. The integral is then of a Gaussian kind, and with the standard formula(appendix A), we end up with the 
ontribution��j�kj2k� (4.45)whi
h must be added to the other 
ontribution (4.43). But this is not the 
ompleteresult sin
e so far no 
ontributions from derivatives of the s
attered wave has been
onsidered. The derivative with respe
t to ' of the �nite angle 
ontribution Æ�a,although higher order in r�3=2, had wild divergen
es when '! 0 and 
an not beused.We will instead 
onsider the spe
ial small angle expression for the s
atteredwave (2.34), whi
h was Æ�s = �r2�ikx eikx Z y0 du e ik2xu2 (4.46)



82 CHAPTER 4. THE TWO-FLUID DESCRIPTIONThe derivative of this with respe
t to y is�Æ�s�y = �r2�ikx eikxe ik2xy2whi
h is highly �nite and well behaved near y = 0. For small angles y � r'.The 
ontribution to the 
ir
ulation from this term 
an then be written as anintegral over a small region near the origin. The integral obtained is again of theGaussian kind, where the main 
ontribution 
omes from small arguments. Theintegration limits 
an then, in the same manner as above, be taken to in�nity.Sin
e the s
attered wave is proportional to �, a plane wave 
an be inserted for �12 j�kj2 Z 1�1 dy (�ik)�r2�ikx e ik2x y2 = �j�kj2k� (4.47)This is the last 
ontribution to the integral. The terms (4.43),(4.45) and (4.47)must be added. The 
on
lusion is that the 
ontour integral far from the vortexof one phonon s
attered on a vortex isI dl � hjki = �32�j�kj2k� = �32�qhjki (4.48)where �q = 2�q is the 
ir
ulation quantum and hjki is the average mass 
uxof the plane wave. There is a bit abuse of notation in this formula, sin
e mass
urrent on the left side is the full s
attered wave, while the one on the right sideonly is the plane wave part. This is not a ve
tor result, and it is the magnitude ofthe mass 
ux whi
h is entering into the right hand side. The whole 
ontributionfrom all phonons is found by letting hjki ! kN(k), where N(k) is the Bose-Einstein distribution fun
tion, and integrating over all k. This gives the phonon
ontribution I dl � jph = �32�q Z d2k(2�)2kN0 = ���n (4.49)where the last identi�
ation follows from the Landau expression for the normaldensity (4.27). Together with the 
ontribution from the ba
kground 
uid (4.37),this is the result from the Ginzburg-Landau theory. In our units the total (orba
kground) density is � = 1. The super
uid density is �s = 1� �n, so thatI dl � j = I dl � �j0 + jph� = �q(1 � �n) = �q�s (4.50)whi
h proves that it is possible to derive this formula from Ginzburg-Landautheory. The 
al
ulation shows that the phonon gas is indeed rotating, and thedire
tion is opposite of the ba
kground 
uid. In a way this is analogous to Lenz'
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tro-magnetism, whi
h says the 
urrent indu
ed by a 
hange is in thedire
tion opposing the 
hange.The 
al
ulation here is only to lowest order in k, whi
h 
orresponds to orderTD+1. There is no reason to expe
t that this result should be valid at arbitrarypower of T . At higher order in k, it is known from se
tion 2.5 that the 
orestru
ture of the vortex be
omes important. The 
ir
ulation by the boundarieswill then also depend on the vortex 
ore.A 
al
ulation of the 
ir
ulation, dire
tly in the two-
uid model, is donein [TGV+01℄.4.3.1 Numeri
al Cal
ulationIn the last se
tion the rotation of the phonon gas was found from the asymptoti
behavior of the s
attered phonons. The problem with that 
al
ulation was thatit involved 
ombinations of many terms. A numeri
al 
al
ulation 
an help usto show that no terms have been lost and that no 
ontributions has been over-
ounted. The partial wave expression for the time average of the mass 
ux ishjki = 12Xml ��l ���l�r er + ilr �le'� ei(l�m)' (4.51)where the point vortex expressions are�l =(�1)le��2
lJ
l(kr) (4.52)�l =ik�1� �l(kr)2��l (4.53)The subs
ripts of the Bessel fun
tions are in the a
ousti
 Aharonov-Bohm s
at-tering 
l = pl2 + 2�l, � = kq. An integral over a 
ir
le with radius r, gives 2�when l = m, else zero.I dl � hjki = �Xl l�1� �l(kr)2�J2
l(kr)This is a rather simple result whi
h we unfortunately have not found any wayto sum up exa
tly. The s-wave is not 
ontributing to the integral, whi
h is quitenatural sin
e it is symmetri
 about the origin. To �rst order in � there is hen
e nodi�eren
e between a
ousti
 and magneti
 Aharonov-Bohm s
attering sin
e theyonly di�er in the s-wave. To �rst order in � we write the result asI dl � hjki = �32�qhjkiA(kr) (4.54)where �q = 2�q andA(kr) = �23 ��� "Xl l�1� �l(kr)2�J2
l(kr)#�=0 (4.55)
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krFigure 4.2: Numeri
al 
al
ulation of A(kr) for kr = 0::20, with jlj < kr + 10.The analyti
al result from the last se
tion 
an be written limkr!1A(kr) = 1. Anumeri
al plot of A(kr) is in �gure 4.2. If r = R is the boundary of the system,no waves 
an have wavelengths longer that the size of the system and kR > 1and to avoid 
ompli
ation with boundary e�e
ts we must assume kR � 1. Theplot 
learly approa
hes a 
onstant value in this limit, and veri�es the analyti
alresult; the normal 
uid 
ir
ulation at the boundary is zero.Ex
ept from the veri�
ation of the analyti
al value of the normal 
uid 
ir-
ulation, the numeri
al result o�ers some interesting prospe
ts for the interiortoo. The result is only valid for a point vortex, whi
h means it must be usedwell outside the vortex 
ore. But it is possible to have kr small and r outsidethe 
ore as long as the phonon wave-numbers are small enough. The plot hasthe limit limkr!0 = 13 . In this limit the 
ontour integral of the phonon 
ux isH dl � jph = �13�n and the total 
ir
ulation isI dl � �j0 + jph� = �q � 13�q�n = �q�s + 23�q�n (4.56)where the super
uid density is �s = 1 � �n. The surprise is that the normal
uid seems to have a maximum 
ir
ulation �n = 23�q in the interior. The normal
uid 
ir
ulation must 
hange 
ontinuously from 23�q somewhere in the interior, tozero at the boundaries. The phenomenologi
al two-
uid model o�ers a value forthe 
ir
ulation by the boundaries, but does not say anything about the interior.Therefore this result is interesting for the understanding of helium II.



Chapter 5For
es on a VortexIn the past years there has been a lot of 
ontroversy about the for
e on a quantizedvortex in helium II, or more pre
isely: dis
ussion about the existen
e of theIordanskii for
e. Before entering into this dis
ussion, let us take a brief lookat the more general properties of for
es in helium II (see [Don91℄). The two-
uid des
ription, as presented in 
hapter 4, did not in
lude any for
es, and therewere no intera
tions between the super
uid and the normal 
uid. Nor did itin
lude vorti
es, and a
tually the vorti
es are 
ru
ial for the mi
ros
opi
 pi
tureof for
es a
ting in helium II. At a ma
ros
opi
 level, the intera
tion between thesuper
uid and normal 
uid appears as mutual fri
tion. When going to a smallerlength s
ale, the for
es between the 
uid and a single quantized vortex 
an be
onsidered. This is an intermediate region, where 
lassi
al quantities 
an mostlybe used to des
ribe the 
uid, but where on the other hand quantized vorti
es,as pure quantum e�e
ts, must be in
luded as well. The simplest situation to
onsider at this level is the presen
e of one, straight vortex line. Sin
e the vortex isstraight uniformity along the z-axis 
an be assumed, and the system is e�e
tivelytwo-dimensional. The three-dimensional result 
an be re
overed by letting thetwo-dimensional results be regarded as per vortex string length instead.One of the fundamental assumptions in the two-
uid des
ription of helium II,is that the super
uid and normal 
uid velo
ities are independent of ea
h other.As 
lassi
al 
uids, the two-
uids also obey the galilean invarian
e prin
iple. Thisputs strong limitations on the form of for
e, and the only allowed expressions aredependent of the velo
ity di�eren
es vn�vs and vv�vn, where vv is the vortexvelo
ity, vs the super
uid velo
ity and vn the normal 
uid velo
ity. With slowvelo
ities, only 
ontributions linear in the velo
ities need to be 
onsidered. Thefor
e 
an be divided in one longitudinal and one transverse 
omponent to vv,where in this thesis only the transverse part will be 
onsidered. The longitudinalfor
e is interesting as well, but there is unfortunately no room to make a dis
ussionof it here. The transverse for
e 
an be written asF? = �� [A(vv � vs) +B(vv � vn)℄ (5.1)85



86 CHAPTER 5. FORCES ON A VORTEXwhere A and B are, at this point, unknown 
oeÆ
ients and � = � hmez is thequantized 
ir
ulation. At the absolute zero, there is no normal 
uid, and thereis general agreement that the 
oeÆ
ient A is the total density of the 
uid. Thefor
e is thus fully analogous to the 
lassi
al Magnus For
e, se
tion 1.1.2. At �nitetemperature the generally a

epted 
ontinuation of this is that A = �s, and thispart of the for
e is 
alled the super
uid Magnus for
e.FM = �s� � (vv � vs) (5.2)The 
ontroversy is about the se
ond parameter, B. The normal 
uid 
an be
onstru
ted of thermal ex
itations: phonons and rotons. The transverse for
e forrotons was found by Lifshitz and Pitaevskii [LP58℄. In this thesis we will however
on
entrate on the region dominated by the phonons, whi
h means temperaturessafely below 1K. The low temperature is also a reason for the disagreements,sin
e experimental data are hard to obtain. In 1965 S.V. Iordanskii [Ior65℄ madea 
al
ulation of the transverse normal 
uid for
e in this region, and found it tobe B = �n. The phonon 
ontribution to the for
e transverse to vn is named afterhim: the Iordanskii for
e. FI = �n�� (vv � vn) (5.3)The normal 
uid density goes as TD+1. The Iordanskii for
e is hen
e small
ompared to the super
uid Magnus for
e for low temperatures1.Instead of dividing the transverse for
e in one term proportional to vs � vvand one proportional to vn � vv, the terms proportional to the vortex velo
ity
an be isolated. This is the e�e
tive Magnus for
eFv = (A+B)�� vv (5.4)Iordanskii's 
al
ulations was regarded as true for many years, until a paper by P.Ao and D. Thouless in 1993 [AT93℄. They present a derivation where the e�e
tiveMagnus for
e is asso
iated with the geometri
al phase of the wave fun
tion, theBerry phase, whi
h will be dis
ussed in se
tion 5.3.2. Applied on the two-
uidmodel, their result is that the e�e
tive Magnus for
e is proportional to �s andhen
e there is no Iordanskii for
e. Later there have been a lot of arti
les pol-ishing these arguments, where among these the arti
les [TAN96℄ and [GTRV00℄should be 
onsidered. The 
on
lusion that there is no Iordanskii for
e is oftenreferred to as the TAN result. As a rea
tion to these topologi
al arguments, alot of arti
les have been written where the Iordanskii for
e is 
al
ulated dire
tlyfrom the s
attering of phonons on a vortex, and usually these attempts end withIordanskii's 
on
lusion. Among these E.B. Sonin's arti
le [Son96℄ and the arti
leby M. Stone [Sto99℄ are authoritative.1At higher temperatures it is small 
ompared to the transverse for
e from rotons.



5.1. THE IORDANSKII FORCE 875.1 The Iordanskii For
eAs mentioned earlier, the Iordanskii for
e is the most 
ontroversial part of thetransverse for
e. The general expression for the transverse for
e (5.1) has twoparameters where the �rst seems to be established as A = �s. The other param-eter, B, determining the Iordanskii for
e, 
an either be found by 
al
ulating thee�e
tiveMagnus for
e giving A+B, or it 
an be 
al
ulated dire
tly. Here only thedire
t approa
hes of determining the Iordanskii for
e are dis
ussed. This meansthat the for
e on a vortex from a single phonon wave, found in 
hapter 3, will begeneralized to a thermal gas of phonons. There are several arti
les doing dire
t
al
ulations. Of those 
on
luding in favor of a Iordanskii for
e are in additionto Iordanskii [Ior65℄ himself: Sonin [Son96℄[Son01℄, Stone [Sto99℄ and Shelankov[She98a℄[She98b℄ the most important. The analogy between phonon s
atteringand the Aharonov-Bohm e�e
t is 
entral in their dis
ussions, as well as in ours(
hapter 2). The Iordanskii for
e is interpreted as a 
onsequen
e of the left-rightasymmetry of the phonon wave in the presen
e of a vortex. An imaginative anal-ogy between the velo
ity �eld of the vortex and a spinning 
osmi
 string is o�eredby Volovik [Vol98℄ (and also dis
ussed by Stone). A relativisti
 generalization isdis
ussed by Carter, Langlois and Prix [CLP01℄.Those doing dire
t 
al
ulations and 
on
luding against the existen
e of theIordanskii for
e are mainly involved in the 
al
ulations of the e�e
tive Magnusfor
e as well. The arti
les by Wexler and Thouless [WT98℄ and Demir
an, Aoand Niu [DAN95℄ are not too 
onvin
ing, sin
e they do not apply the analogyto Aharonov-Bohm s
attering, and they also miss the important small angle
ontribution to the for
e. A better attempt to 
al
ulate the for
e is done byThouless et al. in [TGV+01℄. There the 
al
ulation is done dire
tly at the two-
uid model, without 
onsidering the Ginzburg-Landau theory.Our 
on
lusion from 
hapter 3 was that the for
e from one phonon wave 
ouldbe written ��� hjki (5.5)where the quantized 
ir
ulation ve
tor is � = � hmez, and hjki is the time averageof the mass 
ux of one single plane wave. From the dis
ussion of the two-
uiddes
ription in 
hapter 4, we remember that the normal 
uid 
ould be 
onstru
tedas an integral over plane waves, so thatZ dDr(2�)D hjki = jph = �n(vn � vs) (5.6)The fundamental assumption is that the presen
e of the vortex does not 
hangethe o

upation numbers of the waves, so that this formula is still valid. The totalphonon for
e is thus the Iordanskii for
eFI = ��n� � vn (5.7)



88 CHAPTER 5. FORCES ON A VORTEXThe derivation of the normal 
uid without vorti
es is not ideal for the dire
t 
al-
ulation of the for
e. The best approa
h would of 
ourse be to do the quantizationof the phonons dire
tly with the vortex in the ba
kground. This is a diÆ
ult pro-
edure, and our approa
h, where the presen
e of the vortex is thought of onlyas a slightly perturbation of the system, should also be reliable. The s
atteringproblem, and the 
al
ulations of the for
e from one phonon were all done with astationary vortex, vv = 0, and no asymptoti
 super
uid velo
ity2, vs = 0. Thedire
t 
al
ulations is then in favor of the Iordanskii for
e.The most serious 
hallenge to this result is not the dire
t 
al
ulations in[WT98℄, [DAN95℄ and [TGV+01℄, but the 
al
ulations of the e�e
tive Magnusfor
e. A dis
ussion of this will be held in se
tion 5.3.5.2 The Super
uid Magnus For
eThe super
uid Magnus for
e is the least 
ontroversial for
e 
omponent, and mostauthors agree that the 
oeÆ
ient before vv�vn in (5.1) is A = �s, the super
uiddensity.So far in this thesis no 
al
ulations of the super
uid Magnus for
e has beendone at �nite temperatures, but in se
tion 3.4 the ba
kground 
uid for
e wasfound. It 
orresponds to the super
uid Magnus for
e at the absolute zero. Thesuper
uid Magnus for
e at �nite temperatures 
an be found by 
ombining theexpression for the ba
kground 
uid for
e with the for
e from the phonon gas.The for
e from the phonon gas has so far just been found with a non-movingba
kground 
uid whi
h means that both the s
attering problem in 
hapter 2and the 
al
ulation of the phonon for
e in 
hapter 3 must be re
onsidered toget the 
orre
t expression with a ba
kground 
uid in motion. But a qualitativeguess is that the 
hanges of the phonon for
e is small, sin
e the ba
kground 
uidvelo
ity �eld 
ould, as seen in se
tion 1.2.2, be taken as a harmless modi�
ationof the in
ident waves, whi
h will not in
uen
e the s
attering equations, andthe modi�
ations of the momentum-
ux tensor in 
hapter 3 will be 
ross termsbetween k and vs. If we suppose that all terms proportional to k give termsproportional to jph when the full phonon 
ontribution is 
olle
ted, these 
rossterms are se
ond order in the velo
ities and 
an be negle
ted. These qualitativearguments save us from a lot of mathemati
s, but they are not suÆ
ient if thesuper
uid Magnus for
e were to be severely derived.Let us assume that the result obtained by phonon s
attering on a stati
 ba
k-ground 
an be straightforward generalized to a ba
kground 
uid in motion bysubstituting vn ! vn � vs. We getF? = F0? + Fph? =� �� � vs � �n�� (vn � vs)=� �� (�svs + �nvn) (5.8)2The velo
ity 
oming from the vortex itself, vs = r', is ignored
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uid streaming between two 
ylinders.where the super
uid density is �s = � � �n. This is the total for
e on a stati
vortex, where both the super
uid Magnus for
e and the Iordanskii for
e arein
luded.Another way of determining the super
uid Magnus for
e is through an imag-inary experiment, as presented by Wexler [Wex97℄. It relies on thermodynami
alproperties of helium II. The system whi
h is 
onsidered is a double 
ylinder wherethe 
uid is trapped between the outer and inner wall (see �gure 5.1). The radiusof the inner 
ir
le R is large 
ompared with the relative distan
es l between thewalls. N quanta of 
ir
ulation, where N is large, are trapped at the the innerwall in su
h a way that they give rise to a uniform super
uid velo
ity �eldvs � N h2�Rm (5.9)where m is the helium atom mass. The normal 
uid is thought to be at rest,vn = 0. Suppose that a vortex is 
reated near the outer wall at the x-axis,and is slowly dragged along the x-axis until it rea
hes the inner wall, where itis annihilated and gives rise to a modi�
ation of the super
uid velo
ity (5.9). IfA is positive, the for
e on the vortex is towards the outer wall, and work mustbe done to move the vortex. If the motion is so slow that vortex velo
ity 
an benegle
ted, (5.1) gives the work asW = �FM l = A�vs l (5.10)On the other hand let us 
onsider the Helmholtz free energy density f = "� Ts,where s is the entropy density and " is the energy density. Sin
e the normal
uid is at rest, the entropy 
an be regarded as a 
onstant, and any 
hange in freeenergy is identi
al to the 
hange in energy. The free energy density 
an also bewritten as f = "0 + fex (5.11)



90 CHAPTER 5. FORCES ON A VORTEXwhere "0 = 12� v2s is the energy density of the ba
kground 
uid, and fex is thefree energy of the phonon ex
itations. The ordinary formula for the ex
itationfree energy density is fex = kBTA Xk ln �1 � e��=kBT � (5.12)where A � 2�Rl is the area in whi
h the 
uid lives. The ex
itation energy �mustbe evaluated in the frame where the 
uid is at rest. In the laboratory system theenergy is � = }! � }vs � k (5.13)A

ording to the �gure 5.1 we let vs be along the y-axis. To se
ond order in vsthe ex
itation free energy isfex(vs) = fex(vs = 0) + 12v2s �2fex�v2s ����vs=0 (5.14)sin
e the �rst order term disappears. When di�erentiating the phonon free energy(5.12) with respe
t to vs and taking the 
ontinuity limit, we get�fex�vs = }Z d2k(2�)2 kye��=kbT � 1 = }Z d2k(2�)2 ky N(�) (5.15)where we have identi�ed N(�) as the Bose-Einstein distribution fun
tion. Byusing the identity �N�vs = �}ky �N�� , this gives for the se
ond derivative evaluatedin vs = 0: �2fex�v2s = �}2 Z d2k(2�)2 k2y �N(}!)�! = ��n (5.16)where the normal 
uid density has been identi�ed from the usual Landau formula(4.25). In
luding the ba
kground 
uid kineti
 energy, the free energy density isf = 12(�� �n) v2s = 12�s v2s (5.17)When the vortex is pinned to the inner wall it gives rise to a 
hange of thesuper
uid velo
ity, and hen
e to the free energy. Using the expression for thesuper
uid velo
ity �eld as a fun
tion of N , (5.9), the 
hange in free energy densityis �f = f(N + 1)� f(N)� 12�s� h2�Rm�2 �(N + 1)2 �N2� � h2�Rm�svs (5.18)
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hange in free energy is the same as the work performed on the system,(5.10), sin
e the entropy is 
onstant. This determines the super
uid Magnusfor
e (2�Rl) �f =W =) A = �s (5.19)We write FM = ��s� � vs (5.20)This derivation relies on simple thermodynami
al properties of helium II. Againit is seen that the ba
kground 
uid is not identi
al to the super
uid. The ba
k-ground 
uid has density � while the super
uid has density �s. The derivation isdiÆ
ult to generalize to a moving normal 
uid. What made this derivation easy,is the 
onstant entropy making the 
hange in energy and free energy identi
al.With a moving normal 
uid, an expression for the entropy and entropy 
hangemust have been needed as well.A more 
omplete dis
ussion of the relation between the ba
kground 
uid andthe phonon gas on one side, and the super
uid and normal 
uid on the other,was held in se
tion 4.2.5.3 The E�e
tive Magnus For
eMu
h of the 
ontroversy about the for
es a
ting on a vortex string in heliumII originates in the arti
les by Ao and Thouless [AT93℄ and Thouless, Ao andNiu [TAN93℄ in 1993, where they derive an expression for Magnus for
e in asuper
ondu
tor. In their derivation they interpret the for
e as a geometri
alphase of the wave fun
tion, the Berry-phase ([Ber84℄, se
tion 5.3.2), asso
iatedwith an adiabati
 motion of a vortex around a 
ir
uit. The 
al
ulation wasmodi�ed in 1996 [TAN96℄ and applied on super
uids only.The following derivation relies on the papers [TAN96℄ and [Ao96℄. The goalis to 
al
ulate the e�e
tive Magnus for
e, and hen
e to determine the sum A+Bin (5.1). The super
uid and normal 
uid velo
ities are put to zero, vs = vn = 0.Consider a vortex moving in system of N parti
les in two dimensions. Thenumber of parti
les is thought to be 
onserved so that ordinary wave me
hani
s
an be used. We want to �nd an expression for the for
e on the vortex from thesystem, as we push it slowly around. If the vortex is at rest, the whole 
uid issupposed to be at rest, and the fundamental assumption needed to perform the
al
ulation, is that the total time evaluation of the system, is due to the motionof the vortex. This 
ondition holds if the vortex motion is so slow that the systemis in equilibrium at any time, and the motion is hen
e adiabati
. The for
e onthe vortex is found as Fv = � _p = �Tr h _̂� p̂i (5.21)



92 CHAPTER 5. FORCES ON A VORTEXwhere the density operator is �̂ =Pn fnj	nih	nj and the sum is over all energyeigenstates of the system. The formalism with the density matrix is a generaliza-tion of the S
hr�odinger theory, and is used on large systems where it is impossibleto �nd a wavefun
tion. The system is instead des
ribed by a statisti
 distributionover states. At equilibrium with temperature T the fa
tors fn are the Boltzmannfa
tors fn = exp(�En=kbT ). Considering adiabati
 motion, these equilibriumfa
tors 
an be used. The total momentum operator is simply the sum of themomentum operators for ea
h parti
lep̂ = �i}Xi ri (5.22)where ri means derivatives with respe
t to the position of parti
le i. When thedensity matrix is inserted, the for
e be
omesFv = �Tr "Xn fn nj _	nih	nj+ j	nih _	njo p̂# (5.23)Now the full meaning of the adiabati
 motion be
omes visible. Sin
e the Boltz-mann fa
tors fn are independent of time, the whole time evaluation is throughthe �elds. The tra
e of an operator is TrA =Pkh	kjAj	ki. The full expressionfor the for
e is thenFv = �Xn fnXk nh	kj _	nih	njp̂j	ki+ h	kj	nih _	njp̂j	kioThe operator p̂ is hermitian, so that it 
an be taken inside to work on either the\bra" or the \ket" a

ording to our 
hoi
e. Rearranging the terms and using thatthe sum over all k just gives the identity operator Pk j	kih	kj = 1̂, we getFv = �Xn fn nhp̂	nj _	ni+ h _	njp̂	nioNow the expression for the momentum operator and for the time derivative 
anbe inserted. The wave fun
tions 	n = 	n(r1::rN; rv(t)) are dependent of theposition of the parti
les and the vortex. A 
ru
ial 
ondition to get any further,is that the only dependen
y of the vortex position is through the distan
e fromparti
les to the vortex, so that 	n = 	n(r1� rv(t); ::; rN � rv(t)). This 
onditionholds if the 
ontainer is large, and the vortex is far from the boundaries. Thetime derivative 
an hen
e be transformed to derivatives of the parti
le positions_	n = rrv	n � vv = �Xj rj	n � vv (5.24)with vortex velo
ity vv = _rv. With the de�nition of the momentum opera-tor (5.22), the for
e 
an be written asFv = i}Xn fnXij [hri	njrj	n � vvi � hrj	n � vvjri	ni℄



5.3. THE EFFECTIVE MAGNUS FORCE 93The se
ond term in the above expression is the 
onjugate of the �rst, whi
hguarantees that the for
e is real. The result is now proportional to the vortexvelo
ity. Only the for
e to �rst order in vv is of interest, so the wave-fun
tions
an from now on be evaluated as if the vortex was at rest, 	n = 	n(r1::rN).To express this in parti
le position spa
e, 1̂ = QNk=1 �R d2rk� jr1::rNihr1::rNj isinserted. Ea
h of the integrations is over the physi
al area. The many parti
lewave fun
tion is 	n(r1::rN) = hr1::rNj	ni. The dot produ
ts 
an by the use of ave
tor 
al
ulus formula be transformed toXij [ri	�n(rj	n � vv)�ri	n(rj	�n � vv)℄ = vv �Xij (ri	�n �rj	n)Here the sum over i and j are inter
hanged in the se
ond term on the left handside. The anti-symmetry of the 
ross produ
t guarantees that the result is stillpurely imaginary. The for
e is here seen to be perpendi
ular to the vortex velo
ity.This is a 
onsequen
e of the adiabati
 motion. If it were a for
e 
omponent alongthe vortex path, it would do work on the system. Sin
e the work 
annot give amotion of the 
uid (the 
uid is at rest), the energy must be lost as heat in thesystem, 
hanging the entropy. A �nal ve
tor formula givesXij [ri	n �rj	n℄ =Xij 12ri � (	�nrj	n �	nrj	�n)So far no assumptions about the statisti
al properties of the parti
les has beenmade. We will now suppose that the system 
onsists of N identi
al Bosons. Theparti
les 
an then be inter
hanged without 
hanging the sign of the wavefun
tion.The sum over i and j has N diagonal terms where i = j, and N(N�1) o�-diagonalterms with i 6= j. Be
ause of the integration over all rk, the diagonal terms areidenti
al to the i = j = 1 
ase, while all o�-diagonal terms are identi
al toi = 1; j = 2. The �nal expression for the for
e 
an hen
e be split in a one-parti
le
ontribution and a two-parti
le 
ontribution,Fv = F1v + F2v (5.25)whereF1v =vv � Z d2r r� � i2(r�r0)�(r0; r)�r0=r (5.26)F2v =vv � Z d2r1 Z d2r2 r1 � � i2(r2 �r02)�(r1r02; r1r2)�r02=r2 (5.27)The one-parti
le 
ontribution is expressed by the one-parti
le density matrix,�(r0; r) = }NXn fn NYk=2�Z d2rk�	�(r0r2::rN)	(rr2::rN) (5.28)
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le 
ontribution is expressed by the two-parti
le density matrix�(r01r02; r1r2) = }N(N � 1)Xn fn NYk=3�Z d2rk��	�(r01r02r3::rN)	(r1r2r3::rN) (5.29)This is the TAN result. None of the spe
ial properties of the two-
uid model hasbeen used. The only assumptions are that the motion is slow and adiabati
, andthe system is large, so that boundary e�e
ts 
an be ignored.5.3.1 Appli
ation on Helium IIThe TAN result (5.25) is valid for a general N -parti
le system, but usually isit applied on either super
ondu
tors or super
uids. We will use the formula onsuper
uid helium II only. In the previous se
tion the one-parti
le density matrixwas identi�ed from a N -parti
le quantumme
hani
s expression. The same matrix
an also be written as �(r0; r) = hb	(r0)yb	(r)i (5.30)where b	y and b	 are the helium atom 
reation and annihilation operators. The
onserved 
urrent 
an be expressed by the one-parti
le density matrix�i}2 (r�r0)�(r0; r)jr0=r=�i}2 hb	y(r)rb	(r)�rb	y(r)b	(r)i = hbj(r)i (5.31)This makes it possible to identify the mass 
urrent in the one parti
le 
ontributionto the for
e (5.26). The expression for the for
e is proportional to the vortexvelo
ity, so to �rst order in the velo
ity it is enough to 
onsider the mass 
urrentof a vortex at rest. With Stoke's theorem, the integration 
an be transformed toa 
ontour integral, where the integration 
ontour is the physi
al boundary of thesystem. The one-parti
le 
ontribution to the for
e is thenF1v = �vv � I dr � hbj(r)i= �vv � I dr (�svs + �nvn) = [�s�+ �n�n℄� vv (5.32)where � = hmez is the quantized super
uid 
ir
ulation and �n is the normal 
uid
ir
ulation. The normal 
uid 
ir
ulation is not quantized, and by the boundaryit must at equilibrium be equal to the 
ir
ulation of the 
ontainer. This is a
onsequen
e of the interpretation of the normal 
uid as an ordinary vis
ous liquid.
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uid and the wall would lead to a fri
tionfor
e 
ountera
ting the normal 
uid motion. We will in the following use theboundary 
ondition with non-rotating normal 
uid, �n = 0.For the 
omparison with the dire
t 
al
ulation, it is 
ru
ial that the sameboundary 
onditions are used. In the Ginzburg-Landau theory, the 
onstraintwas that the normal 
uid in the presen
e of the vortex should be as 
lose aspossible to the non-vortex situation. In se
tion 4.3 we derived that this led tono normal 
uid 
ir
ulation. The Boundary 
onditions in the 
al
ulation of thephonon for
e are hen
e identi
al to the boundary 
onditions in the 
al
ulation ofthe e�e
tive Magnus for
e.The two-parti
le 
ontribution (5.27) is diÆ
ult to 
al
ulate in general. Usingthe quantized �elds, as in the one-parti
le 
ontribution, leads to a produ
t offour �eld operators. This produ
t is hard to handle. We 
an thus not make a
al
ulation of it, as in the one-parti
le 
ontribution. But there are reasons to thinkthat it will vanish. The two-parti
le density matrix des
ribes the intera
tions and
orrelations between parti
les and the internal intera
tion between the parti
lesshould not 
ontribute to the for
e between the vortex and the liquid.The TAN result gives then an e�e
tive Magnus for
e proportional to �s, im-plying no Iordanskii for
e. The 
on
lusion is dependent of the two-parti
le partof the for
e to vanish, whi
h we are unable to verify by 
al
ulation.5.3.2 Berry's PhaseCentral in the interpretation of the TAN result, is a geometri
al phase of the wave-fun
tion; the Berry phase. The idea of geometri
al phases will no be sket
hed, aspresented by Berry [Ber80℄. Consider a Hamiltonian, bH(rv(t)), depending on atime-varying parameter, rv(t). The state j	(t)i satis�es the ordinary S
hr�odingerequation bH(rv(t))j	(t)i = i} ��tj	(t)i (5.33)The Hamiltonian has a set of time-dependent eigenfun
tions, with eigenstates Enwhi
h are (for simpli
ity) independent of timeH(rv(t))j	n(rv(t))i = Enj	n(rv(t))i (5.34)Let us put the system in the state j	n(rv(0))i at t = 0. The system will 
ontinueto be in the state j	n(rv(t))i, if the time-evolution is adiabati
j	(t)i = e 1i}Ent+i
n(t)j	n(rv(t))i (5.35)where the exp( 1i}Ent) is the dynami
al Dira
 phase fa
tor. The attention now isto the other phase fa
tor, 
n(t). Inserting the above expression into the time-dependent S
hr�odinger equation (5.33), gives the equationEnj	n(rv(t))i = i} � 1i}En + i _
n� j	n(rv(t))i+ ��tj	n(rv(t))i
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y of the eigenstates are only through rv(t) so the time deriva-tive 
an be found as ��t = _rv �rrv. If the eigenstates are normalized to unity, thisgives an expression for _
n_
n = ih	n(rv(t))jrrv	(rv)i � _rvThe interesting point is the _rv on the right hand side. When integrating overt the right hand side transforms to a 
ontour integral over the path rv(t). Ofspe
ial interest is when the path is 
losed and rv(t) = rv(0). The phase fa
tor
n is then not zero, but has a value depending on the 
losed path C. The Berryphase is 
n(C) = IC drv � h	n(rv)jrrv	n(rv)i (5.36)The value of 
n(C) is independent of how the 
ir
uit C is traversed, as long asthe motion is slow enough to be adiabati
.Now we want to see the 
onne
tion between the Berry phase and the expres-sion for the e�e
tive Magnus for
e in se
tion 5.3. In that 
al
ulation the deriva-tives with respe
t to the vortex position was 
hanged to derivatives with respe
tto the parti
le positions. Now we go the other way around, and express the for
eby derivatives of the vortex position only, whi
h means that Piri = �rrv.Substituting this in the expression for the for
e, we getFv = i}vvXn fn rrv � h	njrrv	ni (5.37)This looks like the integrand in the Berry phase. The for
e Fv is thought to beindependent of the vortex position rv. An integral of rv over the left hand sideonly gives the volume. The right hand side gives, with the use of Stoke's theorem,a 
ontour integral. So when integrating over a volume 
, we getFv = i}vv
 I�
 drv � h	njrrv	ni = }vv 
(�
)
 (5.38)where the Berry phase as fun
tion of the boundary �
 is
(�
) =Xn fn
n(�
) (5.39)where 
n(�
) is the Berry phase of the wavefun
tion whi
h was in state 	n at t =0. We have thus two expressions for the e�e
tive Magnus for
e. In se
tion 5.3.1the for
e was found to be proportional to the super
uid density and now we haveseen that it 
an also be expressed by the Berry phase. This relation was alsofound by Haldane and Wu [HW85℄. The for
e is independent of whi
h 
ir
uit�
 that is 
hosen and how it is traversed, giving the result topologi
al authority.



5.4. DISCUSSION OF THE CONTROVERSY 97Impurities and other perturbations 
an thus not 
hange the TAN result. Thesuper
uid Magnus for
e is hen
e a topologi
al quantity. This interpretation ofthe TAN result is the same both for super
uids and super
ondu
tors. Of spe
ialimportan
e is this for dirty super
ondu
tors, where this result says that thesuper
uid Magnus for
e is not in
uen
ed by impurities, nor details in the vortex
ore.5.4 Dis
ussion of the ControversyOpposed to the dire
t 
al
ulations, the TAN result implies no Iordanskii for
e. Wewill now make a summary of the assumptions done in both the dire
t 
al
ulationsand the TAN 
al
ulation and point to the possible reasons for the 
on
i
tingresults.The dire
t 
al
ulations of the Iordanskii for
e are 
arried out in Ginzburg-Landau theory. There is of 
ourse a fundamental assumption that Ginzburg-Landau theory gives an adequate des
ription of helium II. We saw in 
hapter 4that the phenomenologi
al two-
uid des
ription of helium II 
ould be derivedfrom Ginzburg-Landau theory, in the absen
e of vorti
es. In the derivation, itwas ne
essary to make some interpretations and identi�
ations, but most of thetwo-
uid results 
ame out rather easily. Thus it seems like the Ginzburg-Landautheory works, at least at a ma
ros
opi
 length s
ale.In the s
attering of a phonon on a vortex, the presen
e of the vortex wastreated as a perturbation of the non-vortex situation. In an ordinary s
atteringproblem, this means that the solution far from the vortex 
an be divided in anin
oming plane wave and a s
attered wave. But in the s
attering of a phonon ona vortex this was not possible, sin
e the long range of the vortex for
ed a twiston the in
oming wave. This twist, although long range, was proportional to thewave-number k, so in the low energy limit there should still be expe
ted thatthe perturbative approa
h works. There are hen
e two 
ondition on k: First,the wavelengths of the thermal phonons must be small 
ompared with the size ofthe system, for boundary e�e
ts to be negligible. But the phonon wavelengthsmust also be large 
ompared with the vortex 
ore, for 
ore e�e
t to be ignored.Mathemati
ally this means that k � 1 and kR � 1 when R is the radius of the
ontainer.The TAN derivation of the e�e
tiveMagnus for
e starts with a very generalN -parti
le system. The for
e is found from the response in the liquid, as the vortexis pushed adiabati
ally around. The 
ontainer is, as in the dire
t 
al
ulations,thought to be large, so that boundary e�e
ts 
an be ignored. The dependen
yof the vortex position is thus only through the distan
e from the parti
les tothe vortex. Be
ause of the adiabati
 motion, all time-dependen
y is through thevortex position. Using this, we are able to express the for
e by the one- and two-parti
le density matri
es. The one-parti
le 
ontribution is proportional to �s,
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uid 
ir
ulation is zero. The normal 
uid 
ir
ulationwas also found to be zero in Ginzburg-Landau theory, proving that the Ginzburg-Landau theory and the TAN derivation have the same boundary 
onditions. The
ontribution from the two-parti
le density matrix is diÆ
ult to 
al
ulate exa
tly,but general arguments indi
ates that it is zero. The TAN expression for thee�e
tive Magnus for
e is proportional to �s, implying no Iordanskii for
e.There are two possible ways out of the disagreement. Of 
ourse there 
ouldbe some te
hni
al error in one of the arguments, leading to a wrong answer.In this thesis we have 
arefully gone trough the 
al
ulations, and not found anyobvious mistakes. We will therefore 
on
entrate about the other possibility, whi
his that both 
al
ulations are indeed 
orre
t, but 
al
ulating di�erent quantities.The dire
t 
al
ulations are of 
ourse determining the Iordanskii for
e. The TAN
al
ulation �nds the adiabati
 for
e as the vortex is pushed around. Is it possiblethat the Iordanskii for
e is not adiabati
? Let us 
onsider the TAN situationwith a vortex pushed around in a stationary liquid. The liquid is in 
onta
twith the surroundings at the vortex and by the boundaries. Sin
e the Iordanskiifor
e is perpendi
ular to the vortex motion, there is no work on the liquid at thevortex point. But we know that the thermal phonons are s
attered on the vortexand these s
attered phonons will in turn intera
t with the boundaries. Theremight be a net heat transfer between the boundaries and the liquid. This 
anbe the reason why the Iordanskii for
e is not visible in the Berry phase and theadiabati
 
al
ulation of the for
e. If the Iordanskii for
e is not adiabati
, it isstill possible to asso
iate the super
uid Magnus for
e with the Berry phase. Butit is not possible to �nd the e�e
tive Magnus for
e, only the super
uid Magnusfor
e, from the 
al
ulation based on adiabati
 motion.



Con
lusionThe purpose of this thesis was to 
al
ulate the Iordanskii for
e in liquid helium II.The dire
t 
al
ulations of the for
e were 
arried out in Ginzburg-Landau theory.In order to �nd the for
e, the s
attering of a phonon on a quantized vortex wasexamined, and the analogy to Aharonov-Bohm s
attering was dis
ussed. In theBorn approximation, the 
onventional Aharonov-Bohm s
attering amplitude wasobtained. The s
attering amplitude was not valid for small angles, though, andright behind the vortex a spe
ial small angle solution was developed. Hiddenin the Born integral was also an important modi�
ation of the in
oming wave,whi
h was interpreted as a 
onsequen
e of the long range of the vortex. The Bornsolution was thus 
onsisting of three di�erent 
ontributions; a sum of two validat �nite angles, and one valid for small angles. A 
omparison in the overlappingregion showed that the Born solution was 
ontinuous and single valued. Thes
attering problem was in addition solved as a sum of partial waves. By expressingBessel fun
tions as 
ontour integrals, we were able to sum up. The solution, whi
hwas valid at all angles, was identi
al to the Born solution when 
ompared in thedi�erent limits.The transverse for
e on the vortex from one phonon was found, by examiningthe momentum 
hange through a 
ontour en
losing the vortex. Analyti
al an-swers were found in two limits: with the integration 
ontour far from the vortex,and 
lose to the vortex (but outside the 
ore). The Born solution was used farfrom the vortex, where the 
al
ulation was laborious and involved many termsand limits. With the integration 
ontour put near the vortex, the for
e wasfound almost with no 
al
ulations at all. In addition numeri
al expressions wereobtained at �nite distan
es from the vortex. All these 
al
ulations agreed on atransverse for
e proportional to the phonon mass 
ux, giving the Iordanskii for
e,when the full phonon 
ontribution was 
olle
ted.The two-
uid des
ription of helium II was derived from Ginzburg-Landautheory. In Ginzburg-Landau theory, liquid helium was modeled as a phonon gason the top of a ba
kground 
uid. The super
uid and normal 
uid were identi�edfrom the expression for the mass 
ux. From the phonon s
attering we were ableto show that the normal 
uid 
ir
ulation was zero at the boundaries, provingthat the boundary 
onditions used in Ginzburg-Landau theory were 
onsistentwith the two 
uid model. 99



100 CONCLUSIONWe have gone through the 
al
ulation of the e�e
tive Magnus for
e, found bypushing the vortex adiabati
ally around in a general N -parti
le system. Appliedon the two-
uid model it gave a for
e proportional to �s, implying no Iordanskiifor
e. The super
uid Magnus for
e was identi�ed with the geometri
al Berryphase, giving the for
e a topologi
al 
hara
ter.Several ways out of the 
on
i
t were pointed out. One worth 
onsidering isthe possibility of Iordanskii for
e being non-adiabati
, and hen
e lost in the Berryphase 
al
ulation.



Appendix ASome Useful IntegralsHere is a list of some integrals whi
h are used in the thesis. These integrals 
analso be found in many integral tables, for example Table of integrals, series, andprodu
ts [GR94℄ or Handbook of Mathemati
al Fun
tions [AS68℄.First some integral representations of the Bessel fun
tionsZ ��� d' e�in'+iz sin(') = 2� Jn(z) (A.1)Z ��� d' sin(n') sin(z sin(')) = [1 � (�1)n℄ � Jn(z) (A.2)Z ��� d' 
os(n') 
os(z sin(')) = [1 + (�1)n℄ � Jn(z) (A.3)This leads to two integrals we needZ ��� d' sin(') eiz sin(') = 2�i J1(z) (A.4)Z ��� d' 
os(') eiz sin(') = 0 (A.5)Another integral we need is Z 1�1 dxx2 + 
2 = �j
j (A.6)and the Gaussian integral Z 1�1 dx e��x2 =r�� (A.7)This formula works for <(�) � 0 101



102 APPENDIX A. SOME USEFUL INTEGRALSWe also need integrals of the kindZ 10 dx x�+1J�(ax)x2 + 
2 = 
�K�(a
) (A.8)For the integrals of the Hankel fun
tions, there are not always available formulas,but the Hankel fun
tions of the �rst kind 
an always be expressed by Besselfun
tions as H(1)� (z) = J��(z)� e�i��J�(z)i sin(��) (A.9)For b � 1 we have the integralZ 10 J�(t)eibtdt = 1p1� b2ei� ar
sin(b) (A.10)Combining these formulas we getei�2 � Z 10 H(1)� (t) e�it 
os(t)dt = �2 sin [�('� � + 2�n)℄sin(��) sin(') (A.11)On the right hand side we must 
hoose an integer n a

ording to the value of '.



Appendix BVe
tor Cal
ulus in 2-DIn two dimensions the usual ve
tor 
al
ulus formulae 
an take some pe
uliarshapes. Let the the ve
tors A = Axex +Ayey and B = Bxex + Byey live in thexy-plane, and let ez be the unit ve
tor in the z-dire
tion. Then we haveA � ez = (Ay;�Ax) (B.1)A�B = AxBy �AyBx (B.2)r�A = r � (A� ez) (B.3)The two dimensional delta fun
tions 
an also be identi�ed asr�r' = 2�Æ(r) (B.4)where ' = ar
tan(y=x). This 
an be seen by remembering that the 
url of agradient is zero everywhere ex
ept in singularities. An integral on a 
ir
le withradius r gives, when Stoke's theorem is appliedZ! d2r r�r' = I�! dl � r' = r Z 2�0 d' 1r = 2�whi
h proves that this is a delta fun
tion. The 
ommutator �r ; ��t�'0 will alsobe needed when '0 = ar
tan((y � y0)=(x � x0)) and r0 = r0(t). First we noti
ethat all time dependen
y of '0 is through r0, so that ��tr'0 = �( _r0 � r)r'0.Using the ordinary ve
tor formulae found in text-books we �ndr(�'0�t ) = �r [_r0 � r'0℄= �( _r0 � r)r'0 � _r0 � (r�r'0)= ��tr'0 � ( _r0 � ez)2�Æ(r� r0)By taking the 
ross produ
t on both sides, we get�r ; ��t�'0 � ez = 2� _r0Æ(r� r0) (B.5)103
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Appendix CThe Two-Dimensional Green'sFun
tionThe time-independent two-dimensional Green's fun
tion D(r) is a solution of theequation (k2 +r2)D(r) = �Æ2(r) (C.1)The Fourier transform of the equation is(k2 � p2) ~D(k) = �1The Green's fun
tion is then found as the double integralD(r) = Z d2p(2�)2 1p2 � k2 eip�rIf we introdu
e polar 
oordinates (p; �) in phase spa
e, the angle part of theintegral 
an be easily 
arried outZ 2�0 d� eipr 
os(') = Z 2�0 d� eipr sin(') = 2� J0(pr)from equation (A.1). The restoring integral 
an be found by regularizing�k2 = (��ik)2 for some small positive �, and use formula E.H.II 96(58) in [GR94℄.Z 10 dx xx2 + b2 J0(ax) = K0(ab)where K0 is a Bessel funtion of se
ond kind. The Green's fun
tion is thenD(r) = 12�K0(r(�� ik)) �!0�! i4H(1)0 (kr) (C.2)The �nal result is independent of the 
hoi
e of sign. H(1)0 is the zeroth orderHankel fun
tion of the �rst kind. 105
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