The Iordanskii Force in Helium 11

Jorn Inge Vestgarden

Thesis submitted for the Degree of

Candidatus Scientiarum

Department of Physics
University of Oslo
May 2001






Acknowledgments

First of all thanks to my supervisor professor Jon Magne Leinaas for guidance and
support through the whole work with this thesis, and for selecting the fascinating
topic of quantized vortices and forces in helium II.

Also thanks to my father, Jorgen Vestgarden, for correcting the language.

Jorn Inge Vestgarden
Oslo, May 2001






Contents

Introduction

Notation . . . . . . . .

1 Background

1.1 Classical Hydrodynamics . . . . . . .. ... ... ... ... ...
1.1.1  The Circulation . . . . . . . .. ... ... ...
1.1.2  The Magnus Force . . . . . .. .. ... ... ... ....

1.2 Ginzburg-Landau Theory . . . . .. .. ... .o 0L
1.2.1  Hydrodynamical form . .. .. .. ... ... .......
1.2.2 Plane Waves . . . . . . . .. ...
1.2.3  Stationary Vortex . . . . . . . . .. ...
1.24 Moving Vortex . . . . . . . .. . o

1.3 Vortex Motion . . . . . . . ... o
1.3.1 A Vortex in a Plane Wave . . . . . .. ... .. .. ....

1.4 Analogy to Electro-Magnetism . . . . . .. .. ... ... .....
1.4.1  2-D Electro-Magnetism . . . . . .. .. ... .. .. ....
1.4.2  The Analogy to Electro-Magnetism . . . . . .. .. .. ..
1.4.3 The Lorentz Force . . . . . .. .. ... ... ... ....

Phonon Scattering

2.1 The Scattering Equation . . . . . ... .. ... ..

2.2 Analogy to Aharonov-Bohm Scattering . . . . ... ... ... ..

2.3 Solution by Born Approximation . . . .. ... ... ... .. ..
2.3.1 The Scattering Amplitude . . . . .. ...
2.3.2 The Hidden Terms . . . . . .. . ... ... ... .....
2.3.3  Small Angle Scattering . . . .. .. ... 0oL
2.3.4  Discussion of the Born Approximation . . . .. ... ...

2.4 Solution by Partial Wave Analysis . . . . ... ... .. ... ...
2.4.1 Boundary Conditions Near the Vortex . . . .. .. .. ..
2.4.2  Boundary Conditions Far From the Vortex . . . . . . . ..
2.4.3 The Aharonov-Bohm Sum . . . ... ... ... ... ...
2.4.4  The Solution Far From the Flux-Point . . . . . .. .. ..
2.4.5 Discussion of the Partial Wave Analysis . . . . .. .. ..

5

11
11
12
12
14
16
16
18
19
20
21
22
23
24
25



2.5 Density Corrections . . . . . .. .. .. ... ...

3 The Phonon Force

3.1 The Momentum-Flux Tensor . . . . . ... .. ..
3.2 Calculation of the Force . ... .. ... ... ..
3.2.1 Circuit Far From the Vortex . . . . . . ..
3.2.2  Circuit Near the Vortex . . . ... .. ..
3.2.3 Numerical Calculations . . . . ... .. ..
3.3 Conclusion . . . . . .. .. .. oo

3.4 The Background Fluid Force . . . . . . .. .. ..

4 The Two-Fluid Description

4.1 Phenomenology . . . . .. ... ... ... .. ..
4.1.1  Exctations . . .. ... ...
4.1.2  Superfluidity . . . ..o
4.1.3 The Equations . . ... .. ... ... ..

4.2 Derivation from Ginzburg-Landau Theory

421 The Mass Flux . . ... .. ........
4.2.2 The Energy . . . . . ... ...
4.3 The Circulation . . . . . . ... ... ... ....
4.3.1 Numerical Calculation . .. ... ... ..

5 Forces on a Vortex

5.1 The lordanskii Force . . . . .. .. .. ... ...
5.2  The Superfluid Magnus Force . . . .. .. .. ..
5.3 The Effective Magnus Force . . . . .. .. .. ..
5.3.1 Application on Helium IT. . . . . . . . ..
5.3.2 Berry’'s Phase . . . ... ...

5.4 Discussion of the Controversy . . . .. ... ...

Conclusion
A Some Useful Integrals
B Vector Calculus in 2-D

C The Two-Dimensional Green’s Function

CONTENTS

103

105



Introduction

Among the most controversial topics in superfluid helium II, is the lordanskii
force. This is the phonon contribution to the force perpendicular to the normal
fluid velocity. It is an apparent conflict between direct calculations, which get
a lordanskii force, and an indirect determination, which gets none. The goal of
this thesis is to offer a careful presentation of the topic and the importance is
attached to the direct calculations.

We will study phonons scattered on a vortex. The theory used is the quan-
tum mechanical Ginzburg-Landau theory, and the equations are solved by both
Born approximation and partial wave analysis. To complete the understanding
of the problem, the analogy to Aharonov-Bohm scattering is discussed. The vor-
tex will be seen to impose a change of the incoming waves, in addition to the
scattered wave. The region right behind the vortex is of special interest and will
be discussed separately.

The transverse force from one phonon is found, by considering the momentum
balance on a contour surrounding the vortex. Analytical answers are found in the
limits when the circuit is far from the vortex and close to the vortex. Numerical
studies will be done in the intermediate regions. The contribution from the region
right behind the vortex will prove to be essential to the force. The lordanskii
force is found as the force from a thermal assembly of phonons.

The indirect determination of the lordanskii force comes through the effective
Magnus force, which is the force perpendicular to a moving vortex, in a station-
ary liquid. The effective Magnus force is found from a many-particle quantum
mechanics expression, and is associated with the geometrical Berry phase. Ap-
plied on helium II, the result implies no lordanskii force, opposed to the direct
calculations.

Most of the topics discussed in this thesis are built on the tension between
these conflicting results.

The contents of the chapters are:

o Chapter 1: Presentation of Ginzburg-Landau theory, which is the formal-
ism used in most of the thesis. Quantized vortices and plane wave solutions
are introduced. The chapter also includes two applications which have
nothing to do with the lordanskii force: the motion of a free vortex, and
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the analogy between Ginzburg-Landau theory and two-dimensional electro-
magnetism.

Chapter 2:  Calculations of a phonon scattered on a vortex. The meth-
ods used are the Born approximation, and the partial wave analysis. The
analogy to Aharonov-Bohm scattering is discussed.

Chapter 3: The results from chapter 2 is used to calculate the transverse
force from one phonon, by considering the momentum balance on a contour
enclosing the vortex. The force is found both analytically and numerically.
In addition the background fluid force is found.

Chapter /: A presentation of the two-fluid model and how the model can be
constructed from Ginzburg-Landau theory in the low temperature regime.
The normal fluid circulations is calculated from the scattering results from
chapter 2.

Chapter 5:  Discussion of the different forces on a vortex in helium II, at
finite temperature. Presentation of the lordanskii force, the superfluid Mag-
nus force and the effective Magnus force. Derivation of the effective Magnus
force and discussion of the disagreement with the direct calculations.
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Notation

In Ginzburg-Landau theory, dimensionless units are used. This means that the
speed of sound is ¢ = 1, and the constant density of the background fluid is
po = 1. The circulation of a ¢ fold vortex is k = 27gq.

Some of the symbols used are not standard in condensed matter physics, but
we have tried to be consequent in our notation throughout the thesis.

O(r,1) Phase of Ginzburg-landau wavefunction

p(r,t) Density of Ginzburg-landau wavefunction

x(r, 1) Phase fluctuation

o(r) Time-independent phase fluctuation

n(r,t) Density fluctuation

v(r) Time-independent density fluctuation

qg=*1 Vortex winding number

a = gk Aharonov-Bohm flux & scattering parameter

f(r) Density profile of stationary vortex

Q= V12 +2al Phase shift in acoustic Aharonov-Bohm scattering




10

INTRODUCTION



Chapter 1

Background

1.1 Classical Hydrodynamics

The language used in most of this thesis is the quantum mechanical Ginzburg-
Landau theory, but since many of the quantities used there have classical analo-
gies, it 1s useful first to write down the equations ruling a classical fluid. A
more careful treatment of classical fluids can be found in a textbook, for exam-
ple [LL87].

The first equation to mention is the continuity equation. This is a statement
of mass conservation

dp

— + V. (pv)=0 1.1
Y (V) (L)
The quantities used here is p which is the fluid mass density and v which is the
velocity. Conservation of momentum gives the important Navier-Stoke’s equation

dv  Ov 1 1 2
%_E—F(V-V)V_—;VP—EVVW—I-VV v (1.2)

where P is the pressure, v is the dynamical viscosity and V,, an external potential.
The Navier-Stoke’s equation is difficult to solve and in many cases it is enough
to consider a case without viscosity. Then the simpler Euler’s equation can be
used instead

dv  0Ov 1 1
% = a (V . V)V = —;VP — EVVW (13)

In many fluids Euler’s equation gives an adequate description away from bound-
aries and turbulent regions. Most practical solutions in hydrodynamics are done
by fitting solutions of Navier-Stoke’s equation near boundaries with solutions of
Euler’s equation in the rest of the fluid.

11
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1.1.1 The Circulation

In classical hydrodynamics the circulation is defined as a closed contour integral
of the velocity. As the name implies, the circulation tells us how much the fluid
is rotating in the area enclosed by the contour. It can be shown ([LL87]) that
in case of incompressible classical fluid, the circulation is conserved when the
contour follows the flow of the fluid. Classically the circulation can take any
value

I = % v - dl = constant (1.4)
c

Another classical quantity, is the vorticity which is defined as the curl of the
velocity w = V x v. If Stoke’s theorem is applied to the definition of the cir-
culation (1.4), the line integral of the velocity can be transformed to a surface
integral of the vorticity

I = /dS - w = constant (1.5)
s

which shows that vorticity is circulation per. unit area. A point vortex situated
at the origin has vorticity w = I'd(r).

The circulation of ordinary fluids can take any value. In superfluids this is no
longer true, and the the circulation is quantized in integer steps of

R=— (1.6)
where h is Plank’s constant and m is the physical atom/molecule mass. The
circulation of a superfluid cannot be continuously changed and circulation of the
whole fluid, kN, is thus a topological quantity; quantized vortex solution can
not be found by perturbation of non-vortex solutions. The quantized vortices, as
they appear in Ginzburg-Landau theory, are discussed in section 1.2.3.

The idea of quantization of circulation in superfluids can be ascribed to On-
sager [Ons49]. In a footnote(!) he writes: “Vortices in a superfluid are presumably
quantized; the quantum of circulation is h/m, where m is the mass of a single
molecule.”

1.1.2 The Magnus Force

The main attention of this thesis will be devoted to the transverse force on a
vortex in superfluid helium II. This force will prove to have similarities to the
force on a body in a conventional fluid, so it can be useful first to study the
classical situation. A classical fluid passing a solid body will in many cases exert
a force on the body. The force can be split in one parallel and one transverse
to the initial fluid velocity. These components are of different natures. In the
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cases when the longitudinal force is non-zero it is found to be strongly dependent
on the shape and the surface of the body. In case of potential flow there is no
longitudinal force on the body, which is a statement of d’Alembert’s paradox.
The transverse force, when it appears, is on the contrary not dependent on the
details of the body, but only on the circulation in the fluid. The transverse force
on a body from a fluid is called the Magnus force, after the German physicist
Magnus who discovered it in 1852, on spinning bodies in a liquid.

In the following we will work in two dimensions. The result can easily be
generalized to three dimensions by letting the force be the force per unit length.
To find the force, let us suppose that the body is at rest and the fluid has the
velocity v. The force on the body can be found by considering the momentum-
flux tensor

Hij = P(SU + pPUU; (17)

The momentum-flux tensor is interpreted as the density of j-momentum in the
direction +:. The force on the fluid from the body is found by integrating the
tensor around a surface enclosing the body. From Newtons third law the force
on the body from the fluid is the same, but in opposite direction (—i-direction).
The components of the force are then

FZ' = —%deHij (18)

Let us suppose that far from the body solutions of the hydrodynamical equations
with constant pressure P and density p can be found. Besides that, the velocity
must be very near a constant velocity which we put along the z-axis, v = v, e, +
0v. The constant terms with P and v.;v.; do not contribute to the force. If
the second order term in the velocity difference v is ignored, we get for the
transverse force

= —%depvoo ov; (1.9)

With constant p, the integral is nothing but the circulation (1.4). In vector
notation, the Magnus force is

Fy = pve x T (1.10)

The direction of the I' vector is out of the plane. In this case with constant p and
P, the longitudinal force is zero. With the above choice of solutions for P and v,
only the v;v; term in the momentum-flux tensor is non-vanishing, but in general
both terms will contribute. On a airplane wing, for example, the transverse
force is caused by the pressure difference on the two sides of the wing. With
other solutions a longitudinal force components could have been experienced, in
addition.
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If the body moves with velocity u, v, — u can be substituted for v, in the
Magnus force (1.10). For a body moving along with the velocity of the fluid,
there is no Magnus force.

1.2 Ginzburg-Landau Theory

The understanding of superfluid helium has developed in many steps and there
are many contributors. The theory which is presented here is called Ginzburg-
Landau theory. The name is often used on the more general theory of super-
conductors as well, but here it will be applied to superfluids only (also referred
to as Ginzburg-Pitaevskii theory). The historical development of the theories on
liquid helium will not be presented here, but can be found in many text-books,
e.g. [Gly94], [NP90] and [WBE8T7]. This presentation will just serve as a brief in-
troduction and the main point is to establish the formalism which will be used
for most of the calculations in this thesis.

In nature there are two species of helium atoms *He, which are Bosons and
3He which are Fermions. For low temperatures these isotopes have very differ-
ent behavior so that each of them must be discussed separately. This thesis will
be restricted to bosonic helium only. With normal pressure we talk about three
different phases of helium. For high temperatures it is of course a gas and below
the boiling point it is an ordinary viscid liquid called helium I. In bosonic he-
lium we can in addition experience a second order phase transition at a critical
temperature T'. Below this temperature we speak of helium II, which is partly
superfluid. At the absolute zero, helium is a pure superfluid. Helium II is more
carefully described in chapter 4. bosonic helium is liquid down to the absolute
zero and solid helium is only found at high pressure.

The theory describing liquid helium can start with the grand canonical Hamil-
tonian for a D-dimensional interacting system

K =H — uN
~ [ EAVE: ~

2m
w5 [ @ [ BT EVE - FE)E

where {I\/T(r) and {I\/(r) are the helium atom creation and annihilation operators
and V(r —1’) is the interaction potential. The chemical potential is . The fields
satisfy the Bose commutation rule

U(r) , ()

=6(r—r') (1.12)

To get a reliable theory of the liquid, an appropriate interaction must be found.
Interactions which are realistic at a microscopic level, do often distort the math-
ematical handling and hide the macroscopic behavior. The Ginzburg-Landau
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theory is, on the contrary, a simple model where the fluid is treated as consisting
of weakly repelling Bosons, i.e. the only interaction entering into our calculations
is the repulsion when two atoms happen to be at the same point. The potential
is then

Vir—r')=gé(r —1') (1.13)

Such a theory is not valid for small length-scales, but it can serve a good descrip-
tion at a larger level. The mathematical simplification of the model is overwhelm-
ing and makes it possible to carry out more detailed calculations. The equation
of motion is

dU(r)
ot

ih - {\T/(r) , R}

(1.14)

2
= [_;—mw + gUT(e)W(r) — p| U(r)

Here m is the helium mass, ¢ is the interaction strength and g is the chemical
potential. The interpretation of the chemical potential is that the system has a
density po = mu/g which is energetically favorable. At temperatures near the
absolute zero, the quantized fields can be replaced by their mean fields, <{I\/> = V.
Since W is a classical function, it is much easier to handle than the operator 3
Mean field in this context means the off-diagonal matrix element

(U(N — 1)|¥|¥(N)), where U(N) is the N particle wavefunction [NP90]. This
is called the Gross-Pitaevskii approximation, which will be used in most of the
calculations done later. The equation of motion for the classical field is

ov h*
th— = |——V? VP2 —p| U 1.15
5 { 5V Tl —u (1.15)
which is often in literature referred to as the nonlinear Schrodinger equation. A
Lagrangian formalism can also be used instead of the Hamiltonian formalism.
The Ginzburg-Landau Lagrangian density is

ih . h? g

L= (00— ) = V0P = (|0 — po)? 1.16

! U - P o) (116)
The theory as described above contains many parameters. These are impor-
tant when the thermodynamical properties of the system is considered, but are
just distorting the equations when working at zero temperature. The fields and
coordinates can be rescaled to dimensionless form, denoted with primes

g = Po U 1= gpPo / =Y gro T (1.17)
V m

" hm h

This transformations correspond to setting all the constants f,g,m and pg to
unity in our equation. Most calculations done in the rest of this chapter and
in chapter 2 and 3 are in dimensionless units. The speed of sound is (when the
velocity is small) equal to unity in dimensionless units. In dimensional units it is

¢ =/gpo/m.
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1.2.1 Hydrodynamical form

The Ginzburg Landau theory is a quantum theory. The application of the theory
is however on a liquid which in many cases can be treated like a classical liquid.
The analogy between the classical equations in section 1.1 and the Ginzburg-
Landau theory is best seen by writing the wavefunction on polar form

P g
\Il_—”— 1.18
me ( )

where p and 0 are real functions. The wavefunction is a solution of the Schrodinger
equation

ﬁ2

2m

ihl = — V20 4 L (| U2 — po) (1.19)
m

The standard interpretation of quantum mechanics is that |¥|? is the probability

density. The quantity p = m|¥|* is then mass density. The phase of the wave-

function will be a potential for the velocity, v = %V@. By separating out the

real and imaginary part of (1.18), we get two equations

h

p+—V-(pVh) =0 (1.20)
m

. hVi/p h lg

f— — — (V) + =L (m|V]? — = 1.21
5 T am (VO g (I = o) =0 (1.21)

The first equation is the continuity equation. If we take the gradient of the second
equation it begins to look like the Fuler equation. Supposing that 6 is non-
singular, the order of time derivative and space derivative can be interchanged.
This is however not true in the case of vortices as we will see later. Expressing
the equations by the density and velocity, we get

p+V-(pv)=0 (1.22)
) 1 V2
v+v(V-v)=—-——V {2,0— '0}

m m 2my/p
where we have used the mathematical identity $V(v?) = v(V - v). The last
equation is a variant of Euler’s equation (1.3), where the quantum effects are
hidden in the peculiar looking potential on the right hand side.

(1.23)

1.2.2 Plane Waves

The physical ground-state of the Ginzburg-Landau liquid is a state minimizing the
interaction energy, thus having density p = 1 in dimensionless units. Considering
small fluctuations around this density, plane wave solutions can be found. In
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addition 1t is supposed that the background fluid has the constant velocity vg =
V. If the velocity is small, the correction to the density p of order v3, can be
ignored. Seeking solutions of the Ginzburg-Landau equations near the ground
state, the field equations can be linearized in the small quantities n = p — 1 and
x =60—0,.

: 1 :
X4n=7Vin+ve-Vx =0 i+ VI +vo - V=0 (1.24)

Plane wave solutions for n and y are specially important, since other non-vortex
solutions can be expressed as superpositions of such waves. Plane waves are of
the form

Xk(X7 t) _ Xkeikx—iwt nk(Xa t) _ nkeikx—iwt (125)

where w is the frequency and k is the wave-number of the wave. In dimensionless
units w is also equal to the wave energy. It must be pointed out that all physical
solutions of 1 and x must be real, so we must be ready taking the real part of our
solutions at any time. Inserting (1.25) into one of the linearized field equations
leads to the following relations between the constants yx and nyx

.o

Xk — —Zﬁﬁk (1.26)

where wy = w — k - vg is the energy in the rest frame where condensate velocity
is zero. From the other field equation we get

12
wo = k(1 + Z) (1.27)
with k& = |k|. For low k the ordinary linear phonon energy w & k is obtained,

but for higher momenta the energy deviates from this. For k£ > 1 it gives the
peculiar phonon energy w = % + 1 and the speed of sound is also frequency
dependent ¢, = wo/k ~ k/2. We must be careful to use this energy spectrum for
higher energies in quantum liquids, since it does not fit the experimental curve,
figure 4.1. In this thesis all calculations are in the low energy regime, with a
linear phonon energy wy ~ k and a constant speed of sound , ¢ = 1 (In full units
¢ =/gpo/m).

An important quantity is the time average mass flux! of a plane wave. The
definition is

() = {1 +n)(vo+Vx)) (1.28)

The plane waves 1 and x are real, and only the real part of (1.25) count. The
product of the real parts are R(n)R(Vx) = ;R(n*Vx + nVx). The first term,

'In our dimensionless units this is also equal to the probability flux and the energy flux.
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R(n*Vy), is time-independent and survives the time averaging, while the latter

has time dependency ¢*“, and vanishes.
) 1 k*
(dic) = §w_k|Xk|2 k=n; k (1.29)

where ny, as the the number density of the plane wave, is defined. In a thermal
assembly of phonons this will appear as the distribution function.

1.2.3 Stationary Vortex

In Ginzburg-Landau theory the quantized vortices appear as multi-valued phases
of the wavefunction. Since the wavefunction itself must be single-valued, the
only transformations allowed for the phase are § — 6 4 27q, with ¢ as an integer.
There is no way to change it continuously from one value to another, and ¢ can
then be seen as a topological quantity of the fluid; it can only change in discrete
steps.

If the vortex is at rest at the origin the g-fold vortex-solution is § = gy where
@ = arctan(y/x) is the angle between y and x. The wave function on polar form
is now

U = fe'? (1.30)

where f is the square root of the density profile (or just the density profile for
short) of the vortex. The symbol f = f(r) will in the rest of the thesis be used to
denote the density profile of a stationary vortex. The velocity field is v = %e@.

The vorticity is
h h
q—V x Vo = q—é(r) (1.31)
m m

where the delta function is recognized from the formula in appendix B. This
tells us that the circulation is an integer multiple ¢ of the circulation quantum
h/m = k if the integral is enclosing the vortex, in all other cases it is zero.

The density profile is found by substituting f = /p in the equations (1.20)
and (1.21), which here are presented on dimensionless form. The first equation
is now simply Vi - Vf, which means that f is a function of the radius alone,
f = f(r). From the second we obtain the differential equation

o*f 19f q*

ZJ 27 9_LNF_9f3 = 1.32

ar2+rar+( r2)f / (1.32)
The boundary condition far from the vortex is that the density must reach the
density of the rest of the fluid, which in dimensionless units means that
f — 1. Near the origin we must have f — 0 to avoid a singular wave-function.

An analytical solution of (1.32) with these boundary conditions is not possible
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Figure 1.1: Numerical solution of the density profile f, and the analytical ap-
proximation f, as functions of r/v/2.

to achieve, so the best we can do is to find the asymptotic behavior and plot
numerical solutions.

By doing series expansions near the origin we easily find f ~ 79, but the
proportionality factor is still undetermined. It must be found by fitting solutions
near the vortex to those far from it. Far from the vortex the profile can be ex-
panded in powers of r~!, giving f ~ 1 — ﬁ. Since the gradient of the phase
goes as r~1 the tail of the vortex profile far from the vortex can in many cases be
ignored. This is called the point vortex approximation. These two asymptotic ex-

pressions can, when ¢ = £1, be brought together in an analytical approximation
for f. The function

f=— (1.33)

which was found by Fetter [Fet65] will serve as an adequate approximation to the
full function f. The figure 1.1 shows a plot comparing the analytical approxima-
tion (1.33) and the numerical solution of Kawatra and Pathria [KP66].

For the rest of the thesis we will suppose that vortices have winding-numbers
lg| = 1, where a solution with ¢ = 1 will be called a vortex, and a solution with
g = —1 will be called an anti-vortex.

1.2.4 Moving Vortex

From stationary vortex solutions, it is possible to find approximate solutions for
a slowly moving vortex, by assuming that the solutions of the moving case can be

seen a small perturbation of the stationary case. The phase of the wave function

¥Y—¥o
r—xTo

is thought to be 8 = gpo = qarctan< , where ro = ro(t) is the vortex
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position. For the phase we write p = f%(1 4 dp), where f = f(|r — ro|) is the
density profile of a stationary vortex, defined in the last section. By inserting this
into the Ginzburg-Landau equation of hydrodynamical form, (1.20) and (1.21),
the definition of f, (1.32), can be used to get rid of some terms. By ignoring
second order terms in dp, we get the following two equations

2ff + 16p+ qf*Vp - Vipg = 0 (1.34)
1 1
g0 + f2op — ?Vf - Vép—5Vip~0 (1.35)

The time derivatives of f and g are entirely through the vortex position rg, so
that f = —Vf- T and Yo = —Vipg - rg. When making a rough estimate of dp far
from the vortex, it is enough to work to order ~ |r — ro|™', thus putting f = 1.
Seeking slowly changing solutions, the V2§p term can be ignored giving a simple
equation for the density correction

The correction is of order ~ |r — rg|™' and thus dominating compared to the
correction in the constant density profile 1 — f ~ |r — rg|72. If the vortex moves
with constant velocity along the z-axis, so that zo = vt and yo = 0, the density
correction is dp = —qvm. The correction is anti-symmetric about the
x-axes, and proportional to the vortex winding number q.

This result can also be applied to the situation when the background fluid is
not at rest, but moving with some velocity vy, by substituting ro — ro — v,. The

force on the vortex in this situation will be calculated in section 3.4.

1.3 Vortex Motion

In section 1.2.4 the change of the fields far from the vortex, due to the vortex
motion, was studied. Now we want to examine the equations inside the vortex
core, in order to find the vortex equations of motion. The derivation will follow
that of E. Schroder and O. Toérnkvist [ST97], except that their derivation is
done for a vortex string in three dimensions while we only will consider a vortex
point in two dimensions. We start with the Ginzburg-Landau field equations on
hydrodynamical form

b4V (pV0) = 0 (1.37)
S| 11

0 _ 02___ 2 — 1= 1.
F5(V0P = 5=V p =0 (1.38)

where p and # is the density and the phase of the wave function. The contributions
originating from the vortex can be separated out

0 — qp+0 p— I*p
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where the density profile of the vortex is f = f(R). We use R = |r — r¢| and
¢ = arctan(Z£=%2) which is the polar coordinate system centered at the moving

r—o0 ~
vortex point ro = ro(t). The remaining functions p and 6 are supposed to be
non-singular and well behaved near the vortex point. The field equations can
now be written as

[op 2 sl S oo
U v v A v P 0 = .
2f+ﬁ+fo v +ﬁv,o Vigp+80)+pV20=0 (1.39)
o1 N
ap+ 0+ (ap+ V) 57V UV =0 (1.40)

where the identities Vf - Vo = 0 and V*p = 0 have been used. All the time
dependency in f and ¢ is through rg, so that ¢ = =V 15 and f = =V f - ry.
We now do expansions in powers of R7!. The gradient of the phase is Vi = %ew
and the density profile is proportional to R, f ~ R. All the terms of power R~2
fall out and the the terms proportional to R~1 are

<vé ~to+ %Vln(ﬁ) x eZ> e =0 (1.41)
<vé — o+ %vm(,&) x eZ> e, =0 (1.42)

In the limit where R — 0 these solutions are exact. The following equation
relates the motion of the vortex to the fields p and 4

o = {vé + 49 1n(p) x ez} (1.43)
2 r=ro

The exact vortex motion is found as self-consistent solutions for the vortex equa-
tion of motion (1.43) and the fields. And approximation of the vortex motion
can be found by inserting the vortex into solutions of the field equation without
bothering about the influence of the vortex on the solutions. The only appli-
cation which will be considered in this thesis, is the vortex in a plane wave, in
section 1.3.1.

1.3.1 A Vortex in a Plane Wave

One application of the vortex motion formula, (1.43), is to see how a vortex
behaves in a plane wave. This means that the modification of the wave because
of the vortex (which is so carefully discussed in chapter 2) is ignored.

The linearized field equations have plane wave solutions, which were studied
in section 1.2.2. To avoid confusion, let us suppose that n; is real. The plane
wave solutions of the phase y and density n = p — 1 are then

1
X = L sin(k - r — wt) n =ngcos(k-r—wt) (1.44)
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where the frequency, in the low energy limit is, w = k. If the plane wave is
propagating along the x-axes the equations of motion (1.43) for the vortex are

to = Nk cos(kxg — wt) (1.45)
o = —%nk sin(kxg — wt) (1.46)

This is in qualitatively agreement with what is earlier done by L. K. Mykle-
bust [Myk96] in his thesis for Cand. Scient. He uses f = r/y/r2 +1/2 as an
approximation for the vortex profile, and in the small £ limit, he gets the same
k-dependency as above. But his result differs from ours in that he gets I instead
of 1 as the factor in the yo equation.

A very rough estimate of the solution of the above equations can be found if

krg is small. If the kxg terms are ignored on the right hand side, we get

To & 1 cos(wt) (1.47)

Yo _%knk sin(wt) (1.48)
The boundary conditions can be chosen so that yo(0) = —Zm and 20(0) = 0,
which gives

zo(t) = %nk sin(wt) (1.49)

yo(t) = _%Uk cos(wt) (1.50)

which describes an ellipse. The relation between ¢ and yg is then

() () o

with @ = n /k and b = Zn,. When k gets smaller, the motion gets more and more
in the z-direction. The area of the ellipse is mab = %772 The area is independent
of k if the normalization n ~ vk is chosen.

In this estimate of the motion, a lot of effects have been ignored. The scat-
tering of the wave on the vortex will, as seen in chapter 2 and 3, exert a force
on the vortex. If the vortex has a mass? it would give a drift of the vortex in
the direction of the force. If the analogy to electro-magnetism is applied (section
1.4), where vortices are interpreted as charges, one could expect a radiation of
energy from the accelerating vortex. The vortex losing energy will spiral inwards.

1.4 Analogy to Electro-Magnetism

For a long time there has been known analogies between two-dimensional electro-
magnetism and hydrodynamics on a thin film. Before Maxwell’s equations were

2The question of the vortex mass is still unsolved.
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well established people could gain insight on electro-magnetism from such analo-
gies by experimenting on fluids. An introduction to the analogies between a
classical fluid and electro-magnetism can be found in [Myk96]. Today the sit-
uation is the other way round: electro-magnetism is very well understood and
studied, while there still exist phenomena in fluid mechanics which are still not
entirely understood. One such phenomenon is quantized vortices in superfluid
films, which can be shown to have some of the same behavior as (quantized)
point charges in an electro-magnetic theory. A reference starting with Ginzburg-
Landau theory is an article by D.F. Arovas and J.A. Freire [AF96]. They work
directly with the Ginzburg-Landau Lagrangian density. By requiring that the
partition function shall be invariant, they can integrate out some of the variables
and obtain a Lagrangian which is to second order in the fields equal to the QED-
Lagrangian. We will do a more simple and direct approach instead, by starting
with the field equations on polar form, (1.20) and (1.21), and try to transform
them into Maxwell’s equations.

There also exists an analogy to the potential formulation of electro-dynamics,
which is described in [Myk96]. In chapter 2 the analogy between phonon scatter-
ing on a vortex and Aharonov-Bohm scattering is discussed. This analogy comes
from terms quadratic in the fields and will not be transparent in the linearized
equations considered here.

1.4.1 2-D Electro-Magnetism

First we will take brief look at two-dimensional electro-magnetism, where the
E-field is lying in the plane while the B-field is perpendicular to the plane. This
B-vector can hence be treated as a scalar, since it has a fixed direction. In two

dimensions there are only three Maxwell’s equations, since V - B = 0 always
holds.
V-E=p,. (1.52)
OE
2 4 VBxe,=1J. (1.53)
ot
0B

The equations are Gauss’ law, Ampere’s law and Faraday’s law. The density p.
is the charge density and J. is the current density. Instead of using the fields B
and E, we could use a potential formulation and introduce a Lagrangian density
as a function of the potential ¢ and A. Then the first two equations would be
the field equations, while Faraday’s law would be a consequence of the definitions
B=V xAand E=-V¢—A.

Charged particles moving in an electric and magnetic field will also experience
a force; the Lorentz force. If the particle position is rg and it has mass m and
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charge (), the force is simply

where E and B is the electric and magnetic field evaluated at the particle position.
These are all the basic equations needed in classical electro-magnetism in two
dimensions.

1.4.2 The Analogy to Electro-Magnetism

In dimensionless units, the Ginzburg-Landau field equations on hydrodynamical

form, (1.20) and (1.21) are
,6+V- (pVO) =0 (1.56)

0+ (V@) —%7V Ve+p—1=0 (1.57)

We want to do the identification
Q) = 2mq B=1-p E=Vflxe, (1.58)

where () will be identified as charge, B as the magnetic field and E as the electric
field. The most common way is to define the electric field as proportional to
pVO x e,. The continuity equation, (1.56), is then Faraday’s law exactly. The
reason why we choose to do it differently, is that our choice makes the E-field
singular. This makes it possible to draw the analogy to point charges and still
keep information from the density profile®. If there are N vortices present with
positions rg(t), Gauss’ law is directly found from the definition of E

V-E=V-(Vlxe.) ZQW% (r—r;) = pu (1.59)

where the delta functions are identified from V x Vo = 27é(r) found in ap-
pendix B. The quantized vortices appear as point charges in the electro-magnetic
formulations! The charges are given by ) = 2m¢q. In full units this would have
been proportional to the quantized circulation of the vortex.

In the first equation (1.56) the substitutions can be done without much trou-
ble. In the second (1.57) we have to take the gradient of the whole equations and
take the cross product with e, to be able to do the identifications. The gradient
and the time derivative do not commute, since the E-field is singular. From ap-

pendix B the commutator is found [V ] Yo X €, = 2mrod(r —rg). The vortex

» D1
current can be identified

0 )
{V ey ] 0 xe, = zk: 2rqrrd(r —ry) = J,

3In most analogies only point vortices are considered.
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The two hydrodynamical field equations are now

B+VxE=BVxE—-E - (VBxe.) (1.60)
V%/l—B} y

e — eZ

vV1-B

To compare this with the last two of Maxwell’s equations we must linearize in B

- 1
—E+VB><eZ:JU+§V {E2+ (1.61)

and E. It must be noted that linearization is only valid far from the vortex cores,
since B — 1 near the vortex. After the linearization the equations are still not
exact Maxwell’s equations, since (1.61) has an additional term ~ V*B. In the
low energy limit, where the B field is slowly varying, this term can be neglected.
The analogy to electro-magnetism is hence valid just in the low energy limit.

1.4.3 The Lorentz Force

The last equation needed is the Lorentz force, or the force on a moving charge in
an electro-magnetic field. In hydrodynamics this must be analogous to the force
on a moving vortex in a Bose-liquid. In section 1.3 an equation for the motion of
a vortex (1.43) was derived

Py = | VO + %Vlnp < e, (1.62)

r=rg

where rq is the vortex position. Applying the analogy (1.58), this can be written
QE+71,xB,.,]=-7VB (1.63)

where a large constant external magnetic field is defined to be B., = —e.. The
evaluations of E and VB are still at the vortex position rg. The left hand side
of (1.63) looks pretty much as a Lorentz force. The term ry x B., is also equal
to the background fluid Magnus force, which is discussed in section 3.4.

The right hand side is not proportional to the vortex acceleration as expected
for a massive vortex, nor zero, as for a massless vortex. From the form of the
equation (1.63) we can thus not draw any conclusion about the vortex mass.
In [AF96] the right hand side of the equation was zero, implying a massless vortex.
The reason why we arrived on different looking result, is that the derivation done
in section 1.3 kept information from the density profile of the vortex, while most
analogies are done within the point vortex approximation.
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Chapter 2

Phonon Scattering

A well-known phenomenon in quantum physics is the Aharonov-Bohm effect,
which says that an electron beam is affected by a magnetic flux-string, even if
the electron itself is not in direct contact with the flux. The whole effect is due
to the vector potential around the flux-string and hence a pure quantum phe-
nomenon. In this chapter, we will see that this is to some extent analogous to
the effect of a stationary vortex string on a phonon wave, which will be called the
acoustic Aharonov-Bohm effect. We will exploit this analogy by using the well
known solutions of the Aharonov-Bohm effect to discuss our acoustic scattering
problem. In resent time there has been a lot of interest in this subject, since it is
still not entirely understood and it is important when discussing the forces acting
in helium II. A more complete discussion of the forces in helium II is held in chap-
ter 5. In this chapter only the effect of a single plane wave on a stationary vortex
is considered. The discussion will mainly follow the arguments of Sonin [Son96]
and Stone [Sto99]. The original paper by Aharonov and Bohm [AB59] will also
prove a useful source. The summation in the partial wave analysis will be done

according to Sommerfield and Minakata [SMO00].

2.1 The Scattering Equation

There are at least two possible starting points when discussing the scattering of
a plane wave on a vortex. The first one is the classical hydrodynamical equation
for a superfluid; the second is the quantum mechanical Ginzburg-Landau theory.
We will use the latter in the semi-classical Gross-Pitaevskii approximation. If
the vortex line is straight, we have cylindrical symmetry and effectively a two-
dimensional problem.

We start with the Schrodinger equation on polar form. With one vortex
situated at the origin, § = y+qp and p = f(14n) are substituted. If the deviation
from a stationary vortex solution is small, the equations (1.20) and (1.21) can be

27
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linearized in 1 and Y, to obtain

) 1 1
A B BN SRR VRS IR '] SRS
and
i+ VI =M {=qVe - Vi —2Vin(f) - Vi} (2:2)
where the parameter A\ = 1 is introduced to ease the book-keeping. Notice

that A = 0 correspond to no vortex present, giving the wave equations studied
in (1.2.2). In the case of plane waves, without disturbing vortices, V?n = —k*n.
In the long wavelength limit, where k < 1, we thus have

IV2n| < [n] (2.3)

We will now suppose that this condition holds with a vortex in the background
too. The V25 term in (2.1) will thus be ignored. It is not obvious that small
k always ensures that V?p is small when the vortex is present, but this can be
explicitly checked later when the solutions are found (see section 2.4.5).

The equations (2.1) and (2.2) will now be solved by treating the appearance
of the vortex as a perturbation. We want the solutions to be as close as possible
to plane waves, since such waves later enable us to introduce temperature in the
fluid. In the point vortex approximation f = 1, and ¢ could have been used as the
perturbation parameter. But since we will try to extract some information from
the density profile, the new parameter A = 1 is introduced. Both A and ¢ have
the disadvantage that they are not small numbers themselves. The perturbation
must then in some sense reflect that the operators appearing with the vortex
shall not be too influential. This can happen in at least two ways. First: since
the operators contain derivatives, their effect can be small in the low energy
limit. Second: The operators can be small far from the vortex. Typically the
phase contribution goes as ~ r~' and the density as ~ r~2.
would in addition have noticed that the vortex contributions are proportional to
the flux quantum %, and the perturbation could also be seen as a semi-classical
approximation in powers of h. Formally all this reduces to series expansions
in A. From the first equation (2.1) the density can be expressed by the phase
exclusively

In full units we

n=-xX+A [—ch,o-V— (1—f2—|—%V1n(f)-V> %} X+O(N)  (24)

Inserting this into the equation (2.2), the scattering equation is found

o2 s,
7= ) = [ v
o2 o2
A [(1 - fZ)@ —2(1 — iﬁ)vm(f) : V] X+ O (M)

(2.5)
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Further we assume a harmonic time dependency

A1) = dr)e n(r.1) = v(r)e (2.6)

In the low energy regime the frequency is w =~ |k|. After dropping a higher order
term in k£ and putting A back to unity, the scattering equation is

[VP+k*] ¢ = [-2ikqVe -V — (1 — f)E* —2VIn(f) - V] ¢ (2.7)

In most cases only the phase contributions to the equations will be considered,
since it is probably dominant. The function f will then be put to unity.

The contents of the rest of this chapter are discussions and solutions of the
scattering equation (2.7). In section 2.2 the analogy between the scattering equa-
tion and Aharonov-Bohm scattering is considered. In section 2.3 the equation is
solved by using the Born approximation, while in 2.4 the tools of partial wave
analysis is used. The density corrections are studied in section 2.5.

When the phase ¢ is known, the density fluctuation 1 can be found from (2.4).

2.2 Analogy to Aharonov-Bohm Scattering

Consider a magnetic flux-string piercing a plane while the magnetic field is zero
anywhere else. The vector potential generating the magnetic field is non-zero
however, and it will interact with a passing electron beam, even if the beam is
not in any direct contact with the flux itself. The effect is then totally due to
the vector potential, and this is what is called the Aharonov-Bohm effect. The
time-independent Schrodinger equation for an electron interacting with a vector
potential is

2
V+itA| g =—2mBy (2.8)
¢
where £ = % is the electron energy and 7 = 1. A common example of such a
potential is one giving a magnetic field proportional to a delta function
1
A=—0,V 2.9
58 Ve (2.9)

where ®,, is the total magnetic flux and Vi = %ew. It is convenient to define

a = 5-®,,. In their article [AB59], Aharonov and Bohm solved this equation by

partial wave analysis and from that solution they extracted, in the limit of large

r, the famous expression®

a*P(p) 4

—— e (2.10)
T

'In their paper, the incoming wave was from the right, not left as in our case.

¢ ~ eikr cos(p)—ta(p—m) 4
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where the Aharonov-Bohm scattering amplitude is

sin(mar) e~'%

?)= V2mik sin (£)

Notice that the first term in (2.10) solves the Aharonov-Bohm equation (2.8) but
this solution does not satisfy the right boundary conditions. Aharonov and Bohm
solved the equation (2.8) by partial wave analysis, and this method is presented
in section 2.4. One problem with partial wave analysis is to determine the right

AB( (2.11)

a

SIS

boundary conditions. In the original paper [AB59] the constraint was that the
current density should be along the x-axis asymptotically far from the vortex.
Exactly the same solution was found by M.V. Berry [Ber80] by requiring that
the wavefunction should be single-valued. The single-valuedness of the solution
is not transparent in the asymptotic form (2.10) but is obvious in the partial
wave expression. The partial wave expression for the wavefunction is finite and
well behaved at all distances r from the origin and at all angles ¢. The asymp-
totic expression for the scattering amplitude (2.11) is on the contrary singular
as ¢ — 0. This singularity appears because the attempt to extract a scatter-
ing amplitude fails near the forward direction! A different expression is needed.
A good treatment of the near forward direction is found in an article by C.M.
Sommerfield and H. Minakata [SM00]. E.B. Sonin has also derived a version for
the acoustic problem [Son96]. It turns out that the forward direction will be
extremely important when the force on a vortex is found in chapter 3.

An analogy to the magnetic Aharonov-Bohm scattering can be found in super-
fluid helium, where the time independent phase variation of the Ginzburg-Landau
wavefunction ¢ in (2.7) plays the role of the electron wavefunction in (2.8). The
static field around the point vortex plays the role of the vector potential. In the
point vortex approximation, the acoustic scattering equation (2.7) is

(VP4 k%) ¢ =—2iaVy- Vo (2.12)

where the vortex flux is @ = ¢k, and ¢ is quantized, ¢ = £1, with sign dependent
whether we have the vortex, or the anti-vortex solution. Working to first order in
the vortex contribution, a second order term in o might as well be added, giving

[V +iaVy) ¢ ~ —k*¢ (2.13)

which is similar to the original Aharonov-Bohm equation. The rewriting can be
done since V%o = 0. In contrast to the original Aharonov-Bohm problem, where
the magnetic flux is an external parameter which can be changed independently
of the electron energy, the total flux in the acoustic case is dependent of the
frequency w of the incoming wave. For a situation with a fixed wave number this
will not cause any problems, but as soon as we have to manipulate the boundary
conditions in a specified situation this difference will be visible.



2.3. SOLUTION BY BORN APPROXIMATION 31

2.3 Solution by Born Approximation

A standard method of solving scattering equations is the Born approximation. It
gives the solution of the equation to first order in the scattering parameter. The
scattering equation (2.7) can be written as

(K> + V¢ = X\0¢ (2.14)
where the operator O is
O = [-2ikqVe -V — (1 — f2)k* = 2V In(f) - V] (2.15)
The solution of the equation to first order in A is
¢ = i (X" + A6g) + O (X?) (2.16)

where ¢ 1s a constant. The scattered wave can be expressed by the Green’s
function, which is a solution of the equation

(V2+E*)D(r) = —&%(r) (2.17)

The two-dimensional time-independent Green’s function is
D(r) = iHél)(kr) (2.18)
found in appendix C. The function Hél)(kr) is the zeroth order Hankel function

of the first kind. The Born solution for the scattered wave is

i

5¢4

/er’ N(r') HV (ke — 1)) (2.19)

The function N(r) is

N(r) _ Oeikx _ |:2ak81ﬂ(99) . k2(1 . f2) 4 QfF/Zk COS(QO) eikrcos(ap) (220)

7

where o« = gk and f = f(r) is the density profile of the vortex. Notice that
in a point vortex description, with f = 1, the last two terms disappear, leaving
only the first term, which we will call the phase contribution. Most likely this is
the most important term, but we are interested in seeing if the other two terms
give any considerable contribution, so they will be kept until a good reason to
throw them away has been found. The last two terms will be called the density
contributions since they are the contributions from the density profile of the
vortex.
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2.3.1 The Scattering Amplitude

In scattering problems it is often possible to separate the r dependency and the
angle dependency in the scattered wave. The factor which is a function of ¢ is
then the scattering amplitude. The scattering amplitude for a phonon scattered
on a vortex will now be found.

The phase contribution to the scattering equation is usually considered as
most important, so in the following we will only use the first term in (2.20),
giving the scattered wave as

ok Siﬂ(go/) 1 ikr’ cos(¢’
56 = T/d?r' U2 0k — ey (2.21)
The effect of the density profile of the vortex will be studied in section 2.5. The
Born integral is difficult to carry out in general and we need to do different
approximations. The ordinary scattering amplitude is found by assuming that
the main contribution to the integral comes from the region where k|r —r'| > 1.

Doing series expansions in 7!

, we get
r—r'|=r—1"cos(¢ —p)+O(r ™) (2.22)

The expansion of the Hankel function for large arguments is

HV(2) 25 (| Ze (2.23)

Tz

A trigonometric identity is also needed
COS(S‘Q/) _ COS(S‘Q/ _ 99) = _9 Sin(g) Sin(gpl N g)

Notice that if ¢ & 0 the ¢’ dependency in the exponent in the integrand dis-
appears and therefore more terms are needed in the expansion to get a correct
result for small angles (section 2.3.3). If the integration is performed in polar
angles (', '), the integral is

ke 9 ) 0 2 . ) ,
5¢a — Oé% /ﬂ-ikr ezkr/ dr’/ dg@l sin(c,o’)e_zlkr sin(e/2)sin(¢’—¢/2)
0 0

First the integration with respect to ¢’ is done. Since the integration is over a

whole period, the substitution ¢’ — ¢’ + ¢ can be made without changing the
integration limits

2
/ dg@l Siﬂ(g@l + S0/2)6—2'2167" sin(y/2) sin(¢’)
0

27
B / dy’ [sin(¢') cos(ip/2) + cos(ip) sin(ip/2)] e~ 2k sinle/Dsin(<)
0
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By substituting u = sin(¢’) it is easily seen that the second integral is zero. The
first integral can be rewritten to a form recognizable as a Bessel function (see
appendix A)

2
/ de' cos() e iZkr'sin(¢/2)sin(e) — 9n; ) (—2kr"sin(¢/2))
0

The r’ integration is now only the integral over a Bessel function. The condition
that o shall be non-zero is now clearly seen to be essential to the r’ integration

/OOO dr’ Jy (=2kr'sin(p/2)) = ETYRERvITY sii(c,o/Z)

The finite angle scattered wave can far from the vortex be separated in a ¢ part
and a r part. When all constants are gathered, the phase contribution to the
scattered wave can be written as

Sy = UG (2.24)

<,

where the scattering amplitude is
T ©
= t(= 2.25
o) = 2 ot(3) (2.9

This is the most common form seen for the scattered wave and it is valid for finite

angles. The index a, at the scattered wave, is to remind us that this is the term
which can be expressed by the scattering amplitude. The result deviates from
the original Aharonov-Bohm scattering amplitude (2.11) expanded to first order
in a, by an additional s-wave. The partial wave analysis (see section 2.4.2) will
show that this s-wave comes from the second order term in & which marks the
difference between the acoustic and magnetic Aharonov-Bohm scattering.

The Aharonov-Bohm scattering amplitude is divergent and becomes infinitely
large as the angle reaches the forward direction. In the section about small angle
scattering (section 2.3.3), we will see that this apparent singularity is not physical,
but a consequence of how approximations are dealt with.

2.3.2 The Hidden Terms

The asymptotic wave in the original Aharonov-Bohm result (2.10) is, opposed
to the Born solution, not a plane wave but of the form ~ e**=i(¥=7)  The
missing factor is the twist of the incoming wave, but since it is proportional to
the perturbation parameter «, it is still hope that it is not gone for good, but has
been lost in the approximations done when extracting the scattering amplitude
(section 2.3.1). The scattered wave in the Born approximation was
. !
a%/d%' %eikx’ﬂg”(mr'—rp (2.26)
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Figure 2.1: The real part of the scattered wave (2.24) expressed by the Born
scattering amplitude (2.25). The plot clearly shows the phase difference at the
positive z-axis. What is not clear from the plot, however, is that the scattered
wave becomes infinitely large when ¢ — 0.

The region in r’ space giving the scattering amplitude was " < r. The hidden
terms must then be found by some other approximation. We will now search in
the region where |y — /| < | — 2’| and |y| > |y — y'|. Since these contributions
are centered around the point ' & r, it is convenient to do a change of variables

k " . 1
oz%e /d2 " 7@/_'—_'_31262“ Hél)(kr") (2.27)

where we have substituted r” = v’ — r. In last section the asymptotic form of the
Hankel function was used on the basis of r > r’. Now the same approximation
is used, with the assumption that |y”| < |z”|. The Hankel function is then

2 " "2
Hél)(kr") ~ €2k|1’ |+2| //|( ) (228)

mik|z"|

Supposing that |y| > |y”|, gives us a Gaussian integral in y”, which by the

ordinary formula (appendix A) gives

k(o 2
d " 2z|.r”|( ) —
\/ mk|:1;” / voe k
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The condition that |y| > |y”| makes the result just valid for finite angles. Intro-
ducing the step function |¢”| + 2" = 20(x") gives us the hidden terms as

o0

Sbridgen = ice™® da" y 2k (")
Ohidd /_Oo V1 (" 1 1)

This integral can be solved by doing a trick. We have

ij’_xQ = —0, [arctan(%) — Wsign(y)G)(:I;)]. The step function O(x) does not con-
tribute to the derivative, but it makes the whole function continuous since it
cancels the singularity in the Arctan(¥) function.

xr

dz" ) 2¢kz”O(z")
/_oo C oyt

N {_ (amaﬂ (xui x) — msign(y)O(z" + :1:)) eZikx"@)(ﬂU")} o
+ /OO dz" |arctan Y — mwsign(y)0(z" + ) o <e2ikx”>
0 x+ 2" oz

where the integration limit in the last integral has changed because of the step
T
both limits and in the —oc limit is the step function zero, while the e
term disappears in the oo limit because of rapid oscillations. The function
arctan (wfl,,,) — mwsign(y)O(z” 4+ =) is continuous and slowly varying. Opposed
to this, the last term is rapidly oscillating, and most contribution to the integral
comes from small ”. An approximation is to put the slowly varying term outside
the integral, evaluated in #” = 0. The remaining integral just gives —1, so the

hidden terms are

l’”:OO

function in the exponent. The first term vanishes. The arctan( ) is zero in

2¢kz’'©(2")

SPhidden = —ice’™™

arctan <%> — msign(y)O(x) (2.29)

The angle ¢ € (0,27) is ¢ = arctan(?) + 710(—x) + 270(2)O(—y). This gives
the hidden terms as

5¢hidden = _iaek$(99 - 7T) (230)

To first order in «, this is the lost factor in e**—i(¥=")

from the original Aharonov-
Bohm solution. In the Born approximation, this term appears as a part of the
scattered wave since it is proportional to a. But it is proportional to exp(ikx),
not exp(ikr), and it does not disappear far from the vortex, which makes it more
natural to interpret it, in accordance with Aharonov and Bohm, as a modification
of the incoming wave. The Born approximation is usually applied on scattering
problems where the scattering center is well localized so that the incoming waves

are just plane waves. In the scattering of a phonon on a vortex this is impossible,
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which is a manifestation of the long range of the vortex; there is no localized
scattering center. Despite this, the Born approximation gives the correct answer,
and the reason why these non-scattering terms are usually not found in the Born
approximation, is just because of the mathematical approximation done in the
evaluation of the integral.

The scattered wave found in section 2.3.1 together with these hidden terms,
form the solution for finite angles. Near the forward direction this solution is not
valid, which leads us on a search for a specific small angle result in section 2.3.3.

2.3.3 Small Angle Scattering

In section 2.3.1 an expression for the scattered wave was found, but the solution
diverged for small angles. By doing different approximations an expression which
can describe the important forward direction will now be looked for. Since our
incoming wave is propagating in direction of positive x, the small angle region is
the area centered at the positive z-axis. The integration will here be performed in
Cartesian coordinates =’ and y’. The main contributions to the integral is thought
to come from the terms where r’ is small, so that we can do series expansion of
|r — r'| with @ > y,2',y’ as a condition. This derivation relies on one done by
Sonin [Son96]. The only difference is that he uses polar coordinates describing r.
We use the following expansion

1
|r—r’|::1;—:1;’—|—%(y—y’)2—|—(’)<:1;_2>

Compared with the expansion done in section 2.3.1 one extra term must be kept,
since the —a’ term cancels against the +2’ term from the incoming wave. The
extra terms also saves us from a breakdown when 2’ &~ z, so in the small angle
scattering there is no need to search for hidden terms as in section 2.3.2. The
asymptotic expansion of the Hankel function for large arguments (2.23) gives

- 2 . ik N2
(1) Elp — / itk ~ zkac—l—ﬂ(y—y)
HP (ke — )~ |

The small angle scattered wave can hence be written

Zk 2 ikx y/ ik (12
S, ~ aEU m,kxek /dzr' T e (v=Y) (2.31)

There is no ' dependency in the exponent, so the 2’ integration can simply be

/OO dz’ o
e Ty |y

done
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The y’ integration is a bit more bothersome. It can not be carried out com-
pletely, but by some manipulations it can be transformed to an integral where
all y-dependency is in the integration limits.

/oo ,y 2—k(y'—y)2
ard
:/ duu+y e%u2
u+y|
(- / /_)
:2/ du e e
0

The small angle result can then be expressed as the integral

2mik . Y ik 2
= o/ K etke / du ess® (2.32)
€ 0

It is not a problem that the final result can not be expressed by elementary
functions, since usually only the derivative with respect to y is needed. The

l\J
R‘

|w

“I

answer can be written more compact with the error function

’ k
§ps = ima e erf — 2.33
o, = ima €7 er (y 2:1;@) (2.33)
with the error function defined as erf(z) = % fOZ dt e, This integral is well
defined in the limit y — 0, so that there is no trouble with singularities in contrast
to the scattering amplitude expression (2.25).

2.3.4 Discussion of the Born Approximation

From the Born approximation three different results have been found: two be-
ing valid for finite angles and one which is valid just for small angles. All the
terms originate in the same integral and they appear as a result of the differ-
ent approximations. If one is clever enough it should be possible to extract one
asymptotic expression for all angles, but for so long the different cases must be
treated separately. The Born approximation result can be summarized as

k
ey o erf ( E)] (2.34)

quB orn :Qbk
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for small angles and

o0 =6 [ (1 ol = m)) + el (2.35)

for finite angles. The scattering amplitude is

T ©
a = cot(— 2.36

()= 2 cor() (2:36)

Because of the long range of the vortex, it is a twist on incoming waves. Both
solutions are continuous in their domains. The error function is well defined for

small argument and actually it approaches zero at the positive z-axis, leaving
just a plane wave there. The argument of the error function goes to infinity for
x>y > /x, which are the largest angles where the small angle approximation
is still valid. The asymptotic expansion of the error function for large arguments
is

erf(z) =5 sign(R(z)) — —=—¢* (2.37)

For small angles, the approximations ¢ ~ y/x and r ~ x(1 + %) are valid. In
the region ¢ < 1 and \/rp > 1, the small angle expression (2.34) can thus be
written

BB s { 11 4 iracsian(y)] 4 Ta 6“”’2} (2.38)
PRI TR e imasign(y ok Vo :
The first term is the plane wave, while the second comes from the twist of the
incoming wave. The last is the scattered wave. The expression is exactly the
same as the finite angle expression (2.35), expanded for small angles. The Born
solution ts thus continuous.

The conclusion of the Born approximation is that it gives a continuous solution
to the scattering problem. The solution seems to be in agreement with the
original Aharonov-Bohm result, to first order in «. In addition a special small
angle result is developed, giving a continues solution at all angles. The hidden
term found in 2.3.2, giving the twist of the incoming wave, was essential to get
a continuous solution. The solution presented here is the match of different
solutions in different regions, but since all these solutions come from the same
integral it should be theoretically possible to get one solution valid at all angles,
just as done in the partial wave expansion (section 2.4.3).

2.4 Solution by Partial Wave Analysis

In the original article by Aharonov and Bohm [AB59], the Schrédinger equation
was solved by partial wave analysis. This means that the solution is an expansion
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in eigenstates of the angular momentum operator. To write down a general
expression for the wavefunction is very easy, so the worry is how to treat the
boundary conditions right, and later how to sum up. We will see that there
are differences between the acoustic and magnetic Aharonov-Bohm scattering
in deciding the boundary conditions, but that the result is mainly the same.
Aharonov and Bohm also provided a method for doing the summation when kr
is large, but their result is not satisfactory right behind the vortex, and we will
instead present a solution found by Sommerfield and Minakata [SM00]. This is
done in section 2.4.3.

In contrast to the Born approximation, the partial wave analysis is non-
perturbative by nature and the calculations are best done by keeping all orders
of a. But the scattering equation was derived by perturbation, which means that
the answer obtained is just valid to lowest order. The scattering equation for a
point vortex is

(VP4 k*) ¢ = —2iaVep - Vo (2.39)

where o = gk is still supposed small compared to unity. The partial wave expan-
sion 1is

o(r) = 3 dr)e’™

[=—0

Since [ is just running over integers we have no problems with multivaluedness.
Substituting this into our equation all derivatives of ¢ just give the eigenvalues
il, which means that Vo -V — ;—é and V? — V7 = % +12 7[,—22 Demanding

that the equation holds for each [, we get the Bessel equations

0? 10 1?2 + 2al
2y - -2 2 e =0 2.40

[ —I_ar?—l_rar r? ]¢l (240)
where the flux @ = gk. Note that in the magnetic Aharonov-Bohm problem, we
would have got an additional term «?/r?. The total solution can be written as

superpositions of Bessel and Neumann functions
qbl == OélJQl(kT) + ﬁlNQl(kT) (241)
where 0, = VI[? + 2al, and the constants «; and (3, are dependent of k. The

Bessel functions J_g, (kr) with negative subscripts could have been used instead
of the Neumann functions as well, but since this, in the acoustic case, cause a
degeneration for [ = 0, the Neumann functions are chosen.

2.4.1 Boundary Conditions Near the Vortex

In the magnetic Aharonov-Bohm scattering, all the constants (3; in the general
partial wave analysis solution (2.41) are zero. This can be found by examining a
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flux tube of finite core size, with the constraint that the total wavefunction shall
be normalizable. Since Neumann functions get arbitrarily large for small argu-
ments, a wave-function containing the Neumann functions is not normalizable
when the size of the flux tube is shrunk to zero.

The solution of the acoustic Aharonov-Bohm problem presented in this sec-
tion, is a solution within the point vortex approximation. Opposed to the mag-
netic problem, it is in the acoustic case not possible to make an arbitrary solution
with finite core size, since the density profile of the vortex is determined of the field
equations. Instead we will try to derive advantage from the known behavior of the
vortex profile. The scattering equation (2.7) was derived by requiring that pres-
ence of the vortex could be treated as a perturbation of a wave equation. Near,
or inside, the vortex core this condition fails, since the free wave contribution
in the equations are vanishing compared to those terms containing contributions
from the vortex. However, the original linearized field equations (2.1) and (2.2)
can be used inside the vortex core, where the vortex profile can be approximated
with f ~ r. If the fields v and ¢ and their derivatives are non-singular, the only
singular terms are Vo ~ r~' and Vin(f) ~ r=!. So the terms ruling inside the
vortex core are

1
—qVe -Vo+ §V1n(f) -V~
—qVe- Vv =2VIn(f) - Vo~
Actually these are the same equations that were found in section 1.3, about
vortex motion, applied on a stationary vortex. In this section the main concern,
thought, is the boundary conditions in the partial wave analysis. Let us then use

the partial wave expression for the fields, Vo — j—ée@ and Vin(r) — %e,,. The
above equations then look like

% 1 61/;

— R0ty =0
iql 2 0y 0

_ Y — —— =
r2 ' or

If v, 1s isolated from the second equations and put into the first, the result is a
second order ordinary differential equation in ¢; alone.

Pé 0
o o

As all second order partial differential equations, the general solution can be

g =0 (2.42)

7“2

written as a superposition of two functions. In this case the functions are ¢; ~
rH. Because of degeneracy there is for [ = 0 an additional solution ¢y ~ In(r).

The total solution for ¢ must be nonsingular when r — 0, which means that

b1~ (2.43)
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Figure 2.2: The real part of the partial wave analysis solution to the scattering
problem (2.48). The plot is generated with || < 60 and a = 0.25.
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The partial wave expression (2.41) should be fit to the constraint (2.43). Taking
the limit » — 0 of (2.41) is not allowed, since it is a point vortex result. But kr
can be taken to zero, by keeping r fixed and letting & — 0. For small angles the
Bessel function goes as J,(z) ~ z¥ while the behavior of the Neumann functions

are N,(z) ~ z7" when v # 0 and Ny(z) ~ In(z). We thus have the condition

Br—0 (2.44)

In the low energy limit the constants ; are vanishing, just as in the magnetic case.
The fact that our point vortex solution just satisfies the constraints for small k,
can be seen as a clear indication that the point vortex approximation is just valid
in the long wavelength limit. This is natural since waves with shorter wavelengths
will have more interference with the vortex core. Practically this means that the
point vortex approximation works fine together with long wavelength solutions,
but if the intention is to keep higher orders in &, it is more dubious if the point
vortex approximation holds. This would for example have consequences for the
calculation of the longitudinal force on a vortex, since it is higher order in k.

2.4.2 Boundary Conditions Far From the Vortex

In last section restrictions were put on the general partial wave solution (2.41)
from conditions on the behavior close to the vortex point. Now the behavior
at a large distance from the vortex is considered. The normal fluid in helium II



42 CHAPTER 2. PHONON SCATTERING

(chapter 4) is constructed as a weighted integral over plane waves. To identify the
normal fluid it is then a need for solutions which are as close as possible to plane
waves, far from the vortex. The ideal situation must then be a solution which far
from the vortex can be separated in an incoming plane wave, and an outgoing
scattered wave. We will thus apply the constraint that each partial wave far
from the vortex can be divided in one term belonging to the incoming plane wave
and one term proportional to exp(ikr), demanding that the terms proportional
to exp(—ikr) are zero. But this does not mean that the total solution can be
divided in a plane wave and a term proportional to exp(ikr). Because of the
summing of [ to infinity the total wave looks different, as we will see.

For simplicity, the z-axis is put along the direction of the plane wave, which
in partial wave expansion looks like

efreese =N il (ke (2.45)
[

The asymptotic expansions of the Bessel functions for large kr are also needed

—00 2
S, (kr) g 1/ — cos(kr — gl/ — %) (2.46)

An expansion like this proves to be problematic when summing up, since it is just
valid for v < kr. It is, however, working fine when applied at one partial wave
at a fixed [. The partial waves of the scattered phonons are ¢; = a;Jq, (kr) where
the constants a; are to be determined. Subtracting the partial waves of exp(ikzx),
writing out the asymptotic expressions and decoupling the cosine terms, leads to

. 21 = x
{n(kr) — it Di(kr)} = %562(’”’_2) {age™2% — 1}

n /%%e—i(kr—g) {aleigﬂl _ eml}
TRT

In the partial wave analysis the overall constant ¢, will be put to unity. It can
easily be put back in the final answers. Our boundary conditions are fulfilled if
we let the coefficient before exp(—ikr) be zero, which leads to

o = emTis (2.47)
The constants are then determined so that the total wave can be written as

¢=Y (=15 Jg (hr)e's (2.48)
l

The solution is plotted in figure 2.2. The anti-symmetry between the upper and
lower half plane is clearly seen. We also notice that even though the tear right
behind the vortex gets broader far from the vortex, the angle it occupies gets
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smaller. This leads to the apparent singularity in polar coordinates at an infinite
distance behind the vortex. The plot can be compared to the photographs of
water waves scattered on a classical vortex in [BCLT80].

The subscripts of the Bessel functions are in the acoustic case €; = V/I[? + 2al.
For small values of « this is approximately the same as the magnetic version,
namely |l + a|. An exception is for the s-wave, or the [ = 0 term. To first order
in «a, the difference between acoustic and magnetic Aharonov-Bohm scattering is

A= e‘lgaja(kr) — Jo(kr) (2.49)

For large arguments the expansion of the Bessel function (2.46) can be safely
used, so that to first order in «

A~ —ia, /QZ;Te“W (2.50)

which is exactly the difference between the found solutions of the magnetic (2.11)
and acoustic (2.25) scattering problem.
The sum (2.48) is convergent for all kr ? | since for the index v much greater

than kr the Bessel functions behave as

1 kr\"”
J,(kr) ~ <ﬂ>
V2rkr \ 2v
This means that when doing numerical calculations there is just need to keep
terms with [ just a bit larger than kr.

When expanding the Bessel functions in terms of cosine functions this con-
vergence is lost, so that our expression for the wave becomes divergent for all

finite r. This means we have to be extremely careful when using these asymp-
totic expressions. To avoid problems with singularities, will follow the example
of Sommerfield and Minakata [SM00] and instead express the Bessel functions as
contour integrals.

2.4.3 The Aharonov-Bohm Sum

Aharonov and Bohm found the wavefunction of an electron scattered on a mag-
netic flux string as a series of partial waves. Their solution was

quB — Z(_l)le—i%|l+a|J|l+a|(kr) eilap (251)
I

Most of the article [AB59] is about how to sum up for large r, and they end
up with a solution as a sum of a twisted plane wave exp(tkx — ia(p — 7)),

2Tf there exist terms proportional to the Neumann functions for all {, the expression for the
wave would be divergent.
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a(e)

and a scattered wave on the form Wexp(ikr). The unfortunate thing about
their solution is that the scattering amplitude a(¢) becomes infinite as the angle
approaches the forward direction ¢ ~ 0,27. This is in sharp contrast to the
partial wave expression they started with (2.51), which is convergent, continuous,
single-valued and well behaved for all finite r and ¢. The reason for the apparent
singularity, is the use of the asymptotic expansion of the Bessel functions for
large arguments (2.46), which is used for all values of v = |l + a|, while the
approximation is just valid for kr > v. This is the reason why they end up with
a divergent series.

Even though the expanded series is strictly speaking divergent, Aharonov
and Bohm end up with an expression with turns out to be right for all large
angles, since they are careful in analyzing the asymp-
totic expression before summing up. Many references
c ([Son96],[WT98],[She98a]) use this expansions of the

Bessel function when discussing Aharonov-Bohm scat-

Ry | tering.

- i To do the summation, we will instead use the method
Figure 2.3: The integra- ©f Sommerfield and Minakata [SMO00] which leaves the
tion path C' in the complex sum beautifully convergent and continuous. The most
t-plane. important step is the first, expressing the Bessel func-

tions as contour integrals

1 iy 3 .
Jl, — = 5 dt —1z cos(t)+ivt 259
(2= 5ee® [dte (2.52)
The integration contour C' is in the upper half of the complex plane . The nice
thing about this contour is that it < 0 for ¢ € (. It is this quality which makes

our series convergent. The sum is now

1 . : :
quB — dt e—zkrcos(t) Z(_l)lez|l—|—a|t ezlap
2m C 7

To ease the notation we will now restrict ourself to positive values of a. Negative
values of a (anti-vortices) can easily be obtained from the final answer by letting
o — —a and ¢ = —p + 27. The above sum can be divided in one sum for [ > 0
and one for [ < 0. Both of these series are geometric and by using the ordinary
formula for such series we arrive at

AB 1 dt —1kr cos(t) eiOﬂ‘ e—iOﬂ‘
¢ = o o c 1+ ellett) 1 4 eile—)

which put on one fraction line is

quB — i/ dt e—ikr cos(t) eiat(e—iw + 6_”) — e—iat(e—iw + eil‘)
Ar Je cos(p) + cos(t)




2.4. SOLUTION BY PARTIAL WAVE ANALYSIS 45

The question now is how to remove the denominator so that (2.52) can be used
to get the answer expressed by Bessel functions. The trick is to use

e—ikr(cos(t)-l-COS((b)) —1
—i(cos(t) 4 cos(y))

The term 1/(—i(cot(t) 4 cos(¢))) will disappear from the final answer. This can
be seen by noting that the original Aharonov-Bohm sum (2.51) is zero at kr = 0,

kr
/ dz e—iz(cot(t)—l—cos(ap)) —
0

which also applies to the integral fokr dz.

. kr
quB :Zz_leikrcos(ap)/ dz e—izcos(ap)
m 0

></ e—izcos(t) [e—iap(eiat _ e—iozt) + e—i(l—oz)t _ ei(l—a)t]
C

By using the formula (2.52) we can transform back to Bessel functions and hence
get a sum of four Bessel functions of the first kind. These can in turn be expressed
by two Hankel functions of the first kind

_ J_,(2) —e ™ ], (2)

isin(mv)

(2.53)

The whole solution can now be written as an integral over two Hankel functions.
By making use of sin(m(1 — «)) = sin(«) the solution can be expressed as

HB = gikrcos(e) A(kr) (2.54)
where we, to ease notation, have defined

: kr
Alkr) = Sm(gm) / dz emi=eoslo)
0

—e O () 4 O D, (2)

(2.55)

What we have managed to do so far is to transform the original Aharonov-Bohm
sum to an integral. This transcription is exact. The expression in itself is not
very useful, but it turns out to be possible to do a very nice expansion of it far
from the flux point.

2.4.4 The Solution Far From the Flux-Point

As promised, the expression from the last section will be simplified in the large
kr limit, and we will start by carrying the integral in (2.55) to infinity. The
integration can then be performed exactly with the formula

0

sinv(p —m)

(2.56)

v

sin(mv) sin(g)
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From now on it is important that the angle ¢ is running between 0 and 27 to get
the correct result. By doing some trigonometric manipulations we get

A(oo) = e-ietinlole =] _sinl(l =) =] _ oo

sin(p) sin(p)
This is the asymptotic behavior far from the vortex. The deviation from this
expression can now be expressed as an integral from kr to infinity. Now the
asymptotic expansion of the Hankel functions can be used

HV(z) 25 | ——e*15Y (2.57)
Tz
Opposed to the sum (2.51), the subscripts of the Hankel functions are now fixed
and small. This means that the rewriting is safe, and the the approximation is
actually very good.
Sin(ﬂ-a) ) “ dx i(1—cos(¢))z

A(oo) — A(kr) ~ 57 (—e™ + 1) 5 ﬁ e
= isin(woz)e_lg {1 —erf <msin <§>>}

This was obtained by substituting 1—cos(y) = 2sin*(/2) and u = sin(p/2)y/—2i2.
The error function is erf(z) = \/l; Jo du exp(—u?). Since sin(p/2) is positive for
angles between 0 and 27 we have no problems with multivaluedness. The final
solution of the Aharonov-Bohm problem far from the flux point and all angles is

1 —erf <msin <§>>} }
(2.58)

This is the solution obtained by Sommerfield and Minakata. We notice that the
first term is discontinuous at forward angles, but the singularity cancel against
a similar discontinuity in the scattered wave, leaving the full solution continuous

; _; _ - _¥
quB — ezkrcos(ap) {6 wa(p—m) ZSIH(T['O[)G 5

and single valued.

2.4.5 Discussion of the Partial Wave Analysis

Far from the flux-point the sum of partial waves (2.48) has been transformed to
the function (2.58) which is valid for all angles. The Born solution was divided in
one expression for finite angles and one for small angles. The partial wave result
can be expanded in each of these regions to see if the solutions are identical.
For finite angles, which means that sin(£)\/r > 1, the error function can be
expanded by the use of (2.37). The total wave (2.58) can hence be written

—1

sin(ra) e

V2w sin (

quB ~ eikr cos(p)—ta(p—m) +

(2.59)

e | wIs

)
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Figure 2.4: The real part of Sommerfield and Minakata’s summation of the
Aharonov-Bohm sum (2.58), for o = 0.25. It must be compared with the di-
rect plot of the partial wave expression (figure 2.2). The phase shift of the wave
is clearly seen. The scattered wave is seen as the “dots” distributed over the plot.

2040

Figure 2.5: The same plot as figure 2.4, but seen from another angle, and with

|kx| < 20 and |ky| < 40. This plot clearly shows the damping of the wave right
behind the vortex.
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as expected. This is the ordinary expression found by Aharonov and Bohm. It
differs from the Born solution in an additional s-wave, which marks the difference
between acoustic and magnetic Aharonov-Bohm scattering.

The other expression to compare it with, is Sonin’s small angle expression,
(2.33). This result is only to first order in a, so we must expand (2.58) in the
same way. In the small angle limit, the angle is ¢ ~ 0, 27, so that sin(¢/2) ~ y/z,
o —m ~ —msign(y) and exp(—ip/2) ~ sign(y). Then the discontinuous terms

cancel and
141 f i (2.60)
imacerf | y 55 )

This is the same as the small angle result found by Born approximation (2.33).

quB ~ eikl’

The cancellation of the discontinuous terms is just shown to first order in «, but
the full solution is continuous at arbitrary order.

It is important that the vortex is not a mass sink or source. There must be
no net mass flux passing through a contour surrounding the vortex. We will now
use the original partial wave expression for the mass flux

. 1 0 1 »
50) = 5 v G + e, | et 2.61)
ml

Integrating the mass transport through a circle surrounding the vortex, means
an integral with line segment dl = r dy e,. We need the density found from (2.4)

Uy = ik (1 - %) m Ja, (kr) (2.62)

and the component in r-direction of gradient of the phase

dd g (kr)

ar = Q] ar (263)

where ; = /12 + 2al and a; = (—1)! exp(—158). The integral just gives contri-
butions for diagonal terms, f027r de exp(i(l—m)p) = 2md,,;. The net flux through
the contour is then

r/ozw de (ji)r = R [—@'kmzl: (1 _ %) Jo, aéffl] 0 2.6)

The expression is purely imaginary. The real part, which is the physical compo-
nent, is zero, and the mass is conserved.

In the derivation of the scattering equations, derivatives of the phase was
neglected to ease the mathematical handling. The condition |V?v| < |v| will now
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be explicitly checked by inserting the solution (2.62). There are two assumptions:
the wave-number is small, k& < 1, and the distance from the vortex is large, r > 1.

The derivatives of <1 — ﬁ) with respect to r will thus be neglected as higher

order in r~!. The Bessel functions satisfies the Bessel equation, which makes the
derivations easy to perform

2arl
V2 Jg, (kr) = { K+ i} Jo, (2.65)
where V; = g—i + %% — 7[,—22 The first terms is second order in k, and can be

neglected. The second term is small when r is large. In addition is proportional
to a = gk, which is small. The conclusion is that the assumption |V?v| < |v/] is
justified.

2.5 Density Corrections

So far only the point vortex approximation has been studied, both for the Born
approximation 2.3 and for the partial wave analysis 2.4. Now we will again use
the Born approximation and try to extract information from the terms containing
the density profile f in (2.20). Of special interest is the long wavelength limit;
to see how the k dependency is compared to the phase contributions. The first
density term in (2.20) is ~ k*(1 — f?)exp(ikr’ cos(¢’)). If the approximation of
the density profile (1.33) and the asymptotic form of the Hankel function (2.23)
is used, we get

k2 d*r’ "sin(£) sin(y'— £
s N 22k7’ sin(£) sin(¢’—Z) 2.66
a1 X \/: / T+2 " -

After substituting ¢’ — ¢’ + £, the angle part of the integral gives a Bessel
3

function
27
/ dg@l e?ikr’sin(%)SIH( o) _ 27TJ0 <2k7“ sm(%))
0

The r’ integration gives a modified Bessel function as an answer, so that

o L 2T e e g P
5¢d1~4 . ke e K <\/§ks1n(2)> (2.67)

The second density correction in (2.20) is ~ zka/ cos(¢’) exp(ik cos(¢’)), where f
here denotes derivative with respect to r/. This gives the contribution

5¢d2 ~ —E 2 etkr A2y COS(QO/)f—/ e2ikr’sin(§)sin(tp'+§) (268)
4V mwikr f

3The formulae used can be found in appendix A.
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As for the other integral, the angle integration here also gives a Bessel function
2m
/ do' cos(¢’ + g)ezikﬂsm(%)sm(w =— sin(g) 21 Jo <2kr’ sin(%))
0

Using the same approximation for the density profile as above, we have
v f'(r")/ f(r') & —L5. The r’ integration is then an integral of the kind

1+2r1%°

“ dx ° z?
/0 mjl(al') :/0 dzx |:1 — 2 n l:| Jl(al')

2
11 1
—— - — K,

<~ va g

This gives that the second density correction is

L2y, 1 I . P
S =5\ Tk sin(5) {m v <\/§k s1n(§)>] (2.69)

The leading order of the modified Bessel functions for small arguments are

Ko(z) ~ —1In(z) and Ky(z) ~ é—l— ZIn z. The first density correction (2.67) is thus
logarithmically divergent near the forward direction. As in the case of the phase
contributions we must think that this is just a consequence of the approximations

being made, and not a physical property. If we forget this term as higher order in
k, and take the low k limit, we see that both the density corrections have leading
order terms of order k*?In(k). The density correction is then in the low & limit

ezkr

§by _é@ (3 — cos(p)) k¥ In(k) (2.70)

T

The ordinary scattering amplitude goes for small wavenumbers as k2. The
density corrections can thus in the small wavelength limit be ignored. But the
difference is only of order kIn(k), so that if we shall go up one order from the
leading one, we must also take the density profile into consideration.



Chapter 3

The Phonon Force

The goal of this chapter is to provide an expression for the force on a vortex
from a single scattered wave. Or more accurate: to find the transverse force
component to order a = gk. The answer to this question is of vital impor-
tance for the discussion of the Iordanskii force in helium II, as discussed in chap-
ter 5. There are several articles available calculating the force from a single wave.
Sonin [Son96][Son01] and Shelankov [She98a][She9d8b] end up with the conclu-
sion that the force is proportional to «, while Wexler and Thouless [WT98] and
Demircan, Ao and Niu [DAN95] conclude that it must be higher order in o.
Stone’s article [Sto99] is also important.

Central in the interpretation of the result is that the force originates in the
asymmetry of the phonon wave in the presence of a vortex. This seems to be an
acoustic analogy to the Aharonov-Bohm effect, discussed in section 2.2. Central in
the discussion is also the region right behind the vortex, where we remember from
chapter 2 that the formalism with the scattering amplitude failed. Stone [Sto99]
interprets the force as the creation of transverse momentum in this region. The
criticism of the results [WT98] and [DANO95] also points to the fact that they do
not include the effects of small scattering angles.

All calculations in this chapter will use the solutions of the scattering problem
from chapter 2, where a plane wave scattered on a stationary vortex was exam-
ined. The fact that the vortex was not allowed to move, was in the scattering
problem presented as a boundary condition introduced to ease the mathematical
handling, but in this chapter it will be of great physical significance, since the
vortex at rest can also be thought of as being held still by an external force.
There must be a momentum transfer between the vortex and the wave which is
possible to extract by examining the momentum-fluz tensor. The momentum-
flux tensor II;; is the density of --momentum in the j direction, so the force on
the wave 1s f dS; 11;;. To get the correct result the momentum transfer must take
place inside the integration contour. The region over which the force is applied,
corresponds to region which is kept at rest. If a point vortex is considered, it
does not matter where the contour is, as long as it encloses the vortex. If a larger
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part of the vortex is kept at rest, for example the core, or the whole profile, we
must be more careful in our choice of contour. A safe choice in all cases is to put
it infinitely away from the vortex.

The force will fluctuate a lot, but we are only interested in the time-average.
When from now on speaking about the force on the vortex, the meaning is the
time-average of the force. The force on the vorter is then

F; = —%dSi<HZ’]‘> (3.1)

with summation over : = x,y. The dS; is the components of the vector describing
an infinitesimal surfaces segment (line in two dimensions).

The calculations will be done in several ways: In 3.2.1 the scattering result
from the Born approximation will be used to find the force by letting the inte-
gration contour be infinitely away from the vortex. In the spirit of the Born ap-
proximation only terms to first order in the scattering parameter will be brought
into consideration. If problems with divergences appear near ¢ = 0, the small
angle result for the scattered wave must be used instead.

The limit when the integration contour is placed close to the vortex is studied
in section 3.2.2. This limit requires that a point vortex is considered, since
all interaction between the force and the wave has to be inside the integration
contour. The calculation is amazingly simple, and it is not even necessary to
solve the scattering problem to get the result.

Instead of trying to extract an analytical expression from the partial wave
analysis, the calculation is done numerically in section 3.2.3 at a finite distance
from the vortex and by keeping a finite number of terms. This result can be
compared with the two analytical results. The numerical treatment is straightfor-
ward, even though the expressions themselves are long. It seems to be consensus
of what the partial wave expression should look like, and since much of the prob-
lem is how to take the limits infinitely from the vortex, a numerical treatment
at finite distance is a way to get a reliable result, and complement the analytical
calculations.

3.1 The Momentum-Flux Tensor

In the calculation of the force the momentum-flux tensor is needed. By Noethers
theorem the momentum-flux tensor can be found from the Lagrangian density. If
the Lagrangian density £ is a function of the fields p and § and their derivatives,
the definition of the tensor is

oL oL
I, = Lé;; — ———=0,0 — ———0; 3.2
where 0; denotes derivation with respect to coordinate i. The symbol L is in
this context no longer a function of the fields, but the function of the spatial
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coordinates and time that we get when a special solution for the fields is inserted.
The Ginzburg-Landau Lagrangian on polar form is

£ = —pl = Sp(VOF = (V) = o= 1) (33)

which, by the definition, gives the energy momentum tensor
1
HZ']‘ = /:(S” + ,082(98](9 + 4—82',08]‘,0 (34)
p

The solutions which we are going to insert are plane waves scattered on a station-
ary vortex. In the long wavelength limit it will be assumed that the derivatives
of the density can be ignored, so that such terms can be dropped both in the
Lagrangian and the momentum-flux tensor. Suppose that the integration contour
is at a large radius r. The density profile of the vortex goes as 1 — ﬁ. Since the
length of the integrations contour is of dimension r, the density profile can be
completely ignored in the momentum-flux tensor, though it can not necessarily
be ignored when solving the field equations. In the rest of this derivation only a
point vortex will be considered, so that the following substitutions are done

p=1+n 0=x+aqy (3.5)

The fields n and x are thought to be small, so that the Lagrangian can be ex-
panded in these fields. In chapter 2 the linearized field equations were solved, and
we want to use these solutions to get an expression for the force. Upon thermal
averaging all first order terms in the momentum-flux tensor vanish and we are
left with an expression to second order in i and x. There are at least two ways
of finding the right expressions for the momentum-flux tensor. The first is to
expand the tensor to second order in the fields, and then insert the linear fields.
The other way is to expand the Lagrangian to third order so that the field equa-
tions are quadratic in y and n. Then we must be careful since the field equations
are no longer linear, and terms that appear to be linear in the Lagrangian density
can still contain hidden quadratic terms that will survive the time averaging.

Those two procedures sketched above do anyway give the same result, so we
are free to use the easiest and only consider the quadratic terms in the Lagrangian
density

o1 1
L8 = =} = S(VX) = nVx -V = o (3.6)
The diagonal term L£9;; can be rewritten by using the field equation

oL .
—a—n=0=x+vx-qv¢—n (3.7)
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So that

L, 1 2
£=:m 2(VX) (3.8)

The time average of the excitation part of the momentum-flux tensor is then

(Iij) = Pdi; + (0ixix) + (ndix) q0; + (nd;x) qO:p (3.9)

The coefficient before the diagonal part of the tensor is what we define as the
average pressure P = (1n° — 1(Vx)?). According to the solutions in chapter 2,
it is useful to assume the solutions to have a harmonic time dependency

n(r,t) = e_mz/(r) x(r,t) = e_mqb(r)

Since both the phase y and density n are real functions, we have to be a bit
careful. In most calculations it is easiest to think of them as the real parts of
complex functions, but for products of functions, the products of the real parts
are not the same as the real part of the product. The formula to use in our
multiplications is

Rlae“OR(be=) = LR (a"b+ (a + b))
Taking the time average, the e=2“! term vanishes and
. . 1
(R(ae ™R (be™ ")) = §§R(a*b)

For convenience we forget to write ;& before all terms from now on. The final
expression for the time average of the momentum-flux tensor is then

1
(ILj) = P& + 50:6°0;6 + %y*a@ajg@ + gy* 60 (3.10)

where the pressure is

1

pP=-
1

(I = Vel*) (3.11)

The recipes of how to find the force is: plug in solutions of ¢ and v into the
energy momentum tensor (3.10), insert this in the expression for the force (3.1),
and finally do the contour integration.

3.2 Calculation of the Force

In chapter 2 the scattering problem of a phonon on a vortex was considered both
with the Born approximation and by partial wave analysis. These two solutions
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will be inserted in the force expression, and the answers will be compared. But
before this is done, let us do some more rewriting. With vector notation the force
is

I . q .
F=_— % {PdS + §V¢ (Vo -dS) + 5V [Vo(Vp-dS) + Vp(Ve- dS)]}
(3.12)

where the pressure is P = (|v|* — |[V¢[?). If the integration contour is a circle
with radius r, the surface segment (a curve in two dimensions) is dS = rdp. The
force then becomes

F= —/ " dy [Pr + g%(w* + va] (3.13)

This expression should be valid both for the transverse and the longitudinal force
component. In our thesis only the transverse force is of interest. If we were
really pedantic in our notation, an index £ on the force could have been added
to remind us that this is just the effect of a single phonon with wavenumber k.

PP = —r/o dy [sin(p) P] (3.14)
] (3.15)
Fi = —%/0 do [0, ¢ cos(p)] (3.16)

These formulae are the common starting point for our calculations. To go further
separate formulae for the case of Born approximation and partial wave analysis
must be developed.

As mentioned earlier the force from a scattered wave is discussed in differ-
ent articles ([Son96],[She98a] and [WT98]). All these references agree that the
pressure part of the force, F'I' is zero if the integration contour is far from the
vortex. Much attention is due to a term proportional to the transverse scattering
cross-section

o = r/o 7ralc,o sin(¢)]a(¢)|? (3.17)

which can be extracted from (3.15). There are two different expressions used
for the scattering amplitude. One is the ordinary Born scattering amplitude
~ cot(p/2), the other is a partial wave expression, which can be extracted by
using the asymptotic form of the Bessel functions. Both these expressions create
problems, since they make the transverse scattering cross-section divergent. The
Born result gives a divergent integral near ¢ = 0 and the partial wave expression
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gives a divergent series. The articles [Son96], [She98a] and [WT98] treat the
divergences in different ways and end up with different conclusions. However in
this thesis we will not go into this discussion. There are two two reasons for that:
First, we know that the scattering amplitude is not well defined for ¢ ~ 0. If we
end up with a divergence, there is no need to regularize, we only need to use the
small angle result from section 2.3.3 instead. This should remove all divergences
in a painless way. Second, only the force to order « is of interest. The term o
is of order o?, so if we get a result proportional to a from this, it seems like the
whole perturbative approach to the problem fails (1) and can no longer be used.

3.2.1 Circuit Far From the Vortex

In section 2.3 the scattering of a phonon on a vortex was studied by using the
Born approximation, and now this solution is inserted into the derived formulae
for the transverse force, (3.14), (3.15) and (3.16). The scattering formalism is
just valid far from the vortex, and the integration curve will thus be put at a
large distance. In a way this is also the most general limit, since it does not put
any claims on exactly where the momentum transfer between the vortex and the
wave takes place. It works fine both for point vortices and vortices where the
core or the whole profile is kept fixed.

In the spirit of the Born approximation the calculation will be done just to
first order in @ = kq. The corrections from the density profile of the vortex (sec-
tion 2.5) will not be taken into account, since they are of higher order in k. The
calculation is tedious and involves many steps and has a lot of pitfalls. There is
no need to say that an accurate treatment of the scattering problem in section 2.3
is required to get the correct result. Since the calculation of the transverse force
is the main goal for the thesis, the derivation is presented in great detail.

The solution found to the scattering problem was divided in one expression
valid for finite angles, and one for small angles. These used together gave a
solution which was continuous and single-valued. As discussed by Sonin [Son96],
the small angle contribution is important for the force, but it is, as we shall see,
not necessary to use the special solution derived for small angles to find this, since
it actually is contained in the ordinary Aharonov-Bohm scattering amplitude as
well.

The finite-angle solution can be written as the sum of a twisted plane wave,
and a scattered wave disappearing at infinity. The twist of the incoming wave
will prove to be essential to the result. No part of the waves ¢ or v blows up
far from the vortex'. Since the integration contour is of length ~ r. all terms of

order ~ 7=3/2 can be thrown away when r goes to infinity. The finite-angle Born

!The scattering amplitude a(p) blows up near ¢ & 0, but this is not a physical property,
since the scattering amplitude is just valid for finite angles.
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solutions 1s
¢ = oy [ (1 —ialp — 7)) + 604 (3.18)

where d¢, = alg) exp(zkx) is the scattered wave (2.35) expressed by the scattering
amplitude. Because of the form of the scattered wave, only derivatives with
respect to r count far from the vortex

Vi, = ikdgp e, + O (r=/?) (3.19)

A reckless expansion in powers of r~/2 like this, is not to be recommended in
all situations. It does indeed work rather good in the e, direction but in the
e, direction if fails badly, since it includes derivatives of a(y) with respect to
@, which gives very nasty divergences near ¢ = 0. For the calculation of the
transverse force this does not matter, since only the e, direction counts, but
when for example the circulation of the phonon gas is found in section 4.3, this is
of importance. Problems like this is also a motivation to do numerical calculations
as well.

The first part of the force to be discussed is the one from the pressure, (3.14).
It is often said to vanish, and we shall see that a correct form of the incoming
wave is required for this to happen. Since the density is P = (|v|* — [V¢|?), the
two things needed are

= o ik (5 (1 (e — 7))+ 66) +ia P | 10 (o)
and

Vo = o [ike™ (1 —ia(p — 7)) — 0V +ikss, ] +0 (o, r7/?)

where k = ke,. Next we take the absolute square of these two quantities. The
gradient of the angle ¢ is Vo = 1(—sin(¢), cos(¢)), so that

|I/|2 |¢k|2 |:k2 <1 + 2%( _ka(qu )) n QQkSiH(9Q):| + 0O <Oz2,7“_3/2>

7

and

IVol* = |l [k2 (1 + 2R (e~ k Cos(go)(qua)) + 2 ksm( )} + 0O <a27r—3/2>
This is all which is needed to find the pressure, and we see that it can be ex-

pressed by the scattered wave d¢, alone, since the constant terms and the terms
proportional to sin(y) cancel.

|¢k|2 §R{ (1 — cos(yp ))e_ikx 5¢a} (3.20)



58 CHAPTER 3. THE PHONON FORCE

Now the importance of the extra factor exp(—ia(¢ — 7)) in the incoming wave
is clearly seen. If it was not there, it would not cancel the sin(y) factor from
the density. In turn this would have given a non-zero contribution to force! If
a(p) ~ %(S()) is inserted, the pressure part of the force (3.14) is proportional to

P / dp sin?(g)eltr-costo) 2 (3.21)

When r — oo the oscillations of the integrand become more and more rapid.
Where the oscillations are fast it will average to zero, and only for ¢ near 0 the
oscillations will be slow. On the other hand: near ¢ = 0 the sin*(¢) term tends
to zero. There is then no net contribution to the integral when r gets large, and
hence no contribution to the force coming from the pressure term.

In addition to the pressure term, there are two more terms in the expression
for the transverse force. First we take a look at (3.15). It contains a derivative
with respect to y, which can be expressed by the derivatives of polar angles as
9, = sin(¢)0d, 4+ * cos(¢)d,. The plane wave has no dependency of y, so to first
order in o what we need is

Op = ¢y, ik cos(p)e™ cos9) 4 O ()

and
8ygb _ qbk |:—@'04COS(SO) eikrcos(ap) 4 Zk(SQba Slﬂ(g@):| e <T_3/2>
'S
The product is

argb* yqb = |¢k|2k {—aw + kSlH(g@) COS(QO) —1kr cos(p 5¢ :|

From first term in the product, the following contribution to the force is found

1 2 T
shaln [ de cot(o) = Tlanfha (3.22)
0

This is again a term coming from the twist of the plane wave. The second term

in 0,¢*0,¢ gives

Ll / dp sin(ip) cos() e 6,

™ : 2
- 2 2 d COS(S‘Q) 511 (S‘Q) tkr(1—cos(yp))

T sin(¢) ikr :

where the Born result for the scattered wave d¢, = T imco() €18 used.
The integrand is, as in the pressure term, oscﬂlatmg faster and faster as r goes
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to infinity. Only around ¢ = 0 the oscillations are rather slow. The main
contribution is expected to come from from a small region, (—A, A), near zero.
The parameter A is thought to be a small number. The integration limit can
nevertheless be dragged to infinity, since the main contribution anyway comes
from the small values of ¢. The integral is then Gaussian and can be solved with
the standard formula (appendix A)

A
_k_T 2 A—>oo

dc,o e 2 X |l Pka (3.23)

— x|k \/—

The above contribution comes from the small scattering angles. It could as well
be found from the small angel expression for ¢, just as done by Sonin [Son96]. In
a way 1t is surprising that it is contained in the ordinary scattering amplitude as
well. The two contributions to Ff(b are added, so that

m
FP = —§|¢k|2ka (3.24)

There is then one contribution left to study, and that is what we labeled F| in
(3.16). Unlike the expression for Ff(b, F is in itself proportional to o. The only
possibility for a first order result in « is when plane waves are inserted for v and

o, 1.e.
Qb — qbkeikr cos(p) + O (Oé) v = Z'kqbkeikr cos(p) + O (Oé)

The last contribution to the force then becomes

1 I T
Fi = —§|¢k|2ka/ dp cosz(c,o) = —§|¢k|2k0z (3.25)
0

Again Sonin’s article is actually the only one of the discussed articles mentioning
this contribution.

So far @ = ¢k is used as a scattering parameter, since that is the natural
choice when the analogy to Aharonov-Bohm scattering is considered. This is
however not the most convenient choice when doing a thermal average. Then the
best quantity to use is the average mass flux (1.2.2) of a plane wave, which is

(i) = 16 b (3.26)

The circulation is, in dimensionless units, given as x, = 2m¢q. Expressed by these
quantities the result from the Born approximation can be summarized as follows

1 ) 1 )
FJI_D =0 Ff(b = _§’iq<3k> FJq_ = _§’iq<3k> (3-27)

This is in agreement with Sonin [Son96], Stone [St099] and Shelankov [She98a],
but differs from the result by Wexler and Thouless [WT98].
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3.2.2 Circuit Near the Vortex

In section 3.2.1 the force was found by considering the asymptotic behavior of
the Born solution at a large distance from the vortex. In this section we will
turn the other way round, and try to extract information when the integration
contour is placed close to the vortex. In a way this limit is more sinister than the
large distance limit. When the integration contour is far from the vortex it does
not matter where the force on the vortex is applied, since it anyway is inside the
circuit. If the area enclosed by the integration loop is tiny it is however crucial
that we know exactly where the force is applied. If the integration radius is taken
to zero, the only possibility is to consider a point vortex, since a finite vortex core
kept at rest must be affected by a force over a finite area. So far the point vortex
approximation is presented as something which is just valid far from the vortex.
This is just partly true, and actually it is just as much an approximation which
holds for waves with long wavelengths. The distance r» must be well away from
the vortex core, but at a distance where kr can get arbitrarily small.

As a consequence of this, the solution of the scattering on a point vortex will
now be used for small integration contours to find the force. Since the integration

! can be contributing when

contour is of length ~ r, only terms of order ~ r~
the integration contour is small. In the Born approximation, the solution was
only found asymptotically at large distances from the vortex. But the partial
wave analysis result is valid near a vortex, and the partial wave expression for ¢
is nonsingular as kr approaches zero. This means that all terms containing just
¢ or derivatives of ¢ can be neglected in this limit, and F'¢* — 0. The density

fluctuation is however singular in the the point vortex approximation
v=1k¢—qVe-Vo=1kod+ ioqukme“m +0O (oz2> (3.28)
r

The pressure is P = 1([v|* —|V¢[?). In the small r limit the [V $|* term vanishes.
The same happens to the k?|¢|* part of |v|*. So when the limit is taken we get

o 1 i
P §|¢k|2k0z% (3.29)
T

This gives

27 . 1
Ff = —r/ dy Psin(yp) = —§’fq<jk> (3.30)
0

where the circulation quantum is k, = 2m¢ and the average mass current is
(k) = L [?k*. In the last term ,F"}, only the plane waves are inserted for ¢ and

v to lowest order in a. The result is hence independent of r, and the result from
last section is still valid. The analytical calculation of the force in the limit near
the vortex can hence be summarized as

1

. 1 N
Ff = —§’fq<Jk> Ff(b =0 r = _§’fq<3k> (3.31)
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This must be compared with the large r limit (3.27). The terms are not the same,
but their sum is equal. The conclusion is that in the point vortex approximation,
the force on the system is just in one point, and hence it does not matter where
the integration contour is placed.

The asymptotic calculation presented here is remarkably simple. [t was not
even necessary to solve the scattering problem to get the result. The only condi-
tions it relies on, is that ¢ is nonsingular when r — 0, while v is not.

3.2.3 Numerical Calculations

In addition to the Born solution of the Aharonov-Bohm problem, there is also an
expression by partial wave analysis. In the previous sections 3.2.1 and 3.2.2 the
asymptotes when the integration contour was placed at large distance and close
to the vortex, were considered. The same could be done with the partial wave
solution. There should however not be any need to do the same calculations

2. so instead we will make formulae valid for integration contours at all

again
distances, and then study them numerically. Our intention is to clutter as little
as possible with the original result, and hence we will just plug in the full partial
wave expression into the formula for the transverse force. All the formulae, as
presented here, are complex, but from the derivation of the transverse force we
remember that the force was given as the real part of the expressions. All numbers
presented from now on are real parts of the expressions. It must be noted that
the imaginary parts are usually very small. In the analytical calculations done
earlier, they disappeared completely.

In the numerical handling of the problem, the substitution z = kr is done.

The wave ¢ = ¢(z, ) is

b= e (3.32)
{

where
by = (—1)'e % g (2) (3.33)

The subscript of the Bessel functions are in the acoustic Aharonov-Bohm scat-
tering ) = V{? + 2al, with @ = gk. In the calculations the density v is also
needed. It is found from the phase in (2.4). In the point vortex approximation
it is

v=lik—qVy V]
. { : . : 3.34
=ik zl: [1 — %} qble”w =1k zl: Rye''? ( )

2The Born and partial wave analysis solutions have been carefully compared, and found to

be the same.
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which defines R; = R;(z). The derivative of ¢y is

0 k -
8;? = 5(=1)'e7 (Jaa(2) = Jo(2)) (3.35)
The integrals with respect to ¢ are easy to perform in the partial wave analysis.
They will always be one of the two

27
/ dp sin(c,o)ei(l_m)w =17 (01—m1 — O1—m,—1)
0 (3.36)

27
/ dp Cos(c,o)ei(l_m)w =7(01—m1 + S1—m,—1)
0

Let us now find the force by handling the equations (3.14), (3.15) and (3.16) one
by one. From the calculation of the momentum-flux tensor, the pressure was
found to be P = L(|v]* — |V¢[?). In partial wave analysis this is

kK 0000n,  Imo | s,
P= X |, - G - e

Im

Integrating this according to (3.36) the pressure part of the force is

27
PP = —r/ de Psin(p) = —%k(Sf + 5P 4 sh (3.37)
0
where the tree sums are

SF = ZZZ R ( -1~ l*+1> (3.38)
]

. doy (097, 09
P_ _ Z g 1 991
Sy = 2 —~ 0z < 0z 0z (3:39)

ST =2 316 (- Doy — (L4 D) (3.40)

An important thing to notice is that the only dependency of k in these sums is
through the flux o = kq, so lowest order in ¢ also means lowest order in k.

The partial derivative with respect to y is in polar coordinates
0y = sin()d, + L cos()d,. The integrand in F{? is then

dd 0™ 0 O* m ,
gede =k il (Siﬂ(@ i —iCOS(@;%) elli=me

ar dy Dz 0z

Im

With the integration formulae (3.36) the double sums reduce to single sums

1 [ 9606 o«
b .~ s - _
ko= /0 % 5oy 2

. k(S 4 897) (3.41)
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where

. I (9d]_y | 09
¢d __ ) -1 I4+1
ST =z % 3, ( 5, + 5, ) (3.42)

S;w = —1 Z aail ((l — Do, — (U + 1)¢l*+1> (3.43)

l

The only term left now is the one that was called F{. It involved a product of

the kind

9¢
ar

9¢l

—Zk2 R* (I-m)e

What made this term different from the other was that it was in itself proportional
to a. Since we are just keeping first order terms, plane waves can actually be
inserted for ¢ and v. It can however be nice to have a formula at the same form
as the other terms, so that

(3.44)

d
Fj:_gka qu—gka [—ZEj ai’( L+ Riy)
l

The transverse force can now be found by summing ST, ST, ST Sf(b, Sf(b and S7.
The only k£ dependency of the sums are through powers of «. Since we are only
interested in the leading order terms, let us do some final definitions

AP = iaa (ST + 55+ 58] ., (3.45)
L0 Tgos , goo
A% = S {S 4 g LZO (3.46)

The last sum S? is in itself proportional to « so it just needs to be evaluated at
a = 0. To first order in «, the force can then be written as

. . 1 .
FU = —ry() A" FI7 = =k, GA* Fl = —5ralJk) 5a=o0 (3.47)

This is a convenient way of writing it, when it shall be compared with the ana-
Iytical limits (3.27) and (3.31). Both A" and A?? are functions of z = kr only.
When z — 0 it can mean either that r gets small or k gets small (or both).

The above result has been studied analytically in the two limits z — oo and
z — 0. In (3.27) the large contour limit was found to be

AP =0 A% —
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o6l /\4¢¢(2) AP(z) + AP (z)
N A~

0.4 \/

AP(z)

\//s\/ \_10 15— 20

Figure 3.1: Shows AP(Z), A¢¢(Z) and AP(Z) + A¢¢(Z) as function of z. The
numerical expression are done with |l| < z + 10. The two terms A”(z) and
A%%(2) oscillate around their respective average values for large z, but switch
places near z = 0. The sum AP(Z) + A¢¢(Z) is constant.

The other limit, for small z, was found in (3.31) to be

AP 5 = A% 0

The last terms, F'7, was the same in both limits and since only plane waves enter
into the calculation, S?|,—¢ = 1 always. As said earlier it is expected that the
sum AP + A?? should remain constant in the point vortex approximation. This
because the momentum transfer between the vortex and the wave is just in one
point, and hence it does not matter at what distance the integration contour is
placed. This can be seen in plot 3.1 which shows numerical values of A", A%#?
and AT + A?®? as functions of z.

The numerical handling of the sums is easiest for small z. It is the Bessel
functions Jq,(z) that make our series convergent, since they converge rapid to
zero as |[| > z. This means the further out z is, the more terms must be
evaluated. It is then a question of computer speed how far out we can go. There
is also a problem with respect to numerical errors. The more terms that are
added, the more numerical errors are accumulated.

The table 3.1 shows some values of A" and A?? around z = 100, and where all
terms with |/| < 120 are evaluated. The values are not far from the asymptotic
values of A” =0 and A®?. They seem to oscillate around these values, just as in
the plot 3.1, but with lower amplitude since they are further out.
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z=100 | =101 | 2 =102 | z =103
AP = —0.0025 | —0.0029 0.0048 | —0.0011
A% = 0.5025 0.5029 0.4952 0.5011

Table 3.1: Some values AT and A®? near kr = 100.

3.3 Conclusion

In this chapter three different calculations of the transverse force from a scat-
tered wave has been done: one by putting the integration contour far from the
vortex (section 3.2.1), one by putting the integration contour near the vortex (sec-
tion 3.2.2) and one numerical at finite distances (section 3.2.3). The analytical
limit with the integration contour at large distance gave the result

1

Fi = =54 {Jk)

FP =0 5

FE* = o) (3.48)
This limit is the one usually considered when collecting the force. The calculation
was tedious, and strongly dependent of the form of the wave. Both the special
small angle contribution and the twist of the incident wave, proved to be crucial
for the result.

Considering a point vortex, the force could also be found with an integration

contour asymptotically near the vortex. This gave the result

1 )
FJI_D = _§’iq<Jk>

1 .
= —§’fq<Jk>

FI* =0 (3.49)
This calculation was very easy, but the limit is not so safe as the large contour
limit, since it is just valid for a point vortex, and for small wavelengths.

The numerical result was obtained by summing up a finite number of terms
from the partial wave analysis. The result is shown in figure 3.1, which also
verifies the two analytical results.

The respective terms differ in different calculations, but the total force, when
all terms are collected, is always the same. The conclusion from this chapter is
that the transverse force from a single scattered wave is

FL = —ry(Jr) (3.50)

The force is proportional to the circulation quantum and the mass flux of the
incoming wave. When going the full two-fluid expression this gives a force pro-
portional to the normal fluid velocity, which is in favor of the lordanskii force.
The full discussion of the consequences of this result, is held in chapter 5.

In the calculations of the force only the solution of the acoustic Aharonov-
Bohm scattering problem was used. Some of the literature use the magnetic
version instead, and to first order in the flux «, the magnetic analogy differs from
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this by an additional s-wave, A = A(r), found in (2.49). This is, however, not
problematic to the transverse force, since any s-wave gives contributions anti-
symmetric in @, and thus vanishing in the integrals.

But even if the s-waves are not contributing to the transverse force, they are
essential to the evaluation of the longitudinal force.

3.4 The Background Fluid Force

In this chapter the force on a vortex from a plane wave has been carefully dis-
cussed. The derivation involved many steps and terms, so to be able to devote
all attention to the wave, only the simplest of all possible background fluids was
considered, namely one vortex at rest. A more general background fluid could for
example be the sum of a vortex at rest and a fluid moving with constant velocity
v far from the vortex. It is possible that the asymptotic superfluid velocity field,
could as the plane waves, exert a force on the vortex. In section 1.2.4 a vortex
moving with constant velocity, was considered. Because of galilean invariance
this is equivalent with considering a stationary vortex and a constant velocity
field far from the vortex. If we substitute r — —v:° in the density correction
from section 1.2.4, we get the solution

v, =qVp+ vy p=1—¢Vy- v (3.51)

The force on the vortex can be found, in exactly the same manner as previously
in this section, by an integral of the momentum-flux tensor (3.1). The only
difference is that the above solutions are inserted for the plane wave solutions.
The integration contour is a large circle with the vortex in the center. All terms
of order r=? can be neglected, and thus all derivatives of the density p can be
forgotten too. The two velocity fields Vi, and v are of very different natures.
Far from the vortex the constant field vi° is dominating the local behavior since
the vortex contribution goes as ~ r~'. The vortex is on the contrary essential
to the global properties of the fluid, such as the circulation, where the constant
field v$° does not contribute at all.

The background fluid force must be first order in v2* and first order in the
circulation quantum &, , if it exists (hopefully it does). Terms of the kind (v°)?
and (V)? are symmetric about the origin and do not contribute. The relevant

terms in the energy momentum tensor (3.4) are
1% = = gV - V%) 6ij + qui i + quisdie (3.52)

The first term is diagonal so the coefficient is identified as the pressure. Let us
then let the asymptotic superfluid velocity be along the z-axis, v® = v°e,. The
transverse force can then be written as
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where dS = r(cos(¢),sin(¢))dp and Vo = L(—sin(p),cos(p)). Inserting this

leads to

27
FE = —qvjo/ dp [sinZ(c,o) + Cosz(c,o)] = —2mquv®
0

We notice that there are two equal contributions to the force, one from the
pressure and one from the cross term v7d;. With vector notation this gives

F =~k x v (3.53)

At zero temperature this is the only transverse force, and it is identical to the
classical Magnus force (1.10). In full units, the force is proportional to the total
density p.

This derivation was not so careful as the one with a plane wave passing the
vortex. Physical arguments were used instead of mathematical calculations to
get the result as fast as possible. The question now is: is this result still valid at
nonzero temperature? In chapter 4 helium II at nonzero temperature is studied.
The conclusion from that chapter is that with Ginzburg-Landau theory, helium
IT looks like a phonon gas on a background fluid, where the background fluid is a
classical solution just like this. The result from this section is hence not altered
when temperature is introduced. But we might get modifications to the scattering
problem in chapter 2, and this could change the force from the scattered plane
waves calculated earlier in this chapter.
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Chapter 4

The Two-Fluid Description

4.1 Phenomenology

With normal pressure helium is the only existing fluid at temperatures near
the absolute zero, and consequently helium is the only possibility of studying
liquids at temperatures where quantum phenomenon becomes crucial. In nature
there are two species of helium, * He obeying Fermi statistics and *He obeying
Bose statistics, where in this thesis only the latter will be considered. Two phase
transitions occur in * He. The first is at the boiling point at T' = 5.2K. Below this
temperature * H e behaves as a viscous liquid, called helium I, down to the lambda
point at T, = 2.172K. Below this temperature we speak of helium II, in which
a new phenomenon appears: flow through narrow capillaries without viscosity.
This property is called superfluidity, and was first discovered by P.L.Kapitza in
1938. But regarding helium II as a pure superfluid is not correct either, since
viscous phenomena are observed. For example will a rotating disk in helium II
be brought to rest because of friction with the liquid. These two properties were
first explained by Landau [Lan41] in 1941, by treating helium II as a mixture of
two fluids: a superfluid with density ps and a normal viscous fluid with density
pn, where the physical density of the liquid is the sum of these. There is no
entropy associated with the superfluid, so all heat transfer is in the normal fluid.
This explains the superfluid flow through capillaries since a temperature gradient
is needed to set up a net normal fluid flow. The two densities are strongly
dependent of temperature, so at the absolute zero helium II is purely superfluid
while at the lambda temperature only the normal fluid is present. The total
density is approximately constant.

The total mass flux of the fluid is psv, + p,v, with superfluid velocity v
and normal fluid velocity v,,. The superfluid velocity is without rotation so that
V x vy = 0 everywhere (except vortex points).

The microscopic picture of helium II is that the superfluidity is due to the the
Bose-Einstein condensation below the lambda temperature. Landau [Lan41] did

69
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not believe in a relation between superfluidity and Bose-Einstein condensation,
and he commented that “nothing could prevent atoms in a normal state from
colliding with excited atoms, i.e. when moving through the liquid they would
experience a friction, and there would be no superfluidity at all”. The objection
is later regarded as false and Bogoliubov [Bog47] showed that in the case of a
weakly interacting Bose gas there was no friction between the excitations and
the ground state atoms. This is also believed to be true for strongly interacting
helium IT *. In [LL87] it is also emphasized that we must be careful not to think of
the two fluids as two physical fluids existing independently of each other. Instead
it must be thought of as if the quantum fluids possess the property of having two
flows simultaneously. They therefore recommends to use the terms superfluid
and normal flow instead of part.

Many textbooks give a brief introduction to the two-fluid model. A nice
general description can be found in [WB87], while [LL87] gives a macroscopic
description with much attention to thermodynamics. For our situation with
quantized vortices, [Don91] must be consulted, since he discuses forces in the
two-fluid model, and the two-fluid model in presence of vortices.

4.1.1 Excitations

It is possible to begin a discussion of helium II by describing the individual atoms
and their interactions. The interaction between the atoms is however strong,
even at zero temperature, so such an approach is likely to miss the more collec-
tive nature of the excitations in the liquid. Two kinds of elementary collective
excitations are usually spoken of: phonons and rotons. A discussion of these ex-
citations was first held by Landau [Lan41]. Sometimes the phrase phonon means
“sound wave”. Speaking of a gas of sound waves is however not too instructive,
so phonon means in our context just a kind of collective excitation of the fluid.

If the excitations have momentum p, their energies are
Eph = cp = (p _p0)2

1
where ¢ is the speed of sound, p is the effective mass of the roton and A is
the roton energy gap. After the first article by Landau it has been pointed
out by Bogoliubov [Bog47] that the division in phonons and rotons is artificial.
The phonons should be regarded as different region of the same excitation spec-
trum. The same conclusion was also reached by Landau in [Lan47], where he
also sketches the curve 4.1. Near zero momentum, the curve is almost linear.

+ A (4.1)

This is the phonon region. The roton region is near the minimum of the curve
at @ = 1.9A7'. Even though the phonons and rotons can be regarded as dif-
ferent regimes of an excitation curve . it is often convenient to speak of phonon

IThere are, as we will see, interactions between the normal fluid and the superfluid, but
these are only through vortex lines.
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Figure 4.1: Experimental result for the excitation energy as a function of mo-
mentum. Found from inelastic neutron scattering data in [DDHS81].

regions and roton regions. It is still unclear what causes the non-linear form of
the excitation curve. For temperatures above 1K the thermodynamical behavior
is almost completely due to the rotons. For low temperatures mainly excitations
with small energies are created. Because of the energy gap, A, this means that
phonons are dominating for very low temperatures, usually below 0.4K. In the
rest of this thesis we will forget about rotons, and only the phonon region will be
considered.

The picture of a gas of excitation on a background also leads to the interesting
feature of second sound. First sound is what previously has been called just
“sound”: waves moving through the condensate. Second sound is sound waves
propagating in the gas of excitations. There is no room (nor need) for a discussion
of the properties of second sound in this thesis. More about excitations in helium
IT can be found in [Gly94] or other text-books.

4.1.2 Superfluidity

Since superfluidity is such an important phenomenon in helium IT a short argu-
ment for superfluidity, as it was first done by Landau [Lan41], is presented here.
The argument is very simple and it shows that superfluidity is just a consequence
of the excitation spectrum and the galilean invariance of the system. Landau’s
argument has been modified and generalized, but the basic idea is always the
same. Let us consider a superfluid at the absolute zero with uniform velocity v,
flowing through a narrow capillary. Friction with the walls is, at a microscopic
level, excitation of phonons and rotons in the fluid in contact with the bound-
aries. Thus let a phonon be excited with momentum p in the rest system of the
fluid, where the walls are moving with velocity —v. The total momentum is Py
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and FEy is the total energy of the system (fluid4excitation).
Po=p Ey=cp (4.2)

In the rest system of the capillary, the energy and momentum is
1
P:P0—|—MV EWZEWO—|—].:)0'V—|—§]\4V2 (43)

where M is the mass of the fluid. The last term in the energy is the kinetic energy
of the fluid. The first two terms are the excitation energy AE = FEy+ Py - v in
the rest system of the capillary. For a phonon to be excited, this energy must be
negative

AE=cp+p-v<O0 (4.4)

This means that there cannot be any excitation of phonons unless the fluid is
moving faster than the speed of sound, i.e.

v>c (4.5)

if the fluid velocity is slow, there are no excitations and hence no friction with
the walls. Exactly the same argument can be applied to the roton excitations. It

leads to the condition that v > 4/ %, where A is the energy gap of the roton and

i is the chemical potential. As long as the energy gap is non-zero, superfluidity
is possible. In contrast to liquid helium, there is no energy gap for a free Bose
gas. It is thus not a superfluid. A discussion of the energy spectrum of a weakly
interacting Bose gas is held by Griffin [Gri96]

At finite temperatures helium II consists of a condensate and particles in
excited states. The above argument which shows that for a slowly moving fluid,
no new phonons and rotons are exited, should still be valid. There are, however,
interactions between the walls and the thermal excitations already existing in the
liquid. The superfluid is thus associated with the condensate, while the normal
fluid is regarded as an ordinary viscid fluid.

4.1.3 The Equations

The intention with this introduction to the two-fluid model is not to give a com-
plete discussion of all its properties and peculiarities, but to give enough infor-
mation to understand the discussion of the forces on a vortex in chapter 5. So
far, the important properties of the two-fluid model has been described mainly
with words, but it can also be useful to see the equations of motion. As described
in [Don91], they are

dv Ps PnpPs 2
5 - __VP SSVT v n — Vg — Fns 46
pas SV + V(v = V) (4.6)
dpn pn pnps 2 2.2
= ——VP —p,SVT — Vv, — Vs F,., +1nV 4.7
pu e — Ly SYT = N (v, v 4 B (L)
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So the superfluid is described by a variant of Euler’s equation (1.3) and the
normal fluid is described by a kind of Navier-Stoke’s equations (1.2), as expected.
In addition each of the fluids respect a continuity equation. The most interesting
feature, from our point of view, are the mutual friction terms between the normal
fluid and superfluid, F,,;. They are necessary to get a correct description of the
two fluid model at a macroscopic level. The link to the rest of this thesis is that
on a microscopic level, the mutual friction forces are through vortex lines. The
superfluid Magnus force and the Iordanskii force discussed in chapter 5 are then
both contributing to the mutual friction terms.

A detailed description of the thermodynamics of the two-fluid model is either
not needed. One feature worth mentioning, though, is that there is no entropy
associated with the superfluid flow. This must be kept in mind when discussing
adiabatic motion in section 5.3.

4.2 Derivation from Ginzburg-Landau Theory

The two-fluid description, as sketched in this chapter, is pure phenomenology; this
is how helium II looks in experiments. The point of the following is to link the
two-fluid model to Ginzburg-Landau theory. In the chapters 1, 2 and 3 the Gross-
Pitaevskii approximation was considered, which means that the quantum fields
were approximated with classical functions. This approximation is valid near the
absolute zero, when the liquid is in a condensed state. A better approximation
for low temperatures is to consider small deviations from the classical fields, and
expand in these quantities.

A second quantized description of liquid helium could start with the Ginzburg-
Landau Hamiltonian density (4.8), which is a function of the atom creation and
annihilation operators, Ut and \/I:l\ For an interacting Bose gas, is it convenient to
write U = U 4 §U, where W = (W) is the condensate wavefunction. In a Bose gas
the condensed state is usually the non-interacting zero momentum state. The
problem with liquid helium is that it is not easy to identify the condensate in
such way, since even the ground state is strongly interacting. A way to avoid
such problems is to forget about condensate and non-condensate, and describe
the liquid as a phonon gas at the top of a background fluid instead. In such
a description the opportunity to do direct identification of the condensate or
normal fluid is lost, but the collective character of the background fluid and the
excitations is emphasized.

In the chapters 1, 2 and 3 the polar form of the classical fields is used,
U = /pexp(if), where p and ¢ are real. We will now quantize these fields.
A quantization of the phonon gas makes it possible to find the normalization of
the fields, and thus determine the mass flux and the energy of the liquid. The
time averages of the classical quantities, become assembly averages in the second
quantized formalism.
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The simplest case is to consider a homogeneous background moving with
velocity v, As in most of the calculations in Ginzburg-Landau theory, dimen-
sionless units are used.

The Hamiltonian is

H = (A + (V0)) +

1 1

S_ﬁ(vﬁ)z +5(0— 1)? (4.8)
where —p'is the conjugate momentum of Y. The Hamiltonian is Hermitian since
the fields are self-conjugate. Working with the full fields is impossible because of
the non-linear structure of the Hamiltonian density. As described above, small
deviations from the classical solutions will now be considered. A very simple
classical solution of the above equations is p =1 4 O (v?) and 8 = 6y, where the
superfluid velocity vy = Vy is small and constant. The operators are then

p=1+7 0=0,+% (4.9)

The Hamiltonian (4.8) can now be expanded to second order in the fields i and
X. The zeroth and first order terms will not contribute to the dynamics of the
system, so only the quadratic terms must be taken into account

~ | L L.
Mo = (VR +37" - ve + (V) + 577 (4.10)
where the phonon flux operator is
n I o PR
3" =5 (VX + VX)) (4.11)

2

The classical solutions of the above Hamiltonian are plane waves, as described in
(1.25). The fields can hence be expanded by the classical waves as

X(x,1) = Z Xk E T + e T gl (4.12)
k

N(x, 1) =) ™G+ pe T a] (4.13)
k

where ay and alt are the phonon annihilation and creation operators obeying the
ordinary Bose commutator

Gk , 1| = 0 4.14
1

According to the classical solution found in section 1.2.2, the frequency is w =

wo + k - v, where wg = ky/1 4+ %. The energy could be expanded in small &

giving wy &~ k. In a way this is an honest thing to do, since the expression is not
dealing right with the high momenta. The cost of keeping the full expression is
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small, thought, so it will be kept to remind us that the energy spectrum is not
simply linear. An experimental result for the energy spectrum in helium IT is
shown in figure 4.1. The field Y and its conjugate momentum —7 must satisfy
the fundamental commutator

[X\(th) ) ﬁ(Y7t)] = —i5(X - Y) (4-15)

In the thermodynamical limit, the volume is taken to infinity. The sum over k

then becomes an integral, >, — V [ %, where the dimension D is either 2 or

3. Inserting the fields (4.12) and (4.13) into the fundamental operator leads to

1Ok de * —tk-(x—y) .
V2is kanke =15(x—y) (4.16)

where ' indicates the imaginary part of the expression. The relation

1

5T (4.17)

S (k) =

is then obtained. Together with the classical relation n, = i%Xk, this uniquely,
up to a phase factor, determines the normalization of the fields

Wo . k
Nk =\ oyk2 (RN (4.18)

where the frequency is given by wy = ky/1 + %. This is the result for the simple

situation of a homogeneous condensate moving with constant velocity. There are
many ways to generalize this, with for example a more general background fluid
or we could have tried to draw more information from higher order terms, but
the result presented here should be sufficient to recognize the ordinary two-fluid
formulae. The most serious objection, due to the fact that the goal of this thesis
is to determine the lordanskii force, is that this description does not include
vortices. A quantization of the phonon wave with a vortex in the background, is
a lot more complicated than the one presented here. Probably it is more easily
achieved in polar coordinates than in the ordinary Cartesian used here.

Regarding the k-dependency, a few things must be kept in mind. In the low
energy limit the asymptotic k dependency is n; ~ V& and xj ~ ﬁ The phase is
dominating the density, which is the reason why derivatives of the density is often
ignored. So far it is presented as we do expansion in 1 and y. This is not entirely
correct since the phase y is not small for small k. But all dependency of y in
our theory is through the derivatives, Vy and x which are small quantities. The
correct presentation is hence that we do expansion in the density and derivatives
of the phase.
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4.2.1 The Mass Flux

Helium II, as presented here, consists of a background fluid, described by a clas-
sical wave-function, and a bath of thermal excitations around it. To identify the
central formulae of the macroscopic two-fluid descriptions from this, translation
and interpretation are needed. The identification is best done by studying the
mass flur of the whole system. The mass flux operator is defined by

j= % <,3V5+ Vﬁﬁ) (4.19)

The assembly average of the operator is

() = v, + (™) (4.20)

since the first order terms vanish. The phonon flux operator is defined in (4.11).
In this simplified description the phonon gas is thought to be homogeneous, so
that

1 .
i = V/de@ph} (4.21)

inserting the fields (4.13) and (4.12), only the diagonal terms where k = k' survive
the integration. Using the normalization from last section the expected result is
obtained

jPh = %Ek: k [N(c) + %} (4.22)

where the Bose-Finstein distribution function is

1

N(e) = (ajax) = exp(e/kgT) —1

(4.23)

The energy spectrum of phonons on a moving background was found in sec-
tion 1.2.2. Giving the phonon gas the drift velocity v,,, the energy is

e=w—-k-v,=wy— k- (v, —vy) (4.24)

where the rest frame energy is wy = k+/1 + k%2/4. The energy of the phonon gas
is thus dependent on the relative velocity v,, — vs. The velocities are thought to
be small, so that the distribution functions can be expanded. In the thermody-
namical limit V' — oo, we obtain

. Pk ON
== [ o Kl e vl

E=Wo
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By putting the k,-axis along the direction of v,, — v,, the components along all
other directions in k space disappear and the important formula identifying the
normal fluid density is obtained:

dP k ON
sph . 2
==l VS)/ (2m)P Fa Oe

= pu(Vi — vy) (4.25)

E=Wo

The phonon part of the mass flux is proportional to the normal fluid density. But
the direction is along the relative velocity v,, — v, not the normal fluid velocity
v,. The phonon gas is thus not equivalent to the normal fluid. The total mass
flux 1s

j =Vvs+ pn(vn - Vs) = pPsVs + Py (426)

The superfluid mass-density is defined to be p; = 1 — p,,. The relation between
Ginzburg-Landau theory and the two-fluid description should be established. In
Ginzburg-Landau theory we speak about a background fluid and a phonon gas,
not superfluid and normal fluid. The density of the background fluid is identical
to the total density and must not be confused with the superfluid density. The
normal fluid is not visible in the total density, which is constant, but is identified
from the mass flux, and it will be seen to be proportional to the normal fluid rest
energy.

It can be useful to integrate out the angle dependency, to get a new formula for
the normal density. In the low temperature limit only the small k are relevant, and
we put wy = k. There is no angle dependency in the distribution function, so we
get 7 from the angle integration in two dimensions and 47 /3 in tree dimensions.
By doing a partial integration with respect to k, and transform back the angle
integral [dQ = 2(D — 1)m, a formula for the normal fluid density in the low
temperature limit is obtained

D+1 dPk
po=1 / 5 £ (4.27)

The temperature dependency of p,, is easily found by substituting v = k/kgT.
The integral then becomes independent of 7' and it is seen that p, ~ TP+, In
the same way it is immediately seen that integrals of higher orders in k will also
be higher order in 7', and in the low temperature limit they can be neglected.

The exact evaluations of the integrals are not important, since the normal
density will always be identified by one of the integrals (4.25) or (4.27).

4.2.2 The Energy

In the same manner as we found the two-fluid expressions for the mass flux the
energy density can be found. The total Hamiltonian of the excitations is an
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integral of the Hamiltonian density over the whole quantization volume

i, = /de H, (4.28)
where the Hamiltonian density after a few partial integrations is
1y L ooe | Sn lLon | 1y
Hy = —§XV X+ v — gnv N+ 5 (4.29)

Inserting the Fourier components of  (4.13) and x (4.12), the Hamiltonian den-
sity is given as a double sum. Using that the integration just gives the volume
V for the diagonal elements, and zero for the off-diagonal elements, we can write
the Hamiltonian as

~ ~ 1
Hy=> w [Nk + 5} (4.30)
K
where the number operator is Ny = &\Lak. The average energy density of the
system can be found as the operator average of the Hamiltonian divided with

the volume. It can, if the vacuum energy is dropped and the continuity limit is
taken, be written as

p= Lty - [LE Ly 4.31
= ) = [ G (o (4.31)
where N(e) = <]Vk> = (exp(e/kgT)—1)~" is the Bose-Einstein distribution func-
tion. The phonon frequency is, as in the last section, € = wy — k- (v, — v,).
To find the two-fluid expressions for the mass flux the distribution function was
expanded to first order in the velocities v,, and vs. In the case of the energy
we need to go to second order, since the first order terms fall out in the angle
integration. The zeroth order term is the rest energy density of the normal fluid

dPk
E, :/W wo N (wo) (4.32)

which is proportional to the normal fluid density (4.27). So far it has been difficult
to find an interpretation of the normal fluid density, but it is now clear that it is
associated with the thermal energy. The terms of second order in v, and v, are

dPk ON (e)
= (v, Kk (v, — v,
/ (2m)P [ (Ve - Kk (v, —vy) e e
where in the low energy limit wy ~ k. In the last term the the substitution
0? 0 ON(k ON(k
k—N <k ( )> + (k) (4.33)

2 0*N(e)
Oe?

+ %k (v, —vs) - k)

E=Wo

g VR =op ok ok
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can be done. The first term gives a contribution of higher order in 7'. The last can
be identified as proportional to the normal fluid density (4.25). The cross-terms
between the velocities cancel out, so that the excitation kinetic energy density is

1
5Pn(vn = v) (4.34)
This is the result from the quadratic terms in the Hamiltonian. In addition there
is a zeroth order contribution from the background fluid , %V? , so the total energy

density is exactly what we hoped for, namely

1 1
where F,, is the rest energy density of the normal fluid and the two other terms
are respectively the superfluid and normal fluid kinetic energy densities.

4.3 The Circulation

In the two-fluid description of helium II, the circulation of the superfluid velocity
v, is quantized. Opposed to this, the normal fluid is regarded as an ordinary
viscous fluid, and the circulation should be allowed to possess any value. With
a relative motion to the walls, the normal fluid will experience friction, so at
equilibrium the normal fluid velocity at the boundary must be identical with the
motion of the container. In our thesis we will always use a container at rest, and
hence a normal fluid velocity and circulation which is zero at the boundaries.

When integrating the mass flux along the boundaries, only the superfluid
density is visible

%dl j= %dl (psVs + puVa) = psk (4.36)

The densities p; and p, are thought to be constant by the boundaries. This
formula appears explicitly in the calculation of the effective Magnus force in
section 5.3.

In the phonon scattering in chapter 2 the constraint was that the scattered
phonons should deviate as little as possible from plane waves. Plane waves give
a non-rotating phonon gas. What is the consequence of this constraint for the
normal fluid circulation in the presence of a vortex? Is it consistent with a non-
rotating normal fluid by the boundaries?

Earlier in this chapter, the two-fluid model has been developed in the low
temperature limit from the Ginzburg-Landau theory, without vortices. If, on the
contrary, one vortex is present, it is known from chapter 2 that plane waves are
not just scattered by the vortex, but the incoming plane waves themselves are
modified as well. When using the same thermal distribution as in the case of
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no vortices, is it possible that the phonon gas is rotating. Our situation is in a
sense paradoxical: We will find the circulation of the excitations in the presence
of the vortex, which correspond to no circulation when there are no vortices. In
other words it is the equilibrium state of the thermal system with a vortex in the
middle.

As before, the Ginzburg-Landau theory is presented in dimensionless units.
Considering the situation of one vortex at rest at the origin, the integral of the
mass current of the background fluid can easily be found,

%dl'jozq%dl'ng:Qﬂ'q:/iq (4.37)

which is not surprising. To find the contribution from the phonons we first
calculate the contribution from one single wave scattered on the vortex, and then
generalize the result to be valid for a thermal average of excitations. The mass
flux of a wave with wave-number k is

(k) = %V*WD (4.38)

where ¢ and v are plane waves scattered on a stationary vortex. Because of
time averaging there are no contributions from the mixed terms between the
background and the excitations, so that the leading order term contains the
fields to second order. The phase ¢ was found in (2.35). We take the gradient

Vo= op [ikeikx(l —ia(p — 7)) —iae* Vo + V(qua] (4.39)

where oo = kq as usual. The other quantity needed is the density which by (2.4)
is

v = ¢y ikeikl’(l —ta(p — 7)) + 1kdp, + iaweikx + 0O <a2> (4.40)
r

If the integration contour is a circle, the line segment is dl = re,dy and only the
gradient in the e, direction is needed in the contour integral. For large angles,
the scattered wave is expressed by the scattering amplitude (2.35) so that the
gradient is

Vi, = ikdgp e, + O (r=/2) (4.41)

This formula is lying a bit. It is true that the derivative in the e, direction is
=3/2 but a pure expansion in powers of #~'/? misses the rather ugly
singularities in ¢ coming from the derivatives of a(¢) near ¢ = 0. This singularity
will not, and must not, enter into the integrals, but its existence is a motivation

to look for explicit small angle contributions later.

of order r
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The incoming wave is along the z-axes, which in polar coordinates is e, =
cos(p)e, — sin(p)e,. This gives the mass current in the e, direction to be

(i)e = 5loulk [~hsin(o) — (1 +sin?(0)) — ksin(p)e 66, (4.42)

Integrated over a whole period the plane wave part disappears as it should. When
taking out the first term proportional to « and integrating it, we get

1 2 « . 3.,
slonlr [ o[22+ sint ()] = —FienPho (1.43)

This is the contribution from the term proportional to « in the density and from
the twist of the incoming wave in the phase.

We will now find the contributions from the scattered wave in (4.42). The
scattered wave is

o SIn(@) e
6P, = 4.44
¢ V2rikr 1 — cos(p) ‘ (4.44)

The term exp(ikr(1 — cos(p)) is more and more rapidly oscillating as r — oo.
Where the oscillations are fast, the integral will average to zero, and the major

contribution will come for the small angles, where the oscillations are calm. We
expand the integrand in this region

2 2
l|¢k|27a/ dg@ |:_ To sin (S‘Q) eikr(l—cos(ap))
2 0 \/27‘[‘@]{7“ 1 — COS( )

k 2
,
dc,oe 20 ¥

= —k|¢w|*

\/_

This situation is similar to that in the calculation of the transverse force. The
parameter A is in this approximation small. But since the main contribution to
the integral is for small ¢, when r — oo, the integration limit can still be taken to
infinity. The integral is then of a Gaussian kind, and with the standard formula
(appendix A), we end up with the contribution

—7lonPka (4.45)

which must be added to the other contribution (4.43). But this is not the complete
result since so far no contributions from derivatives of the scattered wave has been
considered. The derivative with respect to ¢ of the finite angle contribution d¢,,
although higher order in 7~=3/2, had wild divergences when ¢ — 0 and can not be
used.

We will instead consider the special small angle expression for the scattered

wave (2.34), which was
2 ik, 2
= ay/= mik T e (4.46)
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The derivative of this with respect to y is

Dop, 2mik
oy WV

- ik 2
ezkl’eﬂy

which is highly finite and well behaved near y = 0. For small angles y ~ rp.
The contribution to the circulation from this term can then be written as an
integral over a small region near the origin. The integral obtained is again of the
Gaussian kind, where the main contribution comes from small arguments. The
integration limits can then, in the same manner as above, be taken to infinity.
Since the scattered wave is proportional to «, a plane wave can be inserted for v

1 oo 2 k 3 2
slont [y (ikjay/ e = rlgy P (4.47)

o0

This is the last contribution to the integral. The terms (4.43),(4.45) and (4.47)
must be added. The conclusion is that the contour integral far from the vortex
of one phonon scattered on a vortex is

. 3 3 .
R - (1.15)
where k, = 2mq is the circulation quantum and (ji) is the average mass flux

of the plane wave. There is a bit abuse of notation in this formula, since mass
current on the left side is the full scattered wave, while the one on the right side
only is the plane wave part. This is not a vector result, and it is the magnitude of
the mass flux which is entering into the right hand side. The whole contribution
from all phonons is found by letting (ji) — EN(k), where N(k) is the Bose-
Einstein distribution function, and integrating over all k. This gives the phonon
contribution

3 d*k
sph
favim=—3n [ 2rp o T e )

where the last identification follows from the Landau expression for the normal
density (4.27). Together with the contribution from the background fluid (4.37),
this is the result from the Ginzburg-Landau theory. In our units the total (or
background) density is p = 1. The superfluid density is ps = 1 — p,, so that

Fati= i Gor i) = n(1 - ) = . (4.50)

which proves that it is possible to derive this formula from Ginzburg-Landau
theory. The calculation shows that the phonon gas is indeed rotating, and the
direction is opposite of the background fluid. In a way this is analogous to Lenz’
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law in electro-magnetism, which says the current induced by a change is in the
direction opposing the change.

The calculation here is only to lowest order in k, which corresponds to order
TP+!. There is no reason to expect that this result should be valid at arbitrary
power of T'. At higher order in k, it is known from section 2.5 that the core
structure of the vortex becomes important. The circulation by the boundaries
will then also depend on the vortex core.

A calculation of the circulation, directly in the two-fluid model, is done

in [TGV*01].

4.3.1 Numerical Calculation

In the last section the rotation of the phonon gas was found from the asymptotic
behavior of the scattered phonons. The problem with that calculation was that
it involved combinations of many terms. A numerical calculation can help us
to show that no terms have been lost and that no contributions has been over-
counted. The partial wave expression for the time average of the mass flux is

(Je) = %Z’ﬁ {%@izer + qbze@] e!tmme (4.51)
ml

where the point vortex expressions are

o =(—1)'e 2% Jo (kr) (4.52)
1%} =1k (1 — W) qbl (453)

The subscripts of the Bessel functions are in the acoustic Aharonov-Bohm scat-
tering ; = VI{? + 2al, o = kq. An integral over a circle with radius r, gives 27

when [ = m, else zero.

%dl G _WZz<

This is a rather simple result which we unfortunately have not found any way
to sum up exactly. The s-wave is not contributing to the integral, which is quite
natural since it is symmetric about the origin. To first order in « there is hence no
difference between acoustic and magnetic Aharonov-Bohm scattering since they

) Jg, (kr)

only differ in the s-wave. To first order in « we write the result as

) = S GG (4.54)

where k, = 2mq and

A(kr) = —g% [Zz (1 - (kof)?> ng(kr)] (4.55)
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Figure 4.2: Numerical calculation of A(kr) for kr = 0..20, with |{| < kr + 10.

The analytical result from the last section can be written limg, 0, A(kr) =1. A
numerical plot of A(kr) is in figure 4.2. If r = R is the boundary of the system,
no waves can have wavelengths longer that the size of the system and kR > 1
and to avoid complication with boundary effects we must assume kR > 1. The
plot clearly approaches a constant value in this limit, and verifies the analytical
result; the normal fluid circulation at the boundary is zero.

Except from the verification of the analytical value of the normal fluid cir-
culation, the numerical result offers some interesting prospects for the interior
too. The result is only valid for a point vortex, which means it must be used
well outside the vortex core. But it is possible to have kr small and r outside
the core as long as the phonon wave-numbers are small enough. The plot has
the limit limg, o = % In this limit the contour integral of the phonon flux is
$dl-jh = —2p, and the total circulation is

1 2

%dl : <j0 ‘|‘jph> = Hg 7 3haPn = RaPs + 3faPn (4.56)

where the superfluid density is p;, = 1 — p,. The surprise is that the normal
fluid seems to have a mazimum circulation x,, = 2k, in the interior. The normal

3
fluid circulation must change continuously from %liq somewhere in the interior, to
zero at the boundaries. The phenomenological two-fluid model offers a value for
the circulation by the boundaries, but does not say anything about the interior.

Therefore this result is interesting for the understanding of helium II.



Chapter 5

Forces on a Vortex

In the past years there has been a lot of controversy about the force on a quantized
vortex in helium II, or more precisely: discussion about the existence of the
lordanskii force. Before entering into this discussion, let us take a brief look
at the more general properties of forces in helium II (see [Don91]). The two-
fluid description, as presented in chapter 4, did not include any forces, and there
were no interactions between the superfluid and the normal fluid. Nor did it
include vortices, and actually the vortices are crucial for the microscopic picture
of forces acting in helium II. At a macroscopic level, the interaction between the
superfluid and normal fluid appears as mutual friction. When going to a smaller
length scale, the forces between the fluid and a single quantized vortex can be
considered. This is an intermediate region, where classical quantities can mostly
be used to describe the fluid, but where on the other hand quantized vortices,
as pure quantum effects, must be included as well. The simplest situation to
consider at this level is the presence of one, straight vortex line. Since the vortex is
straight uniformity along the z-axis can be assumed, and the system is effectively
two-dimensional. The three-dimensional result can be recovered by letting the
two-dimensional results be regarded as per vortex string length instead.

One of the fundamental assumptions in the two-fluid description of helium II,
is that the superfluid and normal fluid velocities are independent of each other.
As classical fluids, the two-fluids also obey the galilean invariance principle. This
puts strong limitations on the form of force, and the only allowed expressions are
dependent of the velocity differences v,, — v, and v, — v,,, where v, is the vortex
velocity, v, the superfluid velocity and v,, the normal fluid velocity. With slow
velocities, only contributions linear in the velocities need to be considered. The
force can be divided in one longitudinal and one transverse component to v,,
where in this thesis only the transverse part will be considered. The longitudinal
force is interesting as well, but there is unfortunately no room to make a discussion
of it here. The transverse force can be written as

F, =& x[A(v,— V) + B(v, —v,))] (5.1)

85
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where A and B are, at this point, unknown coefficients and & = :I:%ez is the
quantized circulation. At the absolute zero, there is no normal fluid, and there
is general agreement that the coefficient A is the total density of the fluid. The
force is thus fully analogous to the classical Magnus Force, section 1.1.2. At finite
temperature the generally accepted continuation of this is that A = p,, and this
part of the force is called the superfluid Magnus force.

Fy = pok X (v, — Vy) (5.2)

The controversy is about the second parameter, B. The normal fluid can be
constructed of thermal excitations: phonons and rotons. The transverse force for
rotons was found by Lifshitz and Pitaevskii [LP58]. In this thesis we will however
concentrate on the region dominated by the phonons, which means temperatures
safely below 1K. The low temperature is also a reason for the disagreements,
since experimental data are hard to obtain. In 1965 S.V. lordanskii [lor65] made
a calculation of the transverse normal fluid force in this region, and found it to
be B = p,,. The phonon contribution to the force transverse to v, is named after
him: the lordanskii force.

F;=p.c x(v,—vy,) (5.3)

The normal fluid density goes as 7P+'. The lordanskii force is hence small
compared to the superfluid Magnus force for low temperatures'.

Instead of dividing the transverse force in one term proportional to v, — v,
and one proportional to v, — v,, the terms proportional to the vortex velocity

can be isolated. This is the effective Magnus force
F,=(A+B)k xv, (5.4)

lordanskii’s calculations was regarded as true for many years, until a paper by P.
Ao and D. Thouless in 1993 [AT93]. They present a derivation where the effective
Magnus force is associated with the geometrical phase of the wave function, the
Berry phase, which will be discussed in section 5.3.2. Applied on the two-fluid
model, their result is that the effective Magnus force is proportional to p, and
hence there is no lordanskii force. Later there have been a lot of articles pol-
ishing these arguments, where among these the articles [TAN96] and [GTRV00]
should be considered. The conclusion that there is no lordanskii force is often
referred to as the TAN result. As a reaction to these topological arguments, a
lot of articles have been written where the lordanskii force is calculated directly
from the scattering of phonons on a vortex, and usually these attempts end with
lordanskii’s conclusion. Among these E.B. Sonin’s article [Son96] and the article
by M. Stone [Sto99] are authoritative.

LAt higher temperatures it is small compared to the transverse force from rotons.
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5.1 The Tordanskii Force

As mentioned earlier, the Iordanskii force is the most controversial part of the
transverse force. The general expression for the transverse force (5.1) has two
parameters where the first seems to be established as A = p;. The other param-
eter, B, determining the lordanskii force, can either be found by calculating the
effective Magnus force giving A+ B, or it can be calculated directly. Here only the
direct approaches of determining the lordanskii force are discussed. This means
that the force on a vortex from a single phonon wave, found in chapter 3, will be
generalized to a thermal gas of phonons. There are several articles doing direct
calculations. Of those concluding in favor of a lordanskii force are in addition
to lordanskii [Tor65] himself: Sonin [Son96][Son01], Stone [Sto99] and Shelankov
[She98a][She98b] the most important. The analogy between phonon scattering
and the Aharonov-Bohm effect is central in their discussions, as well as in ours
(chapter 2). The lordanskii force is interpreted as a consequence of the left-right
asymmetry of the phonon wave in the presence of a vortex. An imaginative anal-
ogy between the velocity field of the vortex and a spinning cosmic string is offered
by Volovik [Vol98] (and also discussed by Stone). A relativistic generalization is
discussed by Carter, Langlois and Prix [CLPO01].

Those doing direct calculations and concluding against the existence of the
lordanskii force are mainly involved in the calculations of the effective Magnus
force as well. The articles by Wexler and Thouless [WT98] and Demircan, Ao
and Niu [DANO95] are not too convincing, since they do not apply the analogy
to Aharonov-Bohm scattering, and they also miss the important small angle
contribution to the force. A better attempt to calculate the force is done by
Thouless et al. in [TGV*101]. There the calculation is done directly at the two-
fluid model, without considering the Ginzburg-Landau theory.

Our conclusion from chapter 3 was that the force from one phonon wave could
be written

—r X (k) (5.5)

where the quantized circulation vector is kK = :I:%ez7 and (jx) is the time average
of the mass flux of one single plane wave. From the discussion of the two-fluid
description in chapter 4, we remember that the normal fluid could be constructed
as an integral over plane waves, so that
dPr
. _ 'ph _

- = = p,(V, — V, 5.6
The fundamental assumption is that the presence of the vortex does not change
the occupation numbers of the waves, so that this formula is still valid. The total
phonon force is thus the lordanskii force

F;=—p.k x Vv, (5.7)
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The derivation of the normal fluid without vortices is not ideal for the direct cal-
culation of the force. The best approach would of course be to do the quantization
of the phonons directly with the vortex in the background. This is a difficult pro-
cedure, and our approach, where the presence of the vortex is thought of only
as a slightly perturbation of the system, should also be reliable. The scattering
problem, and the calculations of the force from one phonon were all done with a
stationary vortex, v, = 0, and no asymptotic superfluid velocity?, v, = 0. The
direct calculations is then in favor of the lordanskii force.

The most serious challenge to this result is not the direct calculations in
[WT98], [DAN95] and [TGVT01], but the calculations of the effective Magnus

force. A discussion of this will be held in section 5.3.

5.2 The Superfluid Magnus Force

The superfluid Magnus force is the least controversial force component, and most
authors agree that the coefficient before v, —v,, in (5.1) is A = p;, the superfluid
density.

So far in this thesis no calculations of the superfluid Magnus force has been
done at finite temperatures, but in section 3.4 the background fluid force was
found. It corresponds to the superfluid Magnus force at the absolute zero. The
superfluid Magnus force at finite temperatures can be found by combining the
expression for the background fluid force with the force from the phonon gas.
The force from the phonon gas has so far just been found with a non-moving
background fluid which means that both the scattering problem in chapter 2
and the calculation of the phonon force in chapter 3 must be reconsidered to
get the correct expression with a background fluid in motion. But a qualitative
guess is that the changes of the phonon force is small, since the background fluid
velocity field could, as seen in section 1.2.2, be taken as a harmless modification
of the incident waves, which will not influence the scattering equations, and
the modifications of the momentum-flux tensor in chapter 3 will be cross terms
between k and v,. If we suppose that all terms proportional to k give terms
proportional to j?* when the full phonon contribution is collected, these cross
terms are second order in the velocities and can be neglected. These qualitative
arguments save us from a lot of mathematics, but they are not sufficient if the
superfluid Magnus force were to be severely derived.

Let us assume that the result obtained by phonon scattering on a static back-
ground can be straightforward generalized to a background fluid in motion by
substituting v,, — v,, — v,. We get

FL:FOL—I—FT:—pnxvs—pn&x(Vn—vs)

5.8
=—KX (psvs + pnvn) ( )

2The velocity coming from the vortex itself, vi = Vi, is ignored
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Figure 5.1: A superfluid streaming between two cylinders.

where the superfluid density is p; = p — p,. This is the total force on a static
vortex, where both the superfluid Magnus force and the lordanskii force are
included.

Another way of determining the superfluid Magnus force is through an imag-
inary experiment, as presented by Wexler [Wex97]. It relies on thermodynamical
properties of helium II. The system which is considered is a double cylinder where
the fluid is trapped between the outer and inner wall (see figure 5.1). The radius
of the inner circle R is large compared with the relative distances [ between the
walls. N quanta of circulation, where N is large, are trapped at the the inner
wall in such a way that they give rise to a uniform superfluid velocity field

vy~ N 5.9

2m Rm (5:9)
where m is the helium atom mass. The normal fluid is thought to be at rest,
v, = 0. Suppose that a vortex is created near the outer wall at the z-axis,

and is slowly dragged along the z-axis until it reaches the inner wall, where it
is annihilated and gives rise to a modification of the superfluid velocity (5.9). If
A is positive, the force on the vortex is towards the outer wall, and work must
be done to move the vortex. If the motion is so slow that vortex velocity can be
neglected, (5.1) gives the work as

W =—Fyl = Arvs | (5.10)

On the other hand let us consider the Helmholtz free energy density f =¢ — T's,
where s is the entropy density and ¢ is the energy density. Since the normal
fluid is at rest, the entropy can be regarded as a constant, and any change in free
energy is identical to the change in energy. The free energy density can also be
written as

f=co+ fer (5.11)
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where ¢g = %,0 v? is the energy density of the background fluid, and f., is the
free energy of the phonon excitations. The ordinary formula for the excitation
free energy density is

feac — kBTT Z In <1 — G_E/kBT> (512)
k

where A ~ 21 Rl is the area in which the fluid lives. The excitation energy e must
be evaluated in the frame where the fluid is at rest. In the laboratory system the
energy is

€=hw—"hv,-k (5.13)

According to the figure 5.1 we let v, be along the y-axis. To second order in v
the excitation free energy is

1 0 fen
—v
2" Dv?

fea(vs) = feulvs =0) + (5.14)

ve=0

since the first order term disappears. When differentiating the phonon free energy
(5.12) with respect to v, and taking the continuity limit, we get

Ofer d*k k, B 42k
avs = ﬁ/ (27-[-)2 e_ﬁ/ka _1 = ﬁ/ W k‘y N(G) (515)

where we have identified N(¢) as the Bose-Einstein distribution function. By

using the identity g—fi = —ﬁky%, this gives for the second derivative evaluated
in vy = 0:
0*f, d*k ON (hw)
<= p? k2 = —pn 5.16
Jv? / (2m)2 Y 0w P (5.16)

where the normal fluid density has been identified from the usual Landau formula
(4.25). Including the background fluid kinetic energy, the free energy density is

1

1
f=5(p=pn) v =gps 0 (5.17)

When the vortex is pinned to the inner wall it gives rise to a change of the
superfluid velocity, and hence to the free energy. Using the expression for the
superfluid velocity field as a function of N, (5.9), the change in free energy density
is

Af=f(N+1)— f(N)

1 ho\? h (5.18)
N Sps N+1)? =N~ —p,v,
2'0 (27TRm> <( +1) ) ZWRmp v
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The change in free energy is the same as the work performed on the system,
(5.10), since the entropy is constant. This determines the superfluid Magnus
force

2rRl) Af =W = A=p; (5.19)
We write
Fy = —psk X v, (5.20)

This derivation relies on simple thermodynamical properties of helium II. Again
it is seen that the background fluid is not identical to the superfluid. The back-
ground fluid has density p while the superfluid has density p;. The derivation is
difficult to generalize to a moving normal fluid. What made this derivation easy,
is the constant entropy making the change in energy and free energy identical.
With a moving normal fluid, an expression for the entropy and entropy change
must have been needed as well.

A more complete discussion of the relation between the background fluid and
the phonon gas on one side, and the superfluid and normal fluid on the other,
was held in section 4.2.

5.3 The Effective Magnus Force

Much of the controversy about the forces acting on a vortex string in helium
IT originates in the articles by Ao and Thouless [AT93] and Thouless, Ao and
Niu [TAN93] in 1993, where they derive an expression for Magnus force in a
superconductor. In their derivation they interpret the force as a geometrical
phase of the wave function, the Berry-phase ([Ber84], section 5.3.2), associated
with an adiabatic motion of a vortex around a circuit. The calculation was
modified in 1996 [TAN96] and applied on superfluids only.

The following derivation relies on the papers [TAN96] and [A096]. The goal
is to calculate the effective Magnus force, and hence to determine the sum A+ B
in (5.1). The superfluid and normal fluid velocities are put to zero, v, = v, = 0.

Consider a vortex moving in system of N particles in two dimensions. The
number of particles is thought to be conserved so that ordinary wave mechanics
can be used. We want to find an expression for the force on the vortex from the
system, as we push it slowly around. If the vortex is at rest, the whole fluid is
supposed to be at rest, and the fundamental assumption needed to perform the
calculation, is that the total time evaluation of the system, is due to the motion
of the vortex. This condition holds if the vortex motion is so slow that the system
is in equilibrium at any time, and the motion is hence adiabatic. The force on
the vortex is found as

F,= p=—Tr {,’a f)} (5.21)
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where the density operator is p =3 f,|V,)(V,| and the sum is over all energy
eigenstates of the system. The formalism with the density matrix is a generaliza-
tion of the Schrodinger theory, and is used on large systems where it is impossible
to find a wavefunction. The system is instead described by a statistic distribution
over states. At equilibrium with temperature 7" the factors f, are the Boltzmann
factors f, = exp(—F,/kT). Considering adiabatic motion, these equilibrium
factors can be used. The total momentum operator is simply the sum of the
momentum operators for each particle

p=—ihiy Vi (5.22)

where V,; means derivatives with respect to the position of particle :. When the
density matrix is inserted, the force becomes

Fo=— T [Z IR ST ARIATA) f)] (523)

Now the full meaning of the adiabatic motion becomes visible. Since the Boltz-
mann factors f, are independent of time, the whole time evaluation is through

the fields. The trace of an operator is Tr A = >, (U;|A|W). The full expression

for the force is then
Fo=—> £ {(wlb)(w,
n k

The operator p is hermitian, so that it can be taken inside to work on either the
“bra” or the “ket” according to our choice. Rearranging the terms and using that
the sum over all k£ just gives the identity operator >, |W;)(Ui| =1, we get

Fo= =Y L {pwaldn) + (3.]pw.,) }

W) 4 (W |0, (W,

p p ‘I’k>}

Now the expression for the momentum operator and for the time derivative can
be inserted. The wave functions ¥, = W, (ry..ry;1,(t)) are dependent of the
position of the particles and the vortex. A crucial condition to get any further,
is that the only dependency of the vortex position is through the distance from
particles to the vortex, so that ¥,, = W, (ry —r,(¢),..,ry —1r,(¢)). This condition
holds if the container is large, and the vortex is far from the boundaries. The
time derivative can hence be transformed to derivatives of the particle positions

U, =V, U, v, == V¥, v, (5.24)
J

with vortex velocity v, = r,. With the definition of the momentum opera-
tor (5.22), the force can be written as

Fy =iy [ > UV V0, v,) = (V0 - v, |Vi,)]

y
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The second term in the above expression is the conjugate of the first, which
guarantees that the force is real. The result is now proportional to the vortex
velocity. Only the force to first order in v, is of interest, so the wave-functions
can from now on be evaluated as if the vortex was at rest, ¥,, = W, (ry..ry).
To express this in particle position space, 1 = Hi\le (f dzrk> |ry..en) (LN s
inserted. Each of the integrations is over the physical area. The many particle
wave function is W, (ry..ry) = (r1..rn|¥,). The dot products can by the use of a
vector calculus formula be transformed to

Y IVAL(V W, vy) = Val, (VW7 v) = vy x Y (Vi x VU,

ij ij
Here the sum over ¢ and j are interchanged in the second term on the left hand
side. The anti-symmetry of the cross product guarantees that the result is still
purely imaginary. The force is here seen to be perpendicular to the vortex velocity.
This is a consequence of the adiabatic motion. If it were a force component along
the vortex path, it would do work on the system. Since the work cannot give a
motion of the fluid (the fluid is at rest), the energy must be lost as heat in the
system, changing the entropy. A final vector formula gives

Y IV, x VU] =) %vi X (XY, W, — U, V,0)
ij ij

So far no assumptions about the statistical properties of the particles has been
made. We will now suppose that the system consists of N identical Bosons. The
particles can then be interchanged without changing the sign of the wavefunction.
The sum over ¢ and j has N diagonal terms where ¢ = 7, and N(/N —1) off-diagonal
terms with ¢ # j. Because of the integration over all ry, the diagonal terms are
identical to the 1 = 7 = 1 case, while all off-diagonal terms are identical to
1 = 1,7 = 2. The final expression for the force can hence be split in a one-particle
contribution and a two-particle contribution,

F,=F, +F’ (5.25)

where
Fl =v, x /d2r V x {%(V — V'p(r'; r)} (5.26)
Fz =V, X /d2T1 /d2T2 Vl X [%(VQ — V;)F(rlrg;rlrg)] (527)

The one-particle contribution is expressed by the one-particle density matrix,

N

p(rir) =N L] ( / d%k) U*(r'ry..rn)U(rrs..ry) (5.28)

n k=2
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while the two-particle contribution is expressed by the two-particle density matrix

N
[(rirh;riry) = AN(N — 1) an H (/ d2rk>
~ Pl (5.29)
X W*(rirhrs.rn)V(rrors..ry)

This is the TAN result. None of the special properties of the two-fluid model has
been used. The only assumptions are that the motion is slow and adiabatic, and
the system is large, so that boundary effects can be ignored.

5.3.1 Application on Helium II

The TAN result (5.25) is valid for a general N-particle system, but usually is
it applied on either superconductors or superfluids. We will use the formula on
superfluid helium IT only. In the previous section the one-particle density matrix
was identified from a N-particle quantum mechanics expression. The same matrix
can also be written as

o~

p(r'sr) = (U(r') 1 U(r)) (5.30)

where Ut and U are the helium atom creation and annihilation operators. The
conserved current can be expressed by the one-particle density matrix

T - (5.31)
=— AV (r) — V() ¥(r)) = (j(r))

This makes it possible to identify the mass current in the one particle contribution
to the force (5.26). The expression for the force is proportional to the vortex
velocity, so to first order in the velocity it is enough to consider the mass current
of a vortex at rest. With Stoke’s theorem, the integration can be transformed to
a contour integral, where the integration contour is the physical boundary of the
system. The one-particle contribution to the force is then

Fl = —v, x f dr - (j(r))

(5.32)
= =V, X %dr (,OsVs + pnvn) = [,05"«3 + pnrn] X Vy

A
circulation. The normal fluid circulation is not quantized, and by the boundary
it must at equilibrium be equal to the circulation of the container. This is a

consequence of the interpretation of the normal fluid as an ordinary viscous liquid.

where kK = *e. is the quantized superfluid circulation and I',, is the normal fluid
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A relative motion between the normal fluid and the wall would lead to a friction
force counteracting the normal fluid motion. We will in the following use the
boundary condition with non-rotating normal fluid, I',, = 0.

For the comparison with the direct calculation, it is crucial that the same
boundary conditions are used. In the Ginzburg-Landau theory, the constraint
was that the normal fluid in the presence of the vortex should be as close as
possible to the non-vortex situation. In section 4.3 we derived that this led to
no normal fluid circulation. The Boundary conditions in the calculation of the
phonon force are hence identical to the boundary conditions in the calculation of
the effective Magnus force.

The two-particle contribution (5.27) is difficult to calculate in general. Using
the quantized fields, as in the one-particle contribution, leads to a product of
four field operators. This product is hard to handle. We can thus not make a
calculation of it, as in the one-particle contribution. But there are reasons to think
that it will vanish. The two-particle density matrix describes the interactions and
correlations between particles and the internal interaction between the particles
should not contribute to the force between the vortex and the liquid.

The TAN result gives then an effective Magnus force proportional to pg, im-
plying no lordanskii force. The conclusion is dependent of the two-particle part
of the force to vanish, which we are unable to verify by calculation.

5.3.2 Berry’s Phase

Central in the interpretation of the TAN result, is a geometrical phase of the wave-
function; the Berry phase. The idea of geometrical phases will no be sketched, as
presented by Berry [Ber80]. Consider a Hamiltonian, H(r,(?)), depending on a
time-varying parameter, r,(t). The state |U(¢)) satisfies the ordinary Schrédinger
equation

A, ()(0) = b)) (5.33)

The Hamiltonian has a set of time-dependent eigenfunctions, with eigenstates F,
which are (for simplicity) independent of time

H(ry ()| W (ry(1))) = EnWn(ry(1))) (5.34)

Let us put the system in the state |V, (r,(0))) at ¢ = 0. The system will continue
to be in the state |W,(r,(¢))), if the time-evolution is adiabatic
1

(1)) = et 0N, (r, (1)) (5.35)
where the exp(%Ent) is the dynamical Dirac phase factor. The attention now is
to the other phase factor, 4,(¢). Inserting the above expression into the time-
dependent Schrédinger equation (5.33), gives the equation

BuUulra(0) = if | B i8] N0 + S0, (0)

t
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The time dependency of the eigenstates are only through r,(¢) so the time deriva-

tive can be found as % =71, Vy,. If the eigenstates are normalized to unity, this

gives an expression for ¥,
;)/n - Z<\I}n(rv(t))|v1'vq}(rv)> ) i.U

The interesting point is the r, on the right hand side. When integrating over
t the right hand side transforms to a contour integral over the path r,(¢). Of
special interest is when the path is closed and r,(¢) = r,(0). The phase factor
v, 18 then not zero, but has a value depending on the closed path C'. The Berry
phase is

() = f dr, - (U, (r,)|Ve U, (x,)) (5.36)

The value of v,(C) is independent of how the circuit C' is traversed, as long as
the motion is slow enough to be adiabatic.

Now we want to see the connection between the Berry phase and the expres-
sion for the effective Magnus force in section 5.3. In that calculation the deriva-
tives with respect to the vortex position was changed to derivatives with respect
to the particle positions. Now we go the other way around, and express the force
by derivatives of the vortex position only, which means that > .V, = =V, .
Substituting this in the expression for the force, we get

Fy =i, fu Vi, x (U,|Vi, U,) (5.37)

This looks like the integrand in the Berry phase. The force F), is thought to be
independent of the vortex position r,. An integral of r, over the left hand side
only gives the volume. The right hand side gives, with the use of Stoke’s theorem,
a contour integral. So when integrating over a volume Q, we get

7(09)
Q

1ho,

F, = f dr, - (U, |V, 0,) = hv,
N

o (5.38)

where the Berry phase as function of the boundary 02 is

1(00) = 3 Joa(00) (5.39)

where 7, (09Q) is the Berry phase of the wavefunction which was in state ¥,, at ¢t =
0. We have thus two expressions for the effective Magnus force. In section 5.3.1
the force was found to be proportional to the superfluid density and now we have
seen that it can also be expressed by the Berry phase. This relation was also

found by Haldane and Wu [HW85]. The force is independent of which circuit
0f) that is chosen and how it is traversed, giving the result topological authority.
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Impurities and other perturbations can thus not change the TAN result. The
superfluid Magnus force is hence a topological quantity. This interpretation of
the TAN result is the same both for superfluids and superconductors. Of special
importance is this for dirty superconductors, where this result says that the
superfluid Magnus force is not influenced by impurities, nor details in the vortex
core.

5.4 Discussion of the Controversy

Opposed to the direct calculations, the TAN result implies no lordanskii force. We
will now make a summary of the assumptions done in both the direct calculations
and the TAN calculation and point to the possible reasons for the conflicting
results.

The direct calculations of the lordanskii force are carried out in Ginzburg-
Landau theory. There is of course a fundamental assumption that Ginzburg-
Landau theory gives an adequate description of helium II. We saw in chapter 4
that the phenomenological two-fluid description of helium II could be derived
from Ginzburg-Landau theory, in the absence of vortices. In the derivation, it
was necessary to make some interpretations and identifications, but most of the
two-fluid results came out rather easily. Thus it seems like the Ginzburg-Landau
theory works, at least at a macroscopic length scale.

In the scattering of a phonon on a vortex, the presence of the vortex was
treated as a perturbation of the non-vortex situation. In an ordinary scattering
problem, this means that the solution far from the vortex can be divided in an
incoming plane wave and a scattered wave. But in the scattering of a phonon on
a vortex this was not possible, since the long range of the vortex forced a twist
on the incoming wave. This twist, although long range, was proportional to the
wave-number k, so in the low energy limit there should still be expected that
the perturbative approach works. There are hence two condition on k: First,
the wavelengths of the thermal phonons must be small compared with the size of
the system, for boundary effects to be negligible. But the phonon wavelengths
must also be large compared with the vortex core, for core effect to be ignored.
Mathematically this means that £ < 1 and kR > 1 when R is the radius of the
container.

The TAN derivation of the effective Magnus force starts with a very general N-
particle system. The force is found from the response in the liquid, as the vortex
is pushed adiabatically around. The container is, as in the direct calculations,
thought to be large, so that boundary effects can be ignored. The dependency
of the vortex position is thus only through the distance from the particles to
the vortex. Because of the adiabatic motion, all time-dependency is through the
vortex position. Using this, we are able to express the force by the one- and two-
particle density matrices. The one-particle contribution is proportional to p;,
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provided that the normal fluid circulation is zero. The normal fluid circulation
was also found to be zero in Ginzburg-Landau theory, proving that the Ginzburg-
Landau theory and the TAN derivation have the same boundary conditions. The
contribution from the two-particle density matrix is difficult to calculate exactly,
but general arguments indicates that it is zero. The TAN expression for the
effective Magnus force is proportional to p,, implying no lordanskii force.

There are two possible ways out of the disagreement. Of course there could
be some technical error in one of the arguments, leading to a wrong answer.
In this thesis we have carefully gone trough the calculations, and not found any
obvious mistakes. We will therefore concentrate about the other possibility, which
is that both calculations are indeed correct, but calculating different quantities.
The direct calculations are of course determining the lordanskii force. The TAN
calculation finds the adiabatic force as the vortex is pushed around. Is it possible
that the lordanskii force is not adiabatic? Let us consider the TAN situation
with a vortex pushed around in a stationary liquid. The liquid is in contact
with the surroundings at the vortex and by the boundaries. Since the lordanskii
force is perpendicular to the vortex motion, there is no work on the liquid at the
vortex point. But we know that the thermal phonons are scattered on the vortex
and these scattered phonons will in turn interact with the boundaries. There
might be a net heat transfer between the boundaries and the liquid. This can
be the reason why the lordanskii force is not visible in the Berry phase and the
adiabatic calculation of the force. If the lIordanskii force is not adiabatic, it is
still possible to associate the superfluid Magnus force with the Berry phase. But
it is not possible to find the effective Magnus force, only the superfluid Magnus
force, from the calculation based on adiabatic motion.



Conclusion

The purpose of this thesis was to calculate the Iordanskii force in liquid helium II.
The direct calculations of the force were carried out in Ginzburg-Landau theory.
In order to find the force, the scattering of a phonon on a quantized vortex was
examined, and the analogy to Aharonov-Bohm scattering was discussed. In the
Born approximation, the conventional Aharonov-Bohm scattering amplitude was
obtained. The scattering amplitude was not valid for small angles, though, and
right behind the vortex a special small angle solution was developed. Hidden
in the Born integral was also an important modification of the incoming wave,
which was interpreted as a consequence of the long range of the vortex. The Born
solution was thus consisting of three different contributions; a sum of two valid
at finite angles, and one valid for small angles. A comparison in the overlapping
region showed that the Born solution was continuous and single valued. The
scattering problem was in addition solved as a sum of partial waves. By expressing
Bessel functions as contour integrals, we were able to sum up. The solution, which
was valid at all angles, was identical to the Born solution when compared in the
different limits.

The transverse force on the vortex from one phonon was found, by examining
the momentum change through a contour enclosing the vortex. Analytical an-
swers were found in two limits: with the integration contour far from the vortex,
and close to the vortex (but outside the core). The Born solution was used far
from the vortex, where the calculation was laborious and involved many terms
and limits. With the integration contour put near the vortex, the force was
found almost with no calculations at all. In addition numerical expressions were
obtained at finite distances from the vortex. All these calculations agreed on a
transverse force proportional to the phonon mass flux, giving the lordanskii force,
when the full phonon contribution was collected.

The two-fluid description of helium Il was derived from Ginzburg-Landau
theory. In Ginzburg-Landau theory, liquid helium was modeled as a phonon gas
on the top of a background fluid. The superfluid and normal fluid were identified
from the expression for the mass flux. From the phonon scattering we were able
to show that the normal fluid circulation was zero at the boundaries, proving
that the boundary conditions used in Ginzburg-Landau theory were consistent
with the two fluid model.
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100 CONCLUSION

We have gone through the calculation of the effective Magnus force, found by
pushing the vortex adiabatically around in a general N-particle system. Applied
on the two-fluid model it gave a force proportional to p,, implying no lordanskii
force. The superfluid Magnus force was identified with the geometrical Berry
phase, giving the force a topological character.

Several ways out of the conflict were pointed out. One worth considering is
the possibility of lordanskii force being non-adiabatic, and hence lost in the Berry
phase calculation.



Appendix A

Some Useful Integrals

Here is a list of some integrals which are used in the thesis. These integrals can
also be found in many integral tables, for example Table of integrals, series, and

products [GRI4] or Handbook of Mathematical Functions [AS68].

First some integral representations of the Bessel functions

/7r dp emimetizsin(e) — on J (2) (A.1)
/j de sin(ne)sin(zsin(e)) = [1 — (=1)"] © Ju(2) (A.2)
/j de cos(np)cos(zsin(e)) =[1 + (=1)"] © J.(2) (A.3)

This leads to two integrals we need

/ do sin(p) €5 = 215 Jy(2) (A4)

Kis

/ do cos(ip) €259 = 0 (A.5)

Kis

Another integral we need is

oo dx T
_ A6
[ (4.6)

&0 2 m
dv e = |- A.
[ 4
>0

This formula works for R(«)

and the Gaussian integral
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We also need integrals of the kind
< a2t (ax) Lo
[ o S e A

For the integrals of the Hankel functions, there are not always available formulas,
but the Hankel functions of the first kind can always be expressed by Bessel
functions as

_ J_,(2) —e ™ ], (2)

g A9
o (2) isin(mv) (4.9)
For b <1 we have the integral
/00 Jy(t)eibtdt — 1 eiu arcsin(b) (AlO)
0 V1—0?

Combining these formulas we get

ei%u /00 ngl)(t) e—itcos(t)dt — _2 sin [V(S‘Q — 7T + 27Tn)] (All)
0 sin(mr) sin(g)

On the right hand side we must choose an integer n according to the value of ¢.



Appendix B

Vector Calculus in 2-D

In two dimensions the usual vector calculus formulae can take some peculiar
shapes. Let the the vectors A = A,e, + Aye, and B = B,e, + Bye, live in the
xy-plane, and let e, be the unit vector in the z-direction. Then we have

A xe, = (A, —A;) (B.1)
A xB=A,B, — A,B, .
VXxA=V-(Axe,) (B.3)

The two dimensional delta functions can also be identified as
V x Ve =271d(r) (B.4)

where ¢ = arctan(y/x). This can be seen by remembering that the curl of a
gradient is zero everywhere except in singularities. An integral on a circle with
radius r gives, when Stoke’s theorem is applied

2 1
/dQTVxVQQ:%dl-V@:r/ dp —=2rm
w dw 0 r
G

which proves that this is a delta function. The commutator [V s B
be needed when g = arctan((y — yo)/(x — x0)) and ro = ro(t). First we notice
that all time dependency of g is through rg, so that %cho = —(ro - V)Vio.
Using the ordinary vector formulae found in text-books we find

] wo will also

0 :
V(%) = =V [fo- Vol
= —(I'o . V)V@O — I"o X (V X Vc,oo)
0

— EV@O — (I'O X 62)27{'5(1' — I‘o)

By taking the cross product on both sides, we get

[V R %] Yo X €, = 2m i'05(r — I'()) (B5)
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Appendix C

The Two-Dimensional Green’s
Function

The time-independent two-dimensional Green’s function D(r) is a solution of the
equation

(k> + V*)D(r) = —5*(r) (C.1)
The Fourier transform of the equation is
(k* = p*)D(k) = —1

The Green’s function is then found as the double integral

d*p 1 o
D(r) = / (2m)2p? — kze ’

If we introduce polar coordinates (p,#) in phase space, the angle part of the
integral can be easily carried out

2m 2m
/ df e ose) = / d 7 = o Jy(pr)
0 0

from equation (A.1). The restoring integral can be found by regularizing

—k? = (e+ik)? for some small positive €, and use formula E.H.IT96(58) in [GR94].

(3] T ;
A dzx W Jo(al') = [Xo(ab)

X

where Ky 1s a Bessel funtion of second kind. The Green’s function is then

D(r) = QLKO(T(E + k) =3 %Hél)(kr) (C.2)

s

The final result is independent of the choice of sign. Hél) is the zeroth order
Hankel function of the first kind.
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