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VISCOUS SPLITTING APPROXIMATION OF MIXED

HYPERBOLIC�PARABOLIC CONVECTION�DIFFUSION EQUATIONS

Steinar Evje� Kenneth Hvistendahl Karlsen

Abstract� We �rst analyse a semi�discrete operator splitting method for nonlinear� possibly strongly degenerate�
convection�di�usion equations� Due to strong degeneracy� solutions can be discontinuous and are in general not
uniquely determined by their data� Hence weak solutions satisfying an entropy condition are sought� We then propose
and analyse a fully discrete splitting method which employs a front tracking scheme for the convection step and a
�nite di�erence scheme for the di�usion step� Numerical examples are presented which demonstrate that our method
can be used to compute physically correct solutions to mixed hyperbolic�parabolic convection�di�usion equations�

�� Introduction�

In this paper we consider viscous splitting methods for nonlinear� possibly strongly degenerate� convection�
di�usion problems of the form

���

�
�tu� �xf�u� 	 ���xA�u�� �x� t� � QT 	 R� h
� T i � A��u� � 
�
u�x� 
� 	 u��x��

where u�x� t� denotes the �scalar� unknown� u��x� is a given function of bounded variation� f�u� and A�u� are
given locally smooth bounded functions� and � � 
 is a �small� scaling parameter�
Convection�di�usion equations arise in a variety of applications� among others turbulence� tra�c 
ow� �nan�

cial modelling and front propagation� Such equations also constitute an important part of a system of equations
describing two phase 
ow in oil reservoirs ��� as well as a system of equations describing sedimentation processes
used for solid�liquid separation in industrial applications ������ When ��� is convection dominated� which is of�
ten the case in reservoir simulation� it is well known that conventional numerical methods exhibit non�physical
oscillations and�or excessive numerical di�usion in the vicinity of moving shock fronts�
An underlying design principle for many successful numerical methods for equations such as ���� is viscous

operator splitting� That is� one splits the time evolution into two partial steps in order to separate the e�ects
of convection and di�usion �viscosity�� Variations on the viscous splitting approach have indeed been taken in
various contexts by many authors ������������������������� Karlsen and Risebro ��
� introduced and analysed a
fully discrete splitting method for ��� in the linear di�usion case A�u� � u� Their discrete method was based on
a front tracking scheme for the convection step and a �nite element scheme for the di�usion step� A variant of
this method has also been implemented in a prototype two�dimensional black oil reservoir simulator ����� The
idea is to treat multi�dimensional problems by means of dimensional splitting� The resulting method allowed
for very long time steps due to the use of front tracking and a novel procedure for reducing potential viscous
splitting errors� see ���� for details�
The assumption of linear di�usion is restrictive from the point of view of applications� For example� the

equation arising in models of two phase 
ow in oil reservoirs is of the form ���

��� �tu� �xf�u� 	 ��x�a�u��xu� 	 ���xA�u�� A��u� 	 a�u��

where a�u� is a nonlinear function that vanishes for some values of u� Furthermore� in many applications this
equation is so strongly dominated by convection that it is reasonable to set a�u� equal to zero on intervals of
positive length� This will imply that the shock fronts� i�e�� the transition zones from water to oil� are hyperbolic
and thus discontinuous� A variant of ��� also appears in certain sedimentation models and there the di�usion
term a�u� is generically zero on an interval of positive length� see ����� for details�
The main purpose of our paper is to propose and analyse a working splitting method for the notably more

di�cult case of degenerate equations� which calls for an appropriate notion of a generalised solution�
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� EVJE� KARLSEN

When ��� is non�degenerate� i�e�� A��u� � 
� it is well known that ��� admits a unique classical solution �����
This contrasts with the case where ��� is allowed to degenerate at certain points� i�e�� A��u� may vanish for some
values of u� Solutions are then not necessarily smooth and weak solutions must be sought� A function u�x� t�
is here called a weak solution if� for all suitable test functions �� it satis�es

���

Z
R

Z T

�

�
u�t�� f�u��x�� �A�u���x�

�
dt dx�

Z
R

u��x���x� 
� 	 
�

The simplest examples of degenerate equations are perhaps provided by the porous medium equation �tu 	
���x �u

m� � m � � and the convective porous medium equation �tu � �x �un� 	 ���x �u
m� � n�m � �� which

both degenerate at u 	 
� A striking manifestation of this one�point degeneracy is �nite speed of propagation�
The reader who is interested in an overview of the very extensive literature that exists on degenerate parabolic
problems is referred to the papers ��������� and the references therein�
We will from now on refer to ��� as degenerate when A�u� is strictly increasing and strongly degenerate or

mixed hyperbolic�parabolic when A�u� is merely non�decreasing�
In the strongly degenerate case there exist two numbers � and � such that A��u� 	 
 on the interval ��� ���

A simple example of a strongly degenerate equation is a hyperbolic conservation law �tu � �xf�u� 	 
� Thus
��� must in general possess discontinuous solutions� Furthermore� discontinuous solutions de�ned by an integral
equality ��� is not uniquely determined by their data� In fact� an additional condition � an entropy condition �
is needed to single out the physically relevant weak solution�
We here seek weak solutions that are realizable as the L� limit of smooth solutions u� of non�degenerate

parabolic equations�
�tu� � �xf�u�� 	 ���xA�u�� � 	��xu�� 	 � 
�

as the regularization parameter 	 tends to zero� yielding the following notion of an entropy solution� We call a
bounded measurable function u�x� t� an entropy weak solution of the initial value problem ��� �or ���� if� for all
real numbers k and suitable test functions � � 
� it satis�es ����

���
L�u� 	

Z
R

Z T

�

�ju� kj�t�� sign�u� k� �f�u� � f�k�� �x�� �jA�u�� A�k�j��x�
�
dt dx

�

Z
R

ju� � kj��x� 
� dx� 
�

Letting k � ��� we see that ��� holds in the weak sense ���� Furthermore� in the context of hyperbolic
equations �A� � 
�� the entropy condition ��� coincides with the celebrated condition due to Volpert ���� �see
also Kruzkov ������ Using a standard approximation argument it follows from ��� that the entropy inequality

�tU �u� � �xP �u�� ���xQ�u� 	 


holds in the weak sense for any convex Lipschitz entropy U � R� Rwith corresponding entropy 
uxes P and
Q given by P � 	 U �f � and Q� 	 U �A��
Existence of an entropy weak solution to ��� was established by Volpert and Hudjaev ����� Although the

uniqueness of entropy weak solutions in the context of conservation laws is by now a classical result �������� a
similar �general� uniqueness result for ��� is still not available� thus re
ecting the fact that these problems are
signi�cantly less well understood than conservation laws� On the other hand� the uniqueness of weak solutions
for the purely parabolic case �no convection term� in the class of bounded integrable functions has been proved
by Brezis and Crandall ���� A uniqueness result for the mixed type equation ��� in the BV class with �xA�u�
locally integrable has recently been proved by Wu and Yin ��
�� We shall brie
y review this result together
with the jump conditions used in the proof� The jump conditions will be used to justify the behaviour of our
fully discrete method when computing discontinuous solutions�
Having introduced the appropriate notion of a solution� the splitting technique studied in this paper can be

summarised as follows� Let v�x� t� 	 Stv��x� be the entropy weak solution to the conservation law

�tv � �xf�v� 	 
� v�x� 
� 	 v��x��

and let w�x� t� 	 Htw��x� be the entropy weak solution to the degenerate parabolic problem

��� �tw 	 ���xA�w�� w�x� 
� 	 w��x��

The viscous splitting method is then based on the following approximation

��� u�x� n�t� 
 �H�t � S�t�
n
u��
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A L� type convergence analysis of the splitting ��� was presented in ��
� in the context of linear di�usion� In
this paper we prove similar results in the case where A 	 A�u� is non�linear and A� possibly zero on intervals
of positive length� Furthermore� we are here able to explicitly quantify the entropy discrepancy ��� associated
with the operator splitting� Thus� even in the case of linear di�usion the results presented here are more re�ned
than the results in ��
��
With an eye to applications� we propose a fully discrete splitting method where the exact solution operators

St and Ht are replaced by numerical methods� We use front tracking ��
���� as approximate solution operator
for the convection operator St and a suitable �nite di�erence scheme as approximate solution operator for the
di�usion operator Ht� A detailed convergence analysis is also presented for the fully discrete method�
We mention that B�urger et al� ����� employ a �nite di�erence based operator splitting scheme for equations

of the type ��� with a time dependent 
ux function f 	 f�t� u�� This scheme is similar to our front tracking
based splitting method� but they have not yet provided mathematical justi�cation of their scheme� see ����
The remaining part of this paper is organised as follows� In x� we present a convergence analysis of the

semi�discrete splitting formula ���� In x� we propose and analyse a fully discrete version of ���� We present and
discuss some numerical results in x�� Finally� in x� we make some concluding remarks�
�� The semi�discrete method�

Fix T � 
 and �t � 
� and let N be such that N�t 	 T � Let now un denote the approximate solution to
��� at a �xed time tn 	 n�t �n 	 
� � � � � N � ��� u� 	 u�� Next� we explain how to construct u

n�� from un�
Let v�x� t� be the solution to the hyperbolic conservation law

��� �tv � �xf�v� 	 
� v�x� 
� 	 un�x�� �x� t� � R� h
��ti �

Note that there exists a unique entropy weak solution to ��� provided un has bounded total variation and f is
locally C�� see ����� Letting St denote the solution operator of ��� at time t� we de�ne un���� 	 S�tu

n�
Let A��u� 	 A�u� � �

�
u� for 	 � 
 and let w��x� t� be the solution of the parabolic problem

��� �tw� 	 ���xA��w��� w��x� 
� 	 un�����x�� �x� t� � R� h
��ti �

Note that there exists a unique classical solution to ��� provided un���� has bounded total variation and A is
locally C�� Let H�

t denote the solution operator associated with ��� at time t�
Although our �nite di�erence scheme for solving ��� �see x�� is not based on adding an arti�cial di�usion

term to the equation� this is indeed the case for many numerical schemes� Thus� using ��� instead of ��� when
de�ning the semi�discrete splitting is reasonable from a numerical point of view� However� another �technical�
reason is that we avoid appealing to approximation arguments when working with the derivatives due to the
smoothness of the solution to ���� On the other hand� Theorem ��� below does not assume any relation between
�t and 	 so that 	 can go to zero independently of �t� The case 	 � 
 is therefore covered by our analysis�
With the current notation in hand� we can de�ne the approximation un�� by the product formula

��� un�� 	 �H�
�t � S�t�u

n�

It will be more convenient to work with functions de�ned in the whole upper plane� and not merely on the
time strips t 	 tn� Consider therefore the function u��x� t�� 
 	 ��t� 	�� where

��
� u��x� t� 	 un�x�� �x� t� � R� htn��� tni � n 	 �� � � � � N�

We next establish convergence of the splitting approximations to an entropy weak solution� To this end�
recall that the space BV �R� consists of all L�

loc�R� functions z�x� whose �rst order derivative
dz
dx is represented

by a �locally� �nite Borel measure� The total variation of z is by de�nition the total mass of this measure� i�e��

jzjBV 	
Z
R

����dzdx
���� �

Lemma ���� We have the following maximum principle

���� ku���� t�k� 	 ku�k�� 
t � 
�

Proof� This claim follows from the well�known fact that the solution operators St and H�
t do not introduce new

minima or maxima� �
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Lemma ���� We have the following bound on the total variation

���� ju���� t�jBV 	 ju�jBV � 
t � 
�

Proof� The lemma follows since the solution operators St and H�
t do not increase the total variation of their

initial data� see ������� and also x�� �

Lemma ���� There is a �nite constant C � 
� independent of 
� such that

���� ku���� t��� u���� t��k� 	 C
p
jt� � t�j� 
t�� t� � 
�

Proof� Without loss of generality� we assume that t� 	 tn and t� 	 tn�� for some �xed n� We �rst establish
weak Lipschitz continuity in the time variable of the splitting solution u��
To this end� integrating the equation ��� against a test function ��x� over R� h��� ��i yields the result����

Z
R

�w��x� ���� w��x� ������x� dx

���� 	
����
Z ��

��

Z
R

��xA��w���
��x� dx dt

����
	 ��� � ���k��k�max

u
jA���u�jjw���� t�jBV �

Letting �� 	 
� �� 	 �t� w� 	 un���� and using Lemma ���� we get����
Z
R

�
H�

�tu
n���� � un����

�
�dx

���� 	 O���k��k��t�

Since solutions of hyperbolic conservation laws have �nite speed of propagation� we get

kS�tu
n � unk� 	 O����t�

Consequently� the following weak continuity result holds

����

����
Z
R

�u��x� t�� � u��x� t�����x� dx

���� 	 O��� �jj�jj�� k��k�� �t� � t�� �

Next� let ���x� be a standard C�
� �molli�er with smoothing radius 
� Let d�x� 	 u��x� t�� � u��x� t��� and

de�ne ��x� 	 sign �d�x�� for jxj 	 r�
 and ��x� 	 
 for jxj � r�
� where r � 
� Moreover� de�ne �� 	 �� ���
and note that �� � C� with support in ��r� r� and k�����k� 	 O���
�� Since d�x� has bounded total variation
on R� we have the following error estimate �see� e�g�� ����Lemma ���Z r

�r

��jd�x�j � ���x�d�x�
��dx 	 C�
�

for some constant C� � 
 independent of 
 and r� By using this estimate and choosing � 	 �� in ����� it follows
that Z r

�r

ju��x� t�� � u��x� t�� dxj

	
Z r

�r

��jd�x�j � ���x�d�x�
��dx� ����

Z r

�r

���x�d�x� dx

����
	 C�
 � C� �t� � t�� �
�

Choosing 
 	
p
t� � t� and letting r��� we obtain ����� �

In view of Lemmas ��� and ���� a classical application of Helly�s theorem yields the existence of a subsequence
fu�j ��� t�g converging in L�

loc�R� to a function u��� t� in L��R��BV �R� for each �xed t� By a diagonalization
argument we obtain the existence of a further subsequence� still denoted by fu�j ��� t�g� which converges for all t
in some dense countable subset of h
� T i� By appealing to Lemma ���� we obtain convergence for all t in h
� T i�
Consequently� we have the following lemma�

Lemma ���� Let f
 	 ��t� 	�g be a sequence of discretization parameters tending to zero� Then there exists a
subsequence f
jg and a bounded measurable function u such that u�j � u in L�

loc�QT � as j ���

We now justify the term �approximate solution� by proving the following theorem�
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Theorem ��	� Suppose that u� is of bounded total variation� and that f�u� and A�u� are locally twice continu�
ously di�erentiable� Let fu�g be the semi�discrete splitting sequence given by ��	
� Then the entropy discrepancy

L�u�� is of order
p
�t� Furthermore� there exists a subsequence fu�jg converging to an entropy weak solution

of the mixed hyperbolic�parabolic convection�di�usion problem

�tu� �xf�u� 	 ���xA�u�� u�x� 
� 	 u��x�� �x� t� � QT � A��u� � 
�

Proof� We �rst estimate the entropy discrepancy ��� associated with the auxiliary sequence f�u�g�

���� �u��x� t� 	

� S��t�tn�un� �x� t� � R� �
tn� tn����

�
�h

H�
��t�tn�����

� S�t

i
un� �x� t� � R� �

tn����� tn��

�
�

This way of extending ��� to a function de�ned for all t was �rst used by Crandall and Madja ���� see also ��
��

Observe that ku���� t�� �u���� t�k� 	 O�p�t�� This implies that also �u�j � u in L�
loc�QT �� where f
jg refers to

the subsequence in Lemma ��� and u the limit function�
Let vn�t� 	 Stun� t � h
��ti� and de�ne a new test function � by ��x� t� 	 ��x� t���� Then the following

inequality holds

����

Z
R

Z tn����

tn

	
�

�
j�u� � kj�t�� sign��u� � k� �f��u�� � f�k�� �x�



dt dx

	
�

�

Z
R

Z �t

�

�jvn � kj����x� � � �tn� � sign�vn � k� �f�vn� � f�k�� �x��x� � � �tn�� d� dx

� �

�

Z
R

j�u��x� tn����� � kj��x� tn����� dx� �

�

Z
R

j�u��x� tn�� kj��x� tn� dx�

where we have used the substitution � 	 ��t � tn�� Similarly� we have

����

Z
R

Z tn��

tn����

	
�

�
j�u� � kj�t�� �jA���u�� �A��k�j��x�



dt dx

� �

�

Z
R

j�u��x� tn���� kj��x� tn��� dx� �

�

Z
R

j�u��x� tn����� � kj��x� tn����� dx�

Introduce the entropy 
uxes Pk�u� 	 sign�u � k� �f�u� � f�k�� and Qk���u� 	 jA��u� � A��k�j� Then adding
���� and ����� multiplying by � and summing over all n 	 
� � � � � N � �� yields the global inequality

���� L��u�� � E�
s � E�

s �

where

����

E�
s 	

X
n

Z
R

�Z tn��

tn

Pk��u���x�dt� �
Z tn����

tn

Pk��u���x�dt

�
dx�

E�
s 	 �

X
n

Z
R

�Z tn��

tn

Qk����u���
�
x�dt� �

Z tn��

tn����

Qk����u���
�
x�dt

�
dx�

We begin by estimating the second term E�
s � Writing

Qk����u��t�� 	 Qk����u��tn�� �


Qk����u��t�� �Qk����u��tn��

�
�

we can rewrite E�
s as E

�
s 	 E���

s �E���
s � where

E���
s 	 �

X
n

Z
R

	Z tn��

tn

��x�dt� �
Z tn��

tn����

��x�dt



Qk����u��tn�� dx

E���
s 	 �

X
n

Z
R

	Z tn��

tn



Qk����u��t��� Qk����u��tn��

�
��x�dt

� �
Z tn��

tn����



Qk����u��t��� Qk����u��tn��

�
��x�dt



dx�
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Since � is smooth� we may write ��x��x� t� 	 ��x��x� tn� �O�t� tn� for t � tn� With the aid of this and Lemma
���� it is easy to see that ��E���

s

�� 	 O����t
Z
supp�	�

jQk����u��tn��j dx 	 O��t��

Using the reversed triangle inequality� the Lipschitz continuity of Qk�� and ����� we get

��E���
s

�� 	 O���
X
n

Z tn��

tn

Z
R

j�u��t� � �u��tn�j dx dt 	 O�p�t��
Consequently� jE�

s j 	 O�p�t�� Similarly one can deduce that jE�
s j 	 O�p�t�� Hence we obtain the entropy

estimate
L��u�� � � �C

p
�t�

where �C is a positive constant� Furthermore� this implies that the entropy discrepancy associated with fu�g is

��
� L�u�� � �C
p
�t�

where C is a �nite positive constant� Finally� in view of ��
�� we get that the limit �see Lemma ����

u 	 lim
j��

u�j

is an entropy weak solution to ���� This concludes the proof of the theorem� �

Some remarks on BV entropy weak solutions� Let us now consider ��� with a su�ciently smooth initial
condition u�� As mentioned before� a general uniqueness result for entropy weak solutions is not available�
However� a general result was proved recently by Wu and Yin ��
� for the so�called BV entropy weak solutions�
This notion of a solution depends heavily on the theory of BV functions of several variables and geometric
measures� We therefore recall some relevant de�nitions and results from this theory before returning to ��
��
Let  be an open subset of Rd �d � ��� The space BV � � of function of bounded variation consists of all L�

loc

functions u whose �rst order partial derivatives 
u

y�

� � � � � 
u

yd

are represented by �nite Borel measures� The total

variation of u is by de�nition the sum of the total masses of these Borel measures� A useful concept proposed
in ���� is the notion of averaged superposition� Let u be in L�� � �BV � � and let p be locally C�� Then the
averaged superposition of the function u by the function p is de�ned for Hd�� � almost every y in  by

�p�u��y� 	

�
p�u�y��� if y is an approximate continuity point of u�R �

� p ��u
��y� � ��� ��u��y�� d�� if y is an approximate jump point of u�

where Hd�� denotes the �d � �� dimensional Hausdor� measure� Furthermore� u��y� and u��y� are the left
and right approximate limits of u�y� with respect to a unit normal ��y� � Rd �see below�� The function �p�u� is
measurable and integrable with respect to the Borel measure 
u


yi
� so that the non�conservative product �p�u� 
u
yi

makes sense as a �nite Borel measure� Moreover� the chain rule

����
p�u�

�yi
	

��p�u�

�u

�u

�yi

holds in the sense of measures� We are now in position to introduce the notion of a BV entropy weak solution�
The essential idea behind this solution concept is to impose more regularity on the solution so that the derivative
of the di�usion term exists in some sense� This is realized by the following de�nition�
A function u�x� t� in BV �QT � is called a BV entropy weak solution if the following two conditions hold �here

k is a real number and � � 
 a suitable test function�

���� ��a�u��xu � L�
loc�QT ��

����

Z
R

Z T

�
�ju� kj�t�� sign�u� k� �f�u� � f�k� � ��a�u��xu� �x�� dt dx�

Z
R

ju� � kj��x� 
� dx� 
�

Let us recall some basic consequences of ���� and ����� as proved in ����� The condition ���� implies that
the measure �a�u��xu is absolutely continuous� which means that �a�u��xu can be expressed by the integral of
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a function in L��QT � �the Radon�Nikodym theorem�� We shall always identify �a�u��xu with this L
� function�

It is easy to see that ���� implies that the equation holds in the weak sense ���� Consequently� the generalised
derivative �x ��a�u��xu� is a locally �nite measure since �tu and �xf�u� are locally �nite measures� and the
equation ��� holds in the sense of equality of measures�
The proof of existence of a BV entropy weak solution dates back to the work ����� However� the L� stability�

and thus uniqueness� was established only recently in ��
�� The proof makes signi�cant use of the following
�correct� jump conditions� which also were derived in ��
��
Let !u be the set of jumps of u�x� t�� � 	 ��t� �x� the unit normal to !u� u��x�� t�� and u��x�� t�� the

approximate limits of u at �x�� t�� � !u from the sides of the half�planes �t � t���t � �x � x���x � 
 and
�t � t���t � �x � x���x � 
 respectively� ul�x� t� and ur�x� t� denote the left and right approximate limits of
u��� t� respectively as a function of x� Then H� � almost everywhere on !u�

����
�u� � u���t � �f�u

��� f�u����x � �
�
��a�u��xu�

r � ��a�u��xu�l
�j�xj 	 
�

a�u� 	 
� 
u � I�u�� u���

where I�a� b� denotes the interval bounded by a and b� Furthermore�

����
ju� � kj�t� sign�u� � k�



f�u�� � f�k� � �

�
��a�u��xu�

r sign���x�� ��a�u��xu�l sign���x�
��
�x

	 ju� � kj�t � sign�u� � k�


f�u�� � f�k� � �

�
��a�u��xu�

l sign���x�� ��a�u��xu�r sign���x�
��
�x�

where sign� 	 sign and sign� 	 sign� ��� Observe that these jump conditions do not coincide with the jump
conditions satis�ed by entropy solutions of hyperbolic conservation laws� Later we will use the Rankine�Hugoniot
type condition ���� to explain the qualitative behaviour of our fully discrete splitting method�
We should mention that the jump conditions proposed in ���� are in general not correct and thus the unique�

ness proof presented there is incomplete� see ��
� for more details�
We now consider the semi�discrete splitting method ��
�� where H�

t is now the exact solution operator
associated with the non�degenerate parabolic equation with the di�usion term on non�conservative form

�tw 	 ��x �a��w��xw� � a��w� 	 a�w� �
	

�
� 	 � 
�

According to Theorem ��� a subsequence fu�jg converges to an entropy weak solution u of ��� as j � ��
Without loss of generality� let us suppose that the whole sequence fu�g converges to u�
Assuming that u is an element in BV �QT �� we want to show that u satis�es the regularity condition �����

To this end� introduce the two sequences f"u�g and fg�g�

"u��x� t� 	 �Ht�tn � S�t�u
n� g��x� t� 	

q
�a �"u���x"u�� �x� t� � R� htn� tn��i �

Since ku���� t�� "u���� t�k� 	 O�p�t�� "u� � u in L�
loc�QT �� Multiplying the di�erential equation for "u��x� t� on

R� htn� tn��i by "u��x� t�� integrating over QT and then doing integration by parts in space� we get

kg�k�� 	
Z
R

Z T

�

�a��"u�� ��x"u��
�
dt dx

	 �
Z
R

Z T

�

��x �a� �"u�� �x"u�� "u� dt dx 	 �
X
n

Z
R

Z tn��

tn

�

�
�t �"u��

�
dt dx

	 ��
�

X
n

Z
R

	�
"u�
��
t�tn��

��
�
�
"u�
��
t�tn

��

dx

	 ��
�

X
n

Z
R

	h�
un��

�� � �un��i� �
�un�� �

�
un����

���

dx

	 ��
�

Z
R

h�
uN

�� � �
u�
��i

dx�
�

�

X
n

Z
R

��
un����

��
� �un��

�
dx�

where we have� without loss of generality� assumed that �a� �"u�� �x"u�� "u� � 
 as jxj � ��
Since the operators St and Ht both are L� contractive� we know that k"u���� t�k� 	 k"u���� 
�k�� Thus since "u�

is uniformly bounded and the initial function is integrable� the �rst term is clearly bounded independent of 
�

����

������
Z
R

h�
uN

�� � �
u�
��i

dx

���� 	 � ��u���� ��u���
�
	 O����
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Exploiting the L� Lipschitz continuity of St and again that "u� is bounded� we obtain for the second term that

����

�������
X
n

Z
R

��
un����

��
� �un��

�
dx

����� 	 ku�k�
X
n

kS�tu
n � unk� 	 O���T�

From ���� and ���� we conclude that the following L��QT � bound is valid

���� kg�k� 	M �T ��

where M �T � is a �nite constant independent of 
� By virtue of ���� we conclude that fg�g is weakly compact in
L��QT �� Without loss of generality� we may assume that the entire sequence fg�g converges weakly in L�

loc�QT �

to a function g� Let G be de�ned such that �G�u���u 	
p
�a�u� and let � be a test function� We can then

calculateZ
R

Z T

�

g�x� t���x� t� dt dx	 lim
���

Z
R

Z T

�

�xG�"u���dt dx 	 lim
���

Z
R

Z T

�

��G�"u���x�� dt dx

	

Z
R

Z T

�

��G�u��x�� dt dx 	
Z
R

Z T

�

� �G�u�

�u
�xu� dt dx 	

Z
R

Z T

�

�r�u��xu� dt dx� r�u� 	
p
�a�u��

where we have used the chain rule ����� Consequently� we have shown that �r�u��xu exists in the sense of
distributions in L�

loc�QT �� Finally� from the facts u � L��QT �� �r�u��xu � L�
loc�QT � and the second part of �����

we get that ��a�u��xu � L�
loc�QT � and hence ��a�u��xu � L�

loc�QT �� see ���� for details�
Since the limit u�x� t� is assumed to be in BV �QT � and �a�u��xu is an absolutely continuous measure� it

follows that sign�u� k��A�u�� A�k�� is in BV �QT � and that the following equality

�x
�
sign�u� k��A�u� � A�k��

�
	 sign�u� k��x �A�u�� A�k�� 	 sign�u� k��a�u��xu

holds in the sense of measures� This implies that u�x� t� satis�es the regularity condition ����� see ��������
Note that the assumption u�x� t� � BV �QT � cannot be avoided for the operator splitting method� The reason

is that the estimate given in Lemma ���� which is optimal since the hyperbolic operator St in general maps its
data into BV �R�� is not su�cient to ensure that fu�g is in BV �QT �� In fact� we need L� Lipschitz continuity in
time to conclude that fu�g is in BV �QT �� We may sum up as follows� A subsequence of the splitting sequence
fu�g given by ��
� converges to an entropy weak solution of ��� thanks to Theorem ���� Assuming that the
limit u is in BV �QT �� we have shown that ���� and ���� hold� Consequently� the entire sequence fu�g must
converge to be the unique BV entropy weak solution of ����
Finally� the notion of BV entropy weak solutions can also be extended to boundary value problems� see �������

The convergence analysis of operator splitting methods for initial�boundary value problems will be presented in
a future report�

�� A fully discrete method�

In this section we present a numerical method based on the splitting technique described earlier� We shall
use a front tracking scheme for the convection step ��� and a �nite di�erence scheme for the di�usion step ����
We start by describing the �nite di�erence scheme� We emphasise that our di�erence scheme will be based

on �di�erencing� ��� and not ���� Furthermore� if the equation under consideration is in non�conservative form
��� to begin with� we insist on writing the equation in conservative form� i�e�� writing

�x�a�u��xu� 	 ��xA�u�

for some A such that A� 	 a� Selecting a mesh size h � 
 and a time step � � 
� the value of our di�erence
approximation at �xj� tm� 	 �jh�m� � will be denoted by W

m
j � The di�erence scheme takes the following form

���� Wm��
j 	 Wm

j � 	
�
A
�
Wm

j��

�� �A �Wm
j

�
� A

�
Wm

j��

��
� m 	 
� � � � � N� � ��

where N� � 	 �t� 	 	 � �
h�
� and the discretization parameters h� � are chosen so that

��
� �	max
u

jA��u�j 	 ��

Furthermore� we assume �for simplicity� that h and �t are related as �t 	 ch for some constant c � 
� The
iteration ���� is initiated by setting

���� W �
j 	

�

h

Z xj��

xj

w��x� dx�
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Let Hh
t denote the operator which takes an initial function w��x� to the approximate solution of ��� obtained

by the �nite di�erence scheme ����� i�e��

Hh
t w��x� 	

X
m

X
j

Wm
j �mj �x� t��

where �mj denotes the characteristic function of hxj � xj��i � htm� tm��i� Observe that ���� can be written

Wm��
j 	 	A�

�
�mj
�
Wm

j�� �


�� 	A

�
�mj
�� 	A

�
�mj��

��
Wm

j � 	A�
�
�mj��

�
Wm

j���

where �mj is a number between Wm
j�� and Wm

j � In view of ��
�� we get that maxj
��Wm��

j

�� 	 maxj
��Wm

j

��� It
follows from this that the di�erence approximation obeys the maximum principle

����
��Hh

�tw�

��
�
	 kw�k��

Let Zm
j 	Wm

j���Wm
j � Similarly� from the di�erence equation for Zm��

j we get that
P

j

��Zm��
j

�� 	P
j

��Zm
j

���
Consequently� the approximation is BV stable in the sense that

����
��Hh

�tw�

��
BV

	 jw�jBV �

Let ��x� be a test function and �h�x� 	
P

j �j�hxj �xj��i�x�� where �j 	 ��xj�� Multiplying the di�erence

equation ���� by �j and subsequently applying summation by parts� we get���hX
j

�j

�
WN�

j �W �
j

���� 	 	h
���X
m

X
j

��j�� � �j�
�
A
�
Wm

j��

� �A
�
Wm

j

�����
	 N� �	h

��max
u

jA��u�jk��k� sup
m

X
j

��Wm
j�� �Wm

j

�� 	 O����tk��k��

Using this estimate and that h 	 c�t� we get the following discrete analog of ����

����

���Z
R

�
�Hh

�tw� � w�

�
dx
��� 	 ���Z

R

�h
�Hh

�tw� � w�

�
dx
���� ���Z
R

�
�� �h

� �Hh
�tw� �w�

�
dx
���

	 O����t �k�k� � k��k�� �

Next� we want to show that the di�erence approximation satis�es the following discrete entropy inequality

���� Uk
�
Wm��

j

�� Uk
�
Wm

j

�� 	
�
Qk

�
Wm

j��

� � �Qk

�
Wm

j

�
�Qk

�
Wm

j��

�� 	 
�
where Uk�u� 	 ju� kj and Qk�u� 	 jA�u��A�k�j� To this end� we use ���� to rewrite ���� as

����
Uk

�
Wm

j

�
� 	

�
Qk

�
Wm

j��

�� �Qk

�
Wm

j

�
� Qk

�
Wm

j��

��
�
��Wm

j � 	
�
A
�
Wm

j��

�� �A �Wm
j

�
� A

�
Wm

j��

��� k
�� �

To show ����� de�ne the function

H�u� v� w� 	 v � 	 �A�u�� �A�v� �A�w�� �

and observe that H is a non�decreasing function of all its arguments due to ��
�� Introduce the standard
notations a � b 	 max�a� b� and a � b 	 min�a� b�� A straightforward calculation now yields

Uk
�
Wm

j

�
� 	

�
Qk

�
Wm

j��

�� �Qk

�
Wm

j

�
�Qk

�
Wm

j��

��
	 Wm

j � k �Wm
j � k � 	



A
�
Wm

j�� � k
� �A

�
Wm

j�� � k
�

� �A �Wm
j � k�� �A �Wm

j � k�� A
�
Wm

j�� � k
��A

�
Wm

j�� � k
��

	 H
�
Wm

j�� � k�Wm
j � k�Wm

j�� � k
� �H

�
Wm

j�� � k�Wm
j � k�Wm

j�� � k
�

� H
�
Wm

j���W
m
j �Wm

j��

� �H�k� k� k��H
�
Wm
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m
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j���W

m
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since H�k� k� k� 	 k� This proves ����� Let ��x� t� be a suitable test function and let �mj 	 ��xj� tm�� Multiplying
���� by �mj h� summing over all j�m and then applying summation by parts in space and time� we get

h�
X
j

X
m

��Wm
j � k

�� ��mj � �m��
j

�

�
� h�

X
j

X
m

�
��A �Wm

j

� �A�k�
�� ��mj�� � ��mj � �mj��

h�

�

� h
X
j

��W �
j � k

����j � h
X
j

���WN�
j � k

����N�
j � 
�

Letting wh�x� t� 	 Hh
tw��x� we can� within an allowable error� replace this inequality by

����

Z
R

Z �t

�

�jwh � kj�t�� � jA�wh�� A�k�j��x�
�
dt dx

�

Z
R

jwh�x� 
�� kj��x� 
� dx�
Z
R

jwh�x��t�� kj��x��t� dx� 
�

The solution operator for the hyperbolic part of the equation is replaced by a solution generated by front
tracking� which is based on solving Riemann problems and tracking shock collisions� Let S�t denote the ap�
proximate solution operator associated with ��� at time t� i�e�� S�t v� is the result of using front tracking on the
piecewise constant function v� up to time t� In view of the convergence analysis� recall that the front tracking
approximation is an exact solution to a conservation law with piecewise linear 
ux function f� and piecewise
constant initial data v�� which implies that operator S�t satis�es the following three estimates�

����
��S�t v���� 	 kv�k��

��S�t v���BV 	 kv�kBV �
��S�t�v� � S�t�v���� 	 O���jt� � t�j�

In addition� the following entropy inequality holds weakly�

�tjS�t v� � kj� �x


sign�S�t v� � k�

�
f�S�t v��� f�k�

�� 	 
� k � R�

We refer to ��
������� for a detailed description and analysis of the front tracking method�
The fully discrete splitting approximation is now given by the formula

���� u��x� t� 	

Hh

�t � � � S��t

�n
u�� �x� t� � R� htn��� tni � n 	 �� � � � � N�

where � denotes the projection operator given by ����� u� 	 �u� and 
 	 ��t� h� ��� Recall that the operator
� does not introduce new extrema nor does it increase the total variation� and it satis�es the error estimate
kz � �zk� 	 O�h� for any function z � BV �R�� Now having x� and the estimates ���� � ���� and ���� in mind�
it is not di�cult to see that there must exist a �nite constant M � 
� independent of 
� such that

ku���� t�k� 	M� ju���� t�jBV 	M� ku���� t��� u���� t��k� 	M
p
jt� � t�j�

Thus we have the following convergence result�

Lemma ���� Let f
 	 ��t� h� ��g be a sequence of discretization parameters tending to zero� Then there exists
a subsequence f
jg and a bounded measurable function u such that u�j � u in L�

loc�QT � as j ���

Proceeding as in the proof of Theorem ���� we get that the entropy discrepancy associated with f�u�g� where
�u� is de�ned analogously to ����� takes the form

L��u�� � E�
s � E�

s �Ep � Ef �

where E�
s and E�

s are given in ���� and the �new� error terms Ep �due to the projection step in ����� and Ef

�due to the 
ux approximation used by front tracking� are given by

Ep 	
X
n

Z
R

�
Uk
�
un����

�� Uk
�
�un����

��
�n dx�

Ef 	

Z
R

Z T

�

�
Pk��u��� P �

k ��u��
�
�x�� dt dx�

where un���� 	 S��tu
n� �n 	 ���� tn������ tn���� 	 �n� �����t and P

�
k �u� 	 sign�u� k�

�
f��u�� f��k�

�
�
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Let us begin by estimating Ep� We can rewrite Ep as follows

Ep 	
X
n

X
j

Z xj��

xj

�
Uk
�
un����

� � Uk
�
�un����

��
�n�xj� dx

�
X
n

X
j

Z xj��

xj

�
Uk
�
un����

�� Uk
�
�un����

��
��n�x�� �n�xj�� dx 	 E�

p �E�
p �

Let fUk�mg be a sequence of smooth entropies converging uniformly to Uk for almost every u as m��� Using
the averaging nature of the operator � and the convexity of the entropy Uk�m� we get

X
n

X
j

Z xj��

xj

�
Uk�m

�
un����

� � Uk�m
�
�un����

��
�n�xj� dx

	
X
n

X
j

Z xj��

xj

	
U �
k�m

�
�un����

��
�un���� � un����

�
�
�

�
U ��
k�m

�
u�
��
un���� � �un����

��

�n�xj� dx � 
�

where u��x� is a �number� between un�����x� and �un�����x�� Taking the limit m ��� we get E�
p 	 
� This

implies that
L��u�� � E�

s �E�
s �E�

p � Ef �

Using the Lipschitz continuity of Uk and that Nh 	 O���� we can bound E�
p as follows

��E�
p

�� 	 O���h
X
n

Z
R

jun � �unj dx 	 O�h��

The terms E�
s and E�

s have already been estimated in the proof of Theorem ���� Assuming that f is locally
C�� we can choose the approximation f� such that

��f � f�
��
�
	 O���� and thus

��Pk � P �
k

��
�
	 O����� which

yields jEf j 	 O����� Summing up� we have L��u�� � � "C�p�t� h� ��
�
for some �nite constant "C � 
�

Consequently� the entropy discrepancy associated with the sequence fu�g is also of the form

��
� L�u�� � �C�p�t� h� ��
�
�

We can therefore conclude that the following theorem is valid�

Theorem ���� Suppose that u� is of bounded total variation� f�u� is locally piecewise twice continuously dif�
ferentiable and that the derivative of A�u� exists locally and is bounded� Let fu�g be the fully discrete splitting

sequence given by ���
� Then the entropy discrepancy L�u�� is of order
p
�t�h� ��� Furthermore� there exists

a subsequence fu�jg converging to an entropy weak solution of the convection�di�usion problem

�tu� �xf�u� 	 ���xA�u�� u�x� 
� 	 u��x�� �x� t� � QT � A��u� � 
�

Remark� In applications� one will often use Strang splitting instead of a Godunov splitting� i�e��

u��x� t� 	
h
Hh

�t��Sh�tHh
�t��

in
u�� �x� t� � R� htn��� tni � n 	 �� � � � � N

instead of ����� It is clear that Theorem ��� holds for this construction as well� Note that Theorem ��� is valid
under the rather mild condition that A� is locally bounded� In particular� for the equation ��� this means that
a�u� only need to be a locally bounded function� In view of ����� Theorem ��� holds if the explicit di�usion
solver is replaced by an implicit one� Finally� if we use an implicit di�usion solver� our operator splitting method
is unconditionally stable in the sense that the time step �t is not limited by the space discretization h�

�� Numerical experiments�

This section reports on numerical experiments with the method ���� for the mixed hyperbolic�parabolic
equation ���� The experiments are designed to indicate the convergence properties of the proposed method
as well as demonstrating the di�erence between the jump condition ���� for mixed type equations and the
Rankine�Hugoniot jump condition for hyperbolic equations� In both examples we will consider problems with
one discontinuity� Let x 	 x�t� denote the curve of this discontinuity and s 	 x��t� the corresponding shock
speed� Then ���� can be written as



x��t�u�x� t�� f�u� � ��xA�u�

�����
x�x�t���

x�x�t���

	 
�
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Letting ul and ur denote the left and right limits of u��� t� respectively� the expression for the shock speed s
takes the form

���� s 	

�
f�ur�� f�ul�

� � �
�
��xA�u��r � ��xA�u��l

�
ur � ul

�

We will make use of the following two di�usion functions

����

a��u� 	

�

� for u � �
� 
��i�
�� for u � �
��� ��� A��u� 	

Z u

�

a���� d��

a��u� 	

�

� for u � �
� 
��i�
�� for u � �
��� ��� A��u� 	

Z u

�

a���� d��

In all the experiments we use Riemann initial data of the form

u��x� 	

�
�� for x 	 
�

� for x � 
�

In addition to the local time step � used by the di�erence scheme ����� the splitting solution ���� has the
three discretization parameters# �t� h and �� The 
ux parameter � is kept �xed �very small� throughout this
section� Furthermore� given the space step h� the local time step � is chosen according to ��
�� The splitting time
step �t is always related to the space step h through a given CFL number� Hence the only input parameters
that we specify in our experiments are the space step h and the CFL number� We denote the approximate
solutions by uh� The approximations associated with a� and a� are often denoted by u�h and u�h respectively�
The solutions uh are by de�nition piecewise constant� but in smooth regions they can be replaced by piecewise
linear interpolants in order to increase the accuracy� To determine the rate of convergence of our method we
measure the error ET �at a �xed time T � for a decreasing sequence of space steps h� The error is measured in
the L� norm

ET 	 kuh��� T �� uref��� T �k��
where uref is a reference solution calculated with ���� using a very �ne discretization� When trying to determine
the convergence rate we assume that the error is of the form ET 
 Ch� for some constant C independent of h�
We use least�squares �t to obtain the exponent ��

Example �� In this example we focus on the convergence properties of the di�erence scheme ���� for the purely
parabolic equation ���� In particular� we want to verify that the scheme propagates discontinuities according to
the jump condition ����� In Figure � we have plotted the solutions u�h and u

�
h at times T 	 
��� 
�� and 
�� with

� 	 
��� Due to the degeneracy of a� in the interval �
� 
��� the solution u�h is discontinuous in this interval and
the discontinuity propagates with a �nite speed� Similarly the solution u�h corresponding to a� is discontinuous
in �
� 
���� From Figure � it is clear that the speed of the discontinuity depends on its size� This can easily
be explained from ���� by observing that ur 	 
 and ��xA�u��

r 	 
 �see Figures � an ��� which imply that
s 	 ����xA�u��l�ul� In Figure � we have plotted the di�usion functions A��u�h�x�� and A��u�h�x�� viewed as
functions of x� Despite the fact that the solutions uh are discontinuous� the di�usion functions A�uh�x�� are
continuous as functions of x�
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Figure � 
Example ��� The dotted� solid and dashed lines represent u�� u
�
h and u�h respectively at times T 	 
�� 
left��

T 	 
�� 
middle� and T 	 
�� 
right� with space step h 	 
�

� and scaling parameter � 	 
���
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Figure � 
Example ��� The solid and dashed lines represent the di�usion functions A��u
�
h�x�� and A��u

�
h�x�� respectively�

where the functions u�h�x� and u
�
h�x� are shown in Figure � 
middle��
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Figure � 
Example ��� The solid� dashed and dotted lines represent uref� uh with h 	 
�
�� 
�� nodes� and uh with h 	 
�
�

�� nodes� respectively� Left plot� uh 	 u�h� Right plot� uh 	 u�h�

In Figure � we display the approximate solutions u�h and u�h with h 	 
�
� and h 	 
�
�� at time T 	 
���
In Table � we display the L� errors for a decreasing sequence of h values at time T 	 
�� and the corresponding
rates of convergence� These results indicate that the method is �rst order accurate independent on the size of
the discontinuity� Furthermore� we conclude that the approximation is good on a fairly coarse grid�

Table � �Example ��

u�h u�h
��h L� error ���
�� L� error ���
��
�
 ���� ��



�
 ���� ����

�
 ���� ����

��
 
��
 
��


L� order ���� ����

Example �� We consider the mixed hyperbolic�parabolic equation ��� with the convective 
ux f 	 u��u� the
di�usive 
ux a 	 a� �see ����� and scaling parameter � 	 
��� In Figure � �left� we have plotted the solution at
times T 	 
��� 
�� and 
��� We observe that a discontinuity is formed in the interval �
� 
��� and that it moves
with some �nite speed to the right� Furthermore� the speed is highest for small times and decreases as time runs�
Let us see how this dynamic is re
ected in the jump condition ����� which now reads s 	 �f�ul�����xA�u��l��ul�
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For small times the di�usive transport term � ��xA�u��
l
is the dominating term because ul is close to �� But as

the discontinuity �ul� ur� 	 �
��� 
� is formed� the speed is reduced because of the negative term f�ul��

In Figure � �right� we have plotted A��u�h�x�� as a function of x at the same times� As in Example �
�Figure ��� the function A��u�h�x�� is smooth even though u

�
h�x� is not� Finally� we note that the solution of the

corresponding hyperbolic equation ��� coincides with the initial data� thus clearly demonstrating the qualitative
di�erence between a �hyperbolic� discontinuity and a �mixed hyperbolic�parabolic� discontinuity�
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Figure � 
Example ��� Left plot� The dotted and solid lines represent the initial data u� 
� solution of hyperbolic part� and the

approximation u�h respectively at times T 	 
��� 
��� 
�� with h 	 
�

�� CFL � and � 	 
��� Right plot� The corresponding
di�usion terms A��u

�
h�x�� plotted as a function of x�

Example �� In this example we consider ��� with the 
ux function f 	 u� and the scaling parameter � 	 
���
The approximate solution u�h is displayed in Figure � at time T 	 
��� In Table � we show the L� errors and
the corresponding convergence rates for three di�erent CFL numbers� In Figure � and Table � we show the
corresponding results for u�h� The rate of convergence has been tested for CFL numbers 
����� ����� ���� � and
�
 �only results for CFL numbers 
����� ��� and �
 are shown in Tables � and ��� The results indicate that
the method is �rst order accurate �even� for discontinuous solutions� which can be related to the fact that front
tracking has a linear convergence rate ����� We observe that for high CFL numbers the error on a coarse grid
is dominated by the temporal splitting error� Compare for instance Figure � �left� and Figure � �right� with
h 	 
�
� ��
 nodes�� The splitting error is reduced by increasing the number of nodes �thus reducing the time
step�� see Figure � �right� with ��
 nodes� However� if �t � � the splitting error will dominate� We also
observe that the severity of the splitting error for high CFL numbers depends on the length of the interval of
degeneracy� Compare the accuracy of u�h and u

�
h for CFL �
 �Table � and ��� In other words� the splitting error

is produced in the parabolic regions� However� this is not a new observation and techniques have recently been
developed that substantially reduces this splitting error� We refer to Karlsen and Risebro ���� for details� see
also ��������

Table � �Example �� u�h�

CFL 
���� ��� �


��h L� error ���
�� L� error ���
�� L��error ���
��
�
 ���� ���� �
�
�

�
 ���� ���� ����

�
 ���� ���� ����

��
 
��� 
��� ����

��
 
��� 
��� 
���

L� order ��
� ��
� 
���
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Figure 
 
Example ��� The solid� dashed and dotted lines represent uref� u
�
h with h 	 
�
��� 
�	� nodes� and u�h with

h 	 
�
� 
�� nodes� respectively at time T 	 
�� with � 	 
��� Left plot� calculations done with CFL ����� Right plot�

calculations done with CFL �
�
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Figure 	 
Example ��� The solid� dashed and dotted lines represent uref� u
�
h with h 	 
�
��� 
�	� nodes� and u�h with

h 	 
�
� 
�� nodes� respectively at time T 	 
�� with � 	 
��� Left plot� calculations done with CFL ����� Right plot�

calculations done with CFL �
�

Table � �Example �� u�h�

CFL 
���� ��� �


��h L� error���
�� L� error���
�� L� error���
��
�
 ���
 ���� �����

�
 ���� ���� ����

�
 ���� ���� ����

��
 
��� 
��� ����

��
 
��� 
��� 
���

L� order ��
� ��
� ��
�

�� Concluding remarks�

A numerical method for mixed hyperbolic�parabolic convection�di�usion equations in one space dimension has
been formulated and analysed� The primary goal has been to demonstrate both mathematically and numerically
that the method can be used to compute physically correct solutions of a very broad class of equations� including
hyperbolic conservation laws� parabolic equations� as well as any mixed hyperbolic�parabolic equation� Suitable
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stability results for this method and its convergence to an entropy weak solution have been established� The
numerical results have indicated that the method is �rst order accurate �also with discontinuities present��
non�oscillatory� and shock�capturing� Furthermore� if we use an implicit di�usion solver� our numerical method
is unconditionally stable in the sense that the time step is not restricted by the spatial discretization parameter�
The regularity of A�u� has been established by analysis as well as demonstrated numerically �see Figures �
and ��� We have shown that �xA�u� is in L�

loc�QT �� but Figures � and � indicate that a sharper smoothness
estimate on �xA�u� should be possible to obtain� In ������� we analyse �nite di�erence approximations of
mixed hyperbolic�parabolic problems of the form ���� In particular� by means of these approximations we prove
rigorously that A�u� is smooth� In the present work we have insisted on di�erencing the term ��xA�u� and not
�x �A��u��xu�� In ���� we observed that this seems to be essential in order to ensure that the scheme is consistent
with the entropy condition �in the case of strong degeneracy�� Finally� the speci�c discretization technique used
in the convection steps allows for modi�cations# in view of �������� the front tracking scheme can for example
be replaced by a monotone di�erence scheme�
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