VISCOUS SPLITTING APPROXIMATION OF MIXED
HYPERBOLIC-PARABOLIC CONVECTION-DIFFUSION EQUATIONS
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ABSTRACT. We first analyse a semi-discrete operator splitting method for nonlinear, possibly strongly degenerate,
convection-diffusion equations. Due to strong degeneracy, solutions can be discontinuous and are in general not
uniquely determined by their data. Hence weak solutions satisfying an entropy condition are sought. We then propose
and analyse a fully discrete splitting method which employs a front tracking scheme for the convection step and a
finite difference scheme for the diffusion step. Numerical examples are presented which demonstrate that our method
can be used to compute physically correct solutions to mixed hyperbolic-parabolic convection-diffusion equations.

0. Introduction.
In this paper we consider viscous splitting methods for nonlinear, possibly strongly degenerate, convection-
diffusion problems of the form

@ {@u + 0, f(u) =ed?A(), (o, ) €Qr =R x(0,T),  A'(u) >0,

u(z,0) = up(x), -

where u(z,t) denotes the (scalar) unknown, ug(#) is a given function of bounded variation, f(u) and A(u) are
given locally smooth bounded functions, and ¢ > 0 is a (small) scaling parameter.

Convection-diffusion equations arise in a variety of applications, among others turbulence, traffic flow, finan-
cial modelling and front propagation. Such equations also constitute an important part of a system of equations
describing two phase flow in oil reservoirs [7] as well as a system of equations describing sedimentation processes
used for solid-liquid separation in industrial applications [4,5]. When (1) is convection dominated, which is of-
ten the case in reservoir simulation, it is well known that conventional numerical methods exhibit non-physical
oscillations and/or excessive numerical diffusion in the vicinity of moving shock fronts.

An underlying design principle for many successful numerical methods for equations such as (1), is viscous
operator splitting. That is, one splits the time evolution into two partial steps in order to separate the effects
of convection and diffusion (viscosity). Variations on the viscous splitting approach have indeed been taken in
various contexts by many authors [1,2,4,5,11,12,13,16,27]. Karlsen and Risebro [20] introduced and analysed a
fully discrete splitting method for (1) in the linear diffusion case A(u) = u. Their discrete method was based on
a front tracking scheme for the convection step and a finite element scheme for the diffusion step. A variant of
this method has also been implemented in a prototype two-dimensional black oil reservoir simulator [23]. The
idea is to treat multi-dimensional problems by means of dimensional splitting. The resulting method allowed
for very long time steps due to the use of front tracking and a novel procedure for reducing potential viscous
splitting errors, see [23] for details.

The assumption of linear diffusion is restrictive from the point of view of applications. For example, the
equation arising in models of two phase flow in oil reservoirs is of the form [7]

(2) S+ Oy f(u) = €0y (a(u)dpu) = EﬁiA(u), A'(u) = a(u),

where a(u) is a nonlinear function that vanishes for some values of u. Furthermore, in many applications this
equation is so strongly dominated by convection that it is reasonable to set a(u) equal to zero on intervals of
positive length. This will imply that the shock fronts, i.e., the transition zones from water to oil, are hyperbolic
and thus discontinuous. A variant of (2) also appears in certain sedimentation models and there the diffusion
term a(u) is generically zero on an interval of positive length, see [4,5] for details.

The main purpose of our paper is to propose and analyse a working splitting method for the notably more
difficult case of degenerate equations, which calls for an appropriate notion of a generalised solution.
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When (1) is non-degenerate, i.e., A’(u) > 0, it is well known that (1) admits a unique classical solution [26].
This contrasts with the case where (1) is allowed to degenerate at certain points, i.e., A’(«) may vanish for some
values of u. Solutions are then not necessarily smooth and weak solutions must be sought. A function u(z,?)
is here called a weak solution if, for all suitable test functions ¢, it satisfies

(3) /]R/O (udid + f(u)8s 0 + cA(w)020) dt do + /ﬂgu0($)¢(x’ 0) = 0.

The simplest examples of degenerate equations are perhaps provided by the porous medium equation Jyu =
€02 (u™), m > 1 and the convective porous medium equation dyu + J; (u) = €02 (v™), n,m > 1, which
both degenerate at u = 0. A striking manifestation of this one-point degeneracy is finite speed of propagation.
The reader who is interested in an overview of the very extensive literature that exists on degenerate parabolic
problems is referred to the papers [8,17,19] and the references therein.

We will from now on refer to (1) as degenerate when A(u) is strictly increasing and strongly degenerate or
mized hyperbolic-parabolic when A(u) is merely non-decreasing.

In the strongly degenerate case there exist two numbers o and 4 such that A’(x) = 0 on the interval [«, f].
A simple example of a strongly degenerate equation is a hyperbolic conservation law d;u + 8, f(u) = 0. Thus
(1) must in general possess discontinuous solutions. Furthermore, discontinuous solutions defined by an integral
equality (3) is not uniquely determined by their data. In fact, an additional condition - an entropy condition -
is needed to single out the physically relevant weak solution:

We here seek weak solutions that are realizable as the L' limit of smooth solutions u, of non-degenerate
parabolic equations,

Qpuy + O0x f(uy) IEaiA(Uu)‘Fﬂaiuua p>0,

as the regularization parameter u tends to zero, yielding the following notion of an entropy solution. We call a
bounded measurable function u(z,t) an entropy weak solution of the initial value problem (1) (or (2)) if, for all
real numbers k and suitable test functions ¢ > 0, it satisfies [29]

. E(u):// (Ju = k006 + sign(u — k) (F(w) — F(k)) 006 + £ A(u) — A(k)]026) dt d
4 RJ0
—1—/ |ug — k|é(z,0)dx > 0.

Letting & — =00, we see that (1) holds in the weak sense (3). Furthermore, in the context of hyperbolic
equations (A’ = 0), the entropy condition (4) coincides with the celebrated condition due to Volpert [28] (see
also Kruzkov [24]). Using a standard approximation argument it follows from (4) that the entropy inequality

U (u) + 0p P(u) — e02Q(u) < 0

holds in the weak sense for any convex Lipschitz entropy U : R — R with corresponding entropy fluxes P and
Q given by PP=U'f and Q' = U'A’.

Existence of an entropy weak solution to (1) was established by Volpert and Hudjaev [29]. Although the
uniqueness of entropy weak solutions in the context of conservation laws is by now a classical result [24,28], a
similar (general) uniqueness result for (1) is still not available, thus reflecting the fact that these problems are
significantly less well understood than conservation laws. On the other hand, the uniqueness of weak solutions
for the purely parabolic case (no convection term) in the class of bounded integrable functions has been proved
by Brezis and Crandall [3]. A uniqueness result for the mixed type equation (2) in the BV class with d, A(u)
locally integrable has recently been proved by Wu and Yin [30]. We shall briefly review this result together
with the jump conditions used in the proof. The jump conditions will be used to justify the behaviour of our
fully discrete method when computing discontinuous solutions.

Having introduced the appropriate notion of a solution, the splitting technique studied in this paper can be
summarised as follows: Let v(x,t) = Stvg(x) be the entropy weak solution to the conservation law

0o+ 0: f(v) =0, v(x,0) = vo(x),
and let w(z,?) = Hywo(x) be the entropy weak solution to the degenerate parabolic problem
() dyw =07 A(w),  w(x,0) = wo(x).
The viscous splitting method 1s then based on the following approximation

(6) u(z, nAt) ~ [Hat o Sat]” uo.
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A L' type convergence analysis of the splitting (6) was presented in [20] in the context of linear diffusion. In
this paper we prove similar results in the case where A = A(u) is non-linear and A’ possibly zero on intervals
of positive length. Furthermore, we are here able to explicitly quantify the entropy discrepancy (4) associated
with the operator splitting. Thus, even in the case of linear diffusion the results presented here are more refined
than the results in [20].

With an eye to applications, we propose a fully discrete splitting method where the exact solution operators
S: and H; are replaced by numerical methods. We use front tracking [10,18] as approximate solution operator
for the convection operator &; and a suitable finite difference scheme as approximate solution operator for the
diffusion operator H;. A detailed convergence analysis is also presented for the fully discrete method.

We mention that Biirger et al. [4,5] employ a finite difference based operator splitting scheme for equations
of the type (2) with a time dependent flux function f = f(¢,u). This scheme is similar to our front tracking
based splitting method, but they have not yet provided mathematical justification of their scheme, see [4].

The remaining part of this paper is organised as follows. In §1 we present a convergence analysis of the
semi-discrete splitting formula (6). In §2 we propose and analyse a fully discrete version of (6). We present and
discuss some numerical results in §3. Finally, in §4 we make some concluding remarks.

1. The semi-discrete method.
Fix T' > 0 and At > 0, and let N be such that NAt = T. Let now u” denote the approximate solution to
(1) at a fixed time ¢, = nAt (n =0,..., N — 1), u® = ug. Next, we explain how to construct u"*! from u".
Let v(z,t) be the solution to the hyperbolic conservation law

(7) Gv 4+ 0, f(v) =0, v(x,0) = u"(x), (z,t) e R x {0, At).

Note that there exists a unique entropy weak solution to (7) provided «™ has bounded total variation and f is
locally C?, see [28]. Letting S; denote the solution operator of (7) at time ¢, we define u*T'/? = Sxu”.
Let Ay (u) = A(u) + Lu, for > 0 and let w,(x,t) be the solution of the parabolic problem

(8) Orw, = €02 A (wy),  wu(x,0)=u"T2(),  (x,0) € R x (0,Al).

Note that there exists a unique classical solution to (8) provided u"t1/2 has bounded total variation and A is
locally C2. Let HY denote the solution operator associated with (8) at time ¢.

Although our finite difference scheme for solving (5) (see §2) is not based on adding an artificial diffusion
term to the equation, this is indeed the case for many numerical schemes. Thus, using (8) instead of (5) when
defining the semi-discrete splitting is reasonable from a numerical point of view. However, another (technical)
reason is that we avoid appealing to approximation arguments when working with the derivatives due to the
smoothness of the solution to (8). On the other hand, Theorem 1.5 below does not assume any relation between
At and p so that p can go to zero independently of At. The case y = 0 is therefore covered by our analysis.

With the current notation in hand, we can define the approximation u”*! by the product formula

(9) W= [HA, o Sadu

It will be more convenient to work with functions defined in the whole upper plane, and not merely on the
time strips t = ¢,,. Consider therefore the function u,(x,t), n = (At, ), where

(10) up(z,t) = u"(2), (2, 1) ER X {tn_1,tn), n=1...,N.

We next establish convergence of the splitting approximations to an entropy weak solution. To this end,

recall that the space BV (IR) consists of all L{ () functions z(x) whose first order derivative g—i Is represented

by a (locally) finite Borel measure. The total variation of z is by definition the total mass of this measure, i.e.,

H / dz

4 = — .

BV | ds

Lemma 1.1. We have the following mazimum principle

() (- Ollo < lJwolleor V> 0.

Proof. This claim follows from the well-known fact that the solution operators §; and HY' do not introduce new
minima or maxima. [
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Lemma 1.2. We have the following bound on the total variation

(12) |un(~,t)|Bv < |UQ|Bv, Vi > 0.

Proof. The lemma follows since the solution operators &; and HY do not increase the total variation of their
initial data, see [28,29] and also §2. O

Lemma 1.3. There is a finite constant C' > 0, independent of nj, such that
(13) ||un(~,t2)—un(~,t1)||1 SC\/|t2—t1|, th,t2>0.

Proof. Without loss of generality, we assume that {3 = 7, and {2 = 1,41 for some fixed n. We first establish
weak Lipschitz continuity in the time variable of the splitting solution wu,.
To this end, integrating the equation (8) against a test function ¢(z) over R x {71, 13) yields the result

[t = e ) o)

/: /Rea”Au(wu)fﬁ'(x) dx di

< (r2 = 1)l [loo max [ AL (w)[[wu(-, )| Bv-
Letting 7, = 0, 7 = At, wo = «”*/? and using Lemma 1.2, we get

‘/ (HZW"H/Z _ un+1/2) ¢ dr| = O(1)[|¢'| 0 At.
R

Since solutions of hyperbolic conservation laws have finite speed of propagation, we get
[[Saru™ — u"]]; = O(1)At.

Consequently, the following weak continuity result holds

(14) = O() ([9loo + [1¢"lloc) (t2 — 1) -

/R (1t (2, 12) — 11y (2, 11)) ()

Next, let w,(z) be a standard C§°-mollifier with smoothing radius p. Let d(z) = u,(z,t2) — u,(2,t1), and
define g(z) = sign (d(z)) for |¢| < r—p and B(x) = 0 for |z| > r — p, where 7 > p. Moreover, define 5 = w, * 3,
and note that 87 € ¢ with support in [—r, 7] and [|(3°)]|cc = O(1/p). Since d(z) has bounded total variation
on R, we have the following error estimate (see, e.g., [24,Lemma 1])

)1 - @] de < o

for some constant C'; > 0 independent of p and r. By using this estimate and choosing ¢ = 3° in (14), it follows
that

/ |un (2, t2) — wy (2, 1) dz|
< [ N - w @] | [ i)
<Cip+Ca(ta —t1) /p.
Choosing p = /T2 — 1 and letting r — oo, we obtain (13). O

In view of Lemmas 1.1 and 1.2, a classical application of Helly’s theorem yields the existence of a subsequence
{uy;(-,1)} converging in L{ (R) to a function u(-,¢) in L= (IR) N BV (R) for each fixed ¢. By a diagonalization
argument we obtain the existence of a further subsequence, still denoted by {u,,(:, )}, which converges for all ¢
in some dense countable subset of (0, 7). By appealing to Lemma 1.3, we obtain convergence for all ¢ in {0, 7).

Consequently, we have the following lemma.

Lemma 1.4. Let {n = (At, )} be a sequence of discretization parameters tending to zero. Then there exists a
subsequence {n;} and a bounded measurable function u such that u,, — u in L (Qr) as j — co.

We now justify the term ‘approximate solution’ by proving the following theorem.
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Theorem 1.5. Suppose that ug is of bounded total variation, and that f(u) and A(u) are locally twice continu-
ously differentiable. Let {u,} be the semi-discrete splitting sequence given by (10). Then the entropy discrepancy

L(uy) is of order VAt. Furthermore, there exists a subsequence {uy,;} converging to an entropy weak solution
of the mized hyperbolic-parabolic convection-diffusion problem

Opu + 0y f(u) = £02 A(u), u(z,0) = up(x), (z,t) € Qr, A'(u) > 0.

Proof. We first estimate the entropy discrepancy (4) associated with the auxiliary sequence {,},

1) - Sagt—t,u", (z,1) € R x {tn,tnt1/2),
15 Uy (x,t) =
! [Hg(t_tn+1/2) o SAt:| Un, (l‘,t) € R x <tn+1/2atn+1>~

This way of extending (9) to a function defined for all ¢ was first used by Crandall and Madja [9], see also [20].
Observe that [|u, (-, 1) — 4, (-, ¢)||1 = (’)(\/E) This implies that also @,, — w in LL(Q7), where {n;} refers to
the subsequence in Lemma 1.4 and u the limit function.

Let v, () = Stu”, ¢t € {0, At), and define a new test function ¢ by ¢(x,t) = ¢(x,t/2). Then the following
inequality holds

/]R/tnnwﬂ (%Wu — k|0 + sign(u, — k) (f(u,) — f(k)) 3x¢) dt da
(16) = %/]R/o (Jvn — k|O-p(x, T+ 2t,) + sign(vy, — k) (f(vn) — f(k)) Opp(m, 7+ 2ty)) drde

1 . 1 .
> 5/ [ty (2, tpq1/2) — ko, 1y 41/2) do — 5/ [ty (2, tn) — k|o(2,t,) de
R R

where we have used the substitution 7 = 2(t —¢,,). Similarly, we have

L1

(17) s 1
23 /}R |ty (2, tnt1) — klo(z, tp41) de — §/R|an(l‘atn+1/2) —klo(z, tny1)2) de.

(310 = 4106 + el Aa) = 4,102 ) drd

Introduce the entropy fluxes Py(u) = sign(u — k) (f(u) — f(k)) and Qg n(u) = |Au(u) — Au(k)|. Then adding
(16) and (17), multiplying by 2 and summing over all n =0,..., N — 1, yields the global inequality

(18) L(uy) > By + E,
where
tnt1 tht1/2
1 _ N _ .
" El = ZH:/R(/t Py (tty)00 ¢ dt z/tn Py (tty)00 6 dt) dx
n41 trnt1
Z—¢ Q u)@ ¢dt —2 Q,(a )8§¢>dt)dx
Z/(/ k,u\tn /n+1/2 k,u(Uy

We begin by estimating the second term EZ. Writing

Qk,u(an (t)) = Qk,u(an(tn)) + [Qk,u(an(t)) - Qk,u(an(tn))]a

we can rewrite E? as B2 = E21 4+ E%2 where

B2 :EZ/U“H 6§¢>dt—2/tn+l 6§¢dt)Qk7u(an(tn))da@

tht1/2

pe=cy /( / " Qi (1)) — Qu (i ())] 026

2 f " Qi (1) — Qi >>]32‘/’dt)

tht1/2
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Since ¢ is smooth, we may write d2¢(z,t) = 82¢(x,t,) + O(t — t,,) for t > t,. With the aid of this and Lemma
1.1, it is easy to see that

|E§1| = (’)(1)At/ |Qr, u(ty (t5))] dz = O(AL).
supp ()

Using the reversed triangle inequality, the Lipschitz continuity of Qg , and (13), we get

|£22] = o Z/ /|un 1)| da dt = O(VA).

Consequently, |E?| = (’)(\/At). Similarly one can deduce that |El| = (’)(\/ At). Hence we obtain the entropy

estimate R
E(an) Z _CV Ata

where C'is a positive constant. Furthermore, this implies that the entropy discrepancy associated with {u,} is
(20) L(uy) > —CVAL.
where C'is a finite positive constant. Finally, in view of (20), we get that the limit (see Lemma 1.4)

u= lim u,,
3
]—»OO

is an entropy weak solution to (1). This concludes the proof of the theorem. O

Some remarks on BV entropy weak solutions. Let us now consider (2) with a sufficiently smooth initial
condition ug. As mentioned before, a general uniqueness result for entropy weak solutions is not available.
However, a general result was proved recently by Wu and Yin [30] for the so-called BV entropy weak solutions.
This notion of a solution depends heavily on the theory of BV functions of several variables and geometric
measures. We therefore recall some relevant definitions and results from this theory before returning to [30].

Let Q be an open subset of R (d > 1). The space BV (Q2) of function of bounded variation consists of all L _
functions u whose first order partial derivatives (’?_;1’ ce 5’71; are represented by finite Borel measures. The total
variation of u i1s by definition the sum of the total masses of these Borel measures. A useful concept proposed
in [28] is the notion of averaged superposition. Let u be in L () N BV (Q) and let p be locally C'*. Then the

averaged superposition of the function u by the function p is defined for Hy_; - almost every y in Q by

() () = p(u(y)), if y 1s an approximate continuity point of u,
u
fo (ut(y) + (1 —&u~(y)) d¢, if y is an approximate jump point of u,

where H;_1 denotes the (d — 1) dimensional Hausdorff measure. Furthermore, u~(y) and u*(y) are the left
and right approximate limits of u(y) with respect to a unit normal v(y) € R (see below). The function p(u) is
measurable and integrable with respect to the Borel measure g—“ so that the non-conservative product p(u ) 6“

makes sense as a finite Borel measure. Moreover, the chain rule

p(u)  Op(u) Ou
&h by~ Ou O

holds in the sense of measures. We are now in position to introduce the notion of a BV entropy weak solution.
The essential idea behind this solution concept is to impose more regularity on the solution so that the derivative
of the diffusion term exists in some sense. This is realized by the following definition.

A function u(z,t) in BV (Qr) is called a BV entropy weak solution if the following two conditions hold (here
k is a real number and ¢ > 0 a suitable test function)

(22) ea(u)dyu € Lioo(Qr),

(23) /]R/o (Ju — k|0s¢ + sign(u — k) (f(u) — f(k) — ca(w)0pu) Oy ¢) dt de + /}R |ug — k|é(z,0)dx > 0.

Let us recall some basic consequences of (22) and (23), as proved in [29]. The condition (22) implies that
the measure a(u)dyu is absolutely continuous, which means that a(w)dyu can be expressed by the integral of
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a function in L'(Qr) (the Radon-Nikodym theorem). We shall always identify a(u)d,u with this L' function.
Tt is easy to see that (23) implies that the equation holds in the weak sense (3). Consequently, the generalised
derivative J; (a(u)d,u) is a locally finite measure since dyu and J, f(u) are locally finite measures, and the
equation (2) holds in the sense of equality of measures.

The proof of existence of a BV entropy weak solution dates back to the work [29]. However, the L' stability,
and thus uniqueness, was established only recently in [30]. The proof makes significant use of the following
(correct) jump conditions, which also were derived in [30].

Let T, be the set of jumps of u(z,t), v = (v4,v,) the unit normal to Ty, u™ (xg,t) and ut(zg,ty) the
approximate limits of u at (zg,%9) € Ty from the sides of the half-planes (¢ — #o)vy + (¢ — o)y < 0 and
(t —to)ve + (z — xo)ve > 0 respectively, u'(z,t) and u”(z,t) denote the left and right approximate limits of
u(-, ) respectively as a function of . Then H; - almost everywhere on Ty,

(uF = w v+ (f(uh) = fu)ve = e((@(w)de) = (a(w)2pu)') ] = 0,

(24) a(u) = 0, Yu € I(u™,ut),

where I(a,b) denotes the interval bounded by a and b. Furthermore,

(25) Jut = kv + sign(ut = k) [f(uh) = F(k) = e((a(u)do)" sign™ (ve) = (a(u)dor)' sign™ (v2)) ] v
< |u” —klvy +sign(u” — k)[f(u) = f(k) — £((a(u)0, u) signt (vp) — (a(uw)dpu)" sign™ (vp))] ve,
where sign™ = sign and sign™ = sign™ —1. Observe that these jump conditions do not coincide with the jump

conditions satisfied by entropy solutions of hyperbolic conservation laws. Later we will use the Rankine-Hugoniot
type condition (24) to explain the qualitative behaviour of our fully discrete splitting method.

We should mention that the jump conditions proposed in [29] are in general not correct and thus the unique-
ness proof presented there is incomplete, see [30] for more details.

We now consider the semi-discrete splitting method (10), where H} is now the exact solution operator
associated with the non-degenerate parabolic equation with the diffusion term on non-conservative form

Orw = €0y (au(w)dpw),  au(w) = a(w) + g >0,
According to Theorem 1.5 a subsequence {u,,} converges to an entropy weak solution u of (2) as j — oo.
Without loss of generality, let us suppose that the whole sequence {u,} converges to .

Assuming that u is an element in BV (Qr), we want to show that u satisfies the regularity condition (22).
To this end, introduce the two sequences {a,} and {g,},

Up(z,t) = [Hi—t, o Sasu”, gn(z,1) = /ea (Uy)dzty, (x,t) ER X {tn,tny1) -

Since |Juy(-,t) — ap(-, )] = (’)(\/ At), @, — uin L _(Qr). Multiplying the differential equation for @,(z,t) on
R X (tn,tn41) by @, (2, 1), integrating over Q7 and then doing integration by parts in space, we get

ool < [ /T (i) (Driy)? dt i
// £0y (4, () Doity) @y dt diz = — Z//n“ 0, (y)” dt de
55 () = (@l )) o
:__Z/< utt) (u”)z] + [(u”)z— (u”+1/2)2]) de
:_%/R () = ()] cza;Jréznj/ﬂg [(u""’l/z)z—(u")z] de,

where we have, without loss of generality, assumed that (a, () dzil,) %, — 0 as |z| — co.
Since the operators S; and H; both are L! contractive, we know that ||u,(-,¢)||; < [|i,(-,0)]],. Thus since @,
is uniformly bounded and the initial function is integrable, the first term is clearly bounded independent of 7,

(26) 5 [ 1) - ] ao

< 2]« [«’ll, = Ow).
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Exploiting the L! Lipschitz continuity of S; and again that Uy is bounded, we obtain for the second term that

%Zn:/ﬂg [(u”H/?)Z—(u”)Z] do

From (26) and (27) we conclude that the following L?(Q7) bound is valid

(27) < lwolle Y ISaru™ = ™[, = O(LT.

(28) llgnll, < M(T),

where M (T) is a finite constant independent of 5. By virtue of (28) we conclude that {g,} is weakly compact in
L*(Qr). Without loss of generality, we may assume that the entire sequence {g,} converges weakly in L (Qr)
to a function g. Let G be defined such that dG(u)/0u = /ea(u) and let ¢ be a test function. We can then
calculate

//Tg(x,t) xtdtdx—hm// 9, G(u (/)dtda:_hm// iy)0pd) dt dx
// u)0,¢) dt dx / 6G // u)dyue dt de, r(u) = \ea(u),

where we have used the chain rule (21). Consequently, we have shown that #(u)Jdyu exists in the sense of
distributions in L2 (Qr). Finally, from the facts u € L=(Qr), 7(v)dyu € L (Qr) and the second part of (24),
we get that ea(u)dyu € LE (Qr) and hence a(u)dyu € Li .(Qr), see [29] for details.

Since the limit u(x,t) is assumed to be in BV (Qr) and a(u)dyu is an absolutely continuous measure, it

follows that sign(u — k)(A(u) — A(k)) is in BV (Qr) and that the following equality

9y (sign(u — k)(A(u) — A(k))) = sign(u — k)3y (A(u) — A(k)) = sign(u — k)a(u)dyu

holds in the sense of measures. This implies that u(xz,t) satisfies the regularity condition (23), see [28,29].

Note that the assumption u(z,t) € BV (Qr) cannot be avoided for the operator splitting method. The reason
is that the estimate given in Lemma 1.3, which is optimal since the hyperbolic operator &; in general maps its
data into BV (IR), is not sufficient to ensure that {u,} isin BV(Qr). In fact, we need L' Lipschitz continuity in
time to conclude that {u,} is in BV (Q7). We may sum up as follows: A subsequence of the splitting sequence
{uy} given by (10) converges to an entropy weak solution of (2) thanks to Theorem 1.5. Assuming that the
limit v is in BV (Qr), we have shown that (22) and (23) hold. Consequently, the entire sequence {u,} must
converge to be the unique BV entropy weak solution of (2).

Finally, the notion of BV entropy weak solutions can also be extended to boundary value problems, see [6,31].
The convergence analysis of operator splitting methods for initial-boundary value problems will be presented in
a future report.

2. A fully discrete method.
In this section we present a numerical method based on the splitting technique described earlier. We shall
use a front tracking scheme for the convection step (7) and a finite difference scheme for the diffusion step (5).
We start by describing the finite difference scheme. We emphasise that our difference scheme will be based
on ‘differencing’ (5) and not (8). Furthermore, if the equation under consideration is in non-conservative form
(2) to begin with, we insist on writing the equation in conservative form, i.e., writing

O (a(u)dpu) = 92 A(u)

for some A such that A’ = a. Selecting a mesh size h > 0 and a time step 7 > 0, the value of our difference
approximation at (z;,%,) = (jh, m7) will be denoted by W". The difference scheme takes the following form

m+1 m m m
(29) Wt = WP (A(WJL,) =24 (W) + A(W/L)),  m=0,..., N, —1,
where N7 = At, i = £55, and the discretization parameters h, T are chosen so that

(30) 2pmax |A'(u)] < 1.

Furthermore, we assume (for simplicity) that h and At are related as At = ch for some constant ¢ > 0. The
iteration (29) is initiated by setting

1 Ti+1
(31) ijo = E/ wy(z) de.

J
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Let H} denote the operator which takes an initial function wq(x) to the approximate solution of (8) obtained
by the finite difference scheme (29), i.e

i) = ST
where x7" denotes the characteristic function of (2, 2j41) X {tm,tmt1). Observe that (29) can be written
WP = 67 W 1 A (07) = ()] 7 0 (670 97

where 7" is a number between W™, and W/". In view of (30), we get that max; |Wm+1| < max; |Wm| It
follows from this that the dlﬁerence approxnnatlon obeys the maximum principle

(32) Ao, < llwollce-

Let 727" = W, — W™, Similarly, from the difference equation for Z]m‘"1 we get that Z]' |Z]m+1| < Z]' |Z]m |

Consequently, the approximation is BV stable in the sense that
h
(33) [HA wo | 5y < ol gy -

Let ¢(z) be a test function and ¢"(z) = Z]' i X(xjwisr)(T), Where ¢; = ¢(x;). Multiplying the difference
equation (29) by ¢; and subsequently applying summmation by parts, we get

\hzfm (W —wy)| = uh\ZZ Bi1 = 03) (A (W) = A (W)
Ny (ph?) max | A" (u)]|¢" ||ooSUPZ| T = Wi = O()A o
Using this estimate and that h = cAt, we get the following discrete analog of (14)

‘/]be (Hztwo — wo) dx‘ < ‘/RqSh (Hztwo — wo) dx‘ + ‘/}R (qb — (/)h) (Hztwo — wo) dx‘
= O(M)AL([|6]]eo +116"]]0) -

(34)

Next, we want to show that the difference approximation satisfies the following discrete entropy inequality
(35) U (W) = U (W) = (Qu (W]Z1) = 2Qu (W) + Qi (W) <0,
where Up(u) = |u — k| and Qp(u) = |A(u) — A(k)|. To this end, we use (29) to rewrite (35) as

Ux (W) + w1 (Qu (Wi2) = 2Qu (W) + Qx (W/4))

> W+ (A(W]L) = 24 (W) + A (W) — k|-

To show (36), define the function
H(u,v,w) =v+ p(Alu) — 2A(v) + A(w)),

and observe that H is a non-decreasing function of all its arguments due to (30). Introduce the standard
notations a V b = max(a, b) and a A b = min(a, b). A straightforward calculation now yields

Uk (W7") + 1 (Qr (W724) = 2Qk (W]") + Qi (Wih1))
=W/ Vk—=W"Nk+p[AWP VEk)— AW Ak)
—2A (WP V k) + 24 (WP Ak)+ AW/ VE) — A (WL Ak)]
=H W/ VkWVEWL VE) = HW2 ANk, WAk W Ak)
> H (Wi W W) v H (kb k) = H (W W W) A H (kk, k)
= |H (W2, Wi Wik) = k|
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since H (k, k, k) = k. This proves (36). Let ¢(x,t) be a suitable test function and let ¢7" = ¢(x;,%,,). Multiplying
(35) by ¢7"h, summing over all j,m and then applying summation by parts in space and time, we get

¢7t1 — 207" + 0%

o — g1
e Sl | LI e ) - aco [
J m J m

F R = kfof = n oW — k[ > 0.
J J

Letting wp(x,t) = Hwo(z) we can, within an allowable error, replace this inequality by

L[ (= Howo +<latuwn) — A 826) deda
(37) R JO

+ / |wn(z,0) — k|é(z,0) de — / |wn (2, At) — k|o(x, At) dx > 0.
R R
The solution operator for the hyperbolic part of the equation is replaced by a solution generated by front
tracking, which is based on solving Riemann problems and tracking shock collisions. Let &/ denote the ap-
proximate solution operator associated with (7) at time ¢, i.e., Sfvg is the result of using front tracking on the
piecewise constant function vy up to time ¢. In view of the convergence analysis, recall that the front tracking

approximation is an exact solution to a conservation law with piecewise linear flux function f° and piecewise
constant initial data vo, which implies that operator S} satisfies the following three estimates:

(38) |87 vl < llvolloo, |8 00| gy < llvollBy, 180,00 — 8/ vo||, = O(1)|t2 — t1].
In addition, the following entropy inequality holds weakly:
0:|S; vo — k| + 0z [sign(S/vo — k) (f(S{vo) — f(k))] <0,  keR.

We refer to [10,18,25] for a detailed description and analysis of the front tracking method.
The fully discrete splitting approximation is now given by the formula

(39) uy(2,t) = [HA, om0 84, " «°,  (#,) ERx (th_1,tn), n=1,...,N,

where 7 denotes the projection operator given by (31), u® = mug and 1 = (At, h,§). Recall that the operator
7 does not introduce new extrema nor does it increase the total variation, and it satisfies the error estimate
[|z = 7z||]1 = O(h) for any function z € BV(IR). Now having §1 and the estimates (32) - (34) and (38) in mind,
it 1s not difficult to see that there must exist a finite constant M > 0, independent of 5, such that

g (5 Olleo < M, Juy (5 Olpy <M, lug(t2) = ug (5 0) [ < My/Jts = 4.

Thus we have the following convergence result.

Lemma 2.1. Let {n = (At, h,8)} be a sequence of discretization parameters tending to zero. Then there exists
a subsequence {n;} and a bounded measurable function u such that u,, — u in Li, (Qr) as j — oo.

Proceeding as in the proof of Theorem 1.5, we get that the entropy discrepancy associated with {1, }, where
ty 1s defined analogously to (15), takes the form

L(uy) = E;+E§+EP+EJ"

where E} and E? are given in (19) and the ‘new’ error terms E, (due to the projection step in (39)) and E;
(due to the flux approximation used by front tracking) are given by

By, = Z/R (Uk (u""'l/z) — U (wu""'l/z)) @™ dx,
T
By I/R/O (Pe(ty) = P{(ay)) 026, dt dz,

where w"1/% = SL ", ¢ = 6( tut1ya), taprye = (n+ 1/2)At and P(u) = sign(u — k) (f* () = f*(k)).
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Let us begin by estimating £),. We can rewrite £, as follows

Ep:znzzj:/fj
+;;A

Let {Uk m | be a sequence of smooth entropies converging uniformly to Uy for almost every u as m — co. Using
the averaging nature of the operator 7 and the convexity of the entropy Uy, we get

Tt

(Uk (U"H/Z) — Uy (wu""'l/z)) " () dx

it (Uk (w+1/2) — 1, (Tun+1/2>) (6" (z) — 6" (z;)) do = E + E2.

J

Tt

(a7 o099

n i Ty
= ZZ/ . (U,gm (munY2) (mun+ 2y 2) 4 %Ué/,m (™) (w12 — ﬂ_un+1/2)2) " (2;) dz > 0,
n J T

where u*(z) is a ‘number’ between u”t1/%(x) and 7u”*t'/?(x). Taking the limit m — oo, we get E} < 0. This
implies that
L(uy) > By + E} + E; + Ef.

Using the Lipschitz continuity of Uy and that Nh = O(1), we can bound Eg as follows
|E2| = 0(1)/12/]1g |u — 7u”| de = O(h).

The terms E! and E? have already been estimated in the proof of Theorem 1.5. Assuming that f is locally
C?, we can choose the approximation f° such that ||f — f§||Oo = 0(8%) and thus ||Pk — Plf”w = O(6?), which
yields |E¢| = O(6?). Summing up, we have £(u,) > —é(\/ At + h + §?%) for some finite constant C > 0.

Consequently, the entropy discrepancy associated with the sequence {u,} is also of the form
(40) L(uy) > —C(VAt+ h+87%).

We can therefore conclude that the following theorem is valid.

Theorem 2.2. Suppose that uy is of bounded total variation, f(u) is locally piecewise twice continuously dif-
ferentiable and that the derivative of A(u) exists locally and is bounded. Let {u,} be the fully discrete splitting
sequence given by (39). Then the entropy discrepancy L(uy) is of order VAt+h+6%. Furthermore, there exists
a subsequence {uy,} converging to an entropy weak solution of the convection-diffusion problem

Opu + 0y f(u) = £02 A(u), u(z,0) = up(x), (z,t) € Qr, A'(u) > 0.

Remark. In applications, one will often use Strang splitting instead of a Godunov splitting, 1.e.,
n
uﬂ(x’t): HZt/ZSZtHZt/Z UO’ (l‘,t)ERX <t”—1’tn>a n=1...N

instead of (39). Tt is clear that Theorem 2.2 holds for this construction as well. Note that Theorem 2.2 is valid
under the rather mild condition that A’ is locally bounded. In particular, for the equation (2) this means that
a(u) only need to be a locally bounded function. In view of [15], Theorem 2.2 holds if the explicit diffusion
solver is replaced by an implicit one. Finally, if we use an implicit diffusion solver, our operator splitting method
1s unconditionally stable in the sense that the time step At is not limited by the space discretization h.

3. Numerical experiments.

This section reports on numerical experiments with the method (39) for the mixed hyperbolic-parabolic
equation (2). The experiments are designed to indicate the convergence properties of the proposed method
as well as demonstrating the difference between the jump condition (24) for mixed type equations and the
Rankine-Hugoniot jump condition for hyperbolic equations. In both examples we will consider problems with
one discontinuity. Let x = x(t) denote the curve of this discontinuity and s = #'(¢) the corresponding shock
speed. Then (24) can be written as

z=xz(t)+0
[x/(t)u(x,t) — flu) + EﬁxA(u)] =0.

z=xz(t)—0
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Letting u' and u” denote the left and right limits of u(-,t) respectively, the expression for the shock speed s
takes the form

(f(w") = f(u) = (@A) = (@:A())

u" — u!

(41) s=

We will make use of the following two diffusion functions

_ [0, forug[0,0.5), o

(42) aﬁw_{LMUEm&m AW”—AGNO&,
_ [0, forue[0,0.1), o

as(u) = { 1, foruwe[0.1,1], Asz(u) = /0 as(§) d¢

In all the experiments we use Riemann initial data of the form

()_{1, for z <0,
Holr) = 0, forxz >0.

In addition to the local time step 7 used by the difference scheme (29), the splitting solution (39) has the
three discretization parameters; A¢, h and §. The flux parameter é is kept fixed (very small) throughout this
section. Furthermore, given the space step h, the local time step 7 is chosen according to (30). The splitting time
step At is always related to the space step h through a given CFL number. Hence the only input parameters
that we specify in our experiments are the space step i and the CFL number. We denote the approximate
solutions by wuj. The approximations associated with a; and as are often denoted by uj and u? respectively.
The solutions up, are by definition piecewise constant, but in smooth regions they can be replaced by piecewise
linear interpolants in order to increase the accuracy. To determine the rate of convergence of our method we
measure the error Ep (at a fixed time T') for a decreasing sequence of space steps h. The error is measured in
the L' norm

Ep = lun(-, T) — res(+, 7)1,

where tyer is a reference solution calculated with (39) using a very fine discretization. When trying to determine
the convergence rate we assume that the error is of the form Fp ~ C'h® for some constant C' independent of k.
We use least-squares fit to obtain the exponent «.

Example 1. In this example we focus on the convergence properties of the difference scheme (29) for the purely
parabolic equation (5). In particular, we want to verify that the scheme propagates discontinuities according to
the jump condition (41). In Figure 1 we have plotted the solutions u} and u7 at times 7' = 0.3,0.6 and 0.9 with
£ = 0.1. Due to the degeneracy of a; in the interval [0, 0.5] the solution u} is discontinuous in this interval and
the discontinuity propagates with a finite speed. Similarly the solution u? corresponding to as is discontinuous
in [0,0.1]. From Figure 1 it is clear that the speed of the discontinuity depends on its size. This can easily
be explained from (41) by observing that " = 0 and (9, A(u))" = 0 (see Figures 1 an 2), which imply that
s = —e(0x A(u))' /u'. In Figure 2 we have plotted the diffusion functions A (up(z)) and As(ui(z)) viewed as
functions of #. Despite the fact that the solutions uj are discontinuous, the diffusion functions A(up(x)) are
continuous as functions of z.

081 081

u-axis

0.2r 0.2r

of of

L L L L L L L L L L L L L L L L L L L L L L L L L L L
-1 -08 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1
x-axis x-axis x-axis

Figure 1 (Example 1). The dotted, solid and dashed lines represent g, U%L and U%L respectively at times 7' = 0.3 (left),
T = 0.6 (middle) and T' = 0.9 (right) with space step o = 0.005 and scaling parameter £ = 0.1.



Figure 2 (Example 1). The solid and dashed lines represent the diffusion functions Al(ui (l‘)) and Az(u%(l‘))
where the functions U%L(l‘) and ui(x) are shown in Figure 1 (middle).
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Figure 3 (Example 1). The solid, dashed and dotted lines represent Upes, Up, with i = 0.025 (80 nodes) and up with h = 0.05
(40 nodes) respectively. Left plot: up = U%L Right plot: up = U%L

In Figure 3 we display the approximate solutions uj and ui with h = 0.05 and h = 0.025 at time 7' = 0.3.
In Table 1 we display the L' errors for a decreasing sequence of h values at time 7' = 0.3 and the corresponding
rates of convergence. These results indicate that the method is first order accurate independent on the size of

the discontinuity. Furthermore, we conclude that the approximation is good on a fairly coarse grid.

Table 1 (Example 1)

al B
2/h Lt error (x10%) | Lt error (x10?%)
20 5.39 5.00
40 2.66 2.38
80 1.13 1.12
160 0.50 0.50
Lt order 1.15 1.11

Example 2. We consider the mixed hyperbolic-parabolic equation (2) with the convective flux f = u? — u, the
diffusive flux @ = a3 (see (42)) and scaling parameter £ = 0.5. In Figure 4 (left) we have plotted the solution at
times 7'= 0.3,0.6 and 0.9. We observe that a discontinuity is formed in the interval [0,0.5] and that it moves
with some finite speed to the right. Furthermore, the speed is highest for small times and decreases as time runs.
Let us see how this dynamic is reflected in the jump condition (41), which now reads s = (f(u')—e(8, A(u))") /'
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For small times the diffusive transport term & (6xA(u))l is the dominating term because u' is close to 1. But as
the discontinuity (u',«") = (0.5,0) is formed, the speed is reduced because of the negative term f(u').

In Figure 4 (right) we have plotted A;(uj(z)) as a function of x at the same times. As in Example 1
(Figure 2), the function A;(u} (x)) is smooth even though uj () is not. Finally, we note that the solution of the
corresponding hyperbolic equation (7) coincides with the initial data, thus clearly demonstrating the qualitative
difference between a ‘hyperbolic’ discontinuity and a ‘mixed hyperbolic-parabolic’ discontinuity.

0.8

u—axis
A(u(x))—axis
o
(=2}
T

o
~
T

0.2r

X-axis X-axis
Figure 4 (Example 2). Left plot: The dotted and solid lines represent the initial data g (= solution of hyperbolic part) and the

approximation U%L respectively at times T = 0.3, 0.6, 0.9 with h = 0.005, CFL 3 and ¢ = 0.5. Right plot: The corresponding
diffusion terms Al(ui (l‘)) plotted as a function of x.

Example 3. In this example we consider (2) with the flux function f = u? and the scaling parameter ¢ = 0.1.
The approximate solution u} is displayed in Figure 5 at time 7' = 0.5. In Table 2 we show the L' errors and
the corresponding convergence rates for three different CFL numbers. In Figure 6 and Table 3 we show the
corresponding results for u7. The rate of convergence has been tested for CFL numbers 0.625, 1.25, 2.5, 5 and
10 (only results for CFL numbers 0.625, 2.5 and 10 are shown in Tables 2 and 3). The results indicate that
the method is first order accurate (even) for discontinuous solutions, which can be related to the fact that front
tracking has a linear convergence rate [25]. We observe that for high CFL numbers the error on a coarse grid
is dominated by the temporal splitting error. Compare for instance Figure 3 (left) and Figure 5 (right) with
h = 0.05 (40 nodes). The splitting error is reduced by increasing the number of nodes (thus reducing the time
step), see Figure 5 (right) with 160 nodes. However, if At >> ¢ the splitting error will dominate. We also
observe that the severity of the splitting error for high CFL numbers depends on the length of the interval of
degeneracy. Compare the accuracy of u; and ui for CFL 10 (Table 2 and 3). In other words, the splitting error
is produced in the parabolic regions. However, this is not a new observation and techniques have recently been
developed that substantially reduces this splitting error. We refer to Karlsen and Risebro [21] for details, see
also [22,23].

Table 2 (Example 3, u})

CFL 0.625 2.5 10
2/h Lt error (x10%) | Lt error (x10%) | Li-error (x10?%)
20 6.37 5.72 10.08
40 3.33 3.15 5.38
80 1.53 1.36 291
160 0.77 0.73 1.42
320 0.32 0.27 0.71
Lt order 1.07 1.09 0.96
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Figure 5 (Example 3). The solid, dashed and dotted lines represent Urer, U%L with A = 0.0125 (160 nodes) and U%L with

h = 0.05 (40 nodes) respectively at time T = 0.5 with ¢ = 0.1. Left plot: calculations done with CFL 1.25. Right plot:
calculations done with CFL 10.
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Figure 6 (Example 3). The solid, dashed and dotted lines represent Urer, U%L with A = 0.0125 (160 nodes) and U%L with

h = 0.05 (40 nodes) respectively at time T = 0.5 with ¢ = 0.1. Left plot: calculations done with CFL 1.25. Right plot:
calculations done with CFL 10.

Table 3 (Example 3, u?)

CFL 0.625 2.5 10
2/h Lt error(x10%) | Lt error(x10?) | L error(x10?)
20 5.70 5.79 12.69
40 2.73 2.82 6.72
80 1.34 1.38 3.32
160 0.62 0.63 1.61
320 0.27 0.28 0.77
L' order 1.09 1.09 1.01

4. Concluding remarks.

A numerical method for mixed hyperbolic-parabolic convection-diffusion equations in one space dimension has
been formulated and analysed. The primary goal has been to demonstrate both mathematically and numerically
that the method can be used to compute physically correct solutions of a very broad class of equations, including
hyperbolic conservation laws, parabolic equations, as well as any mixed hyperbolic-parabolic equation. Suitable
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stability results for this method and its convergence to an entropy weak solution have been established. The
numerical results have indicated that the method is first order accurate (also with discontinuities present),
non-oscillatory, and shock-capturing. Furthermore, if we use an implicit diffusion solver, our numerical method
i1s unconditionally stable in the sense that the time step is not restricted by the spatial discretization parameter.
The regularity of A(u) has been established by analysis as well as demonstrated numerically (see Figures 2
and 4). We have shown that 9, A(u) is in L{ .(Qr), but Figures 2 and 4 indicate that a sharper smoothness
estimate on JyA(u) should be possible to obtain. In [14,15] we analyse finite difference approximations of
mixed hyperbolic-parabolic problems of the form (2). In particular, by means of these approximations we prove
rigorously that A(u) is smooth. In the present work we have insisted on differencing the term §%A(u) and not
Iy (A'(u)0pu). In [14] we observed that this seems to be essential in order to ensure that the scheme is consistent
with the entropy condition (in the case of strong degeneracy). Finally, the specific discretization technique used
in the convection steps allows for modifications; in view of [14,15], the front tracking scheme can for example
be replaced by a monotone difference scheme.
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