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The Lorenz function is investigated for different scattering mechanisms, temperatures, chemical
potentials, and charge carrier concentrations. We show that at optimum thermoelectric figure-of-merit,
the deviation from the degenerate and non-degenerate limits is significant, where the magnitude of the
deviation is determined by the scattering mechanism. Furthermore, the Lorenz functions are
parameterized as a function of charge carrier concentration, temperature, and effective mass for
C 2011 American Institute of Physics. [doi:10.1063/1.3656017]
different scattering mechanisms. V
The past decade has seen a resurgence of research into
thermoelectric materials and their applications. The
increased interest is largely driven by the opportunity to generate electricity from waste heat. The efficiency of the thermoelectric conversion process is governed by the
dimensionless figure-of-merit zT ¼ a2rT/j, where a, r, j,
and T are the Seebeck coefficient, electrical conductivity,
thermal conductivity, and temperature, respectively. The
thermal conductivity has two contributions: heat conduction
in the lattice (jl) and heat conduction by the charge carriers
(je), hereafter termed the electronic thermal conductivity.
Early discussions of the Lorenz number, which relates the
electronic thermal and electrical conductivity, can be found in
the textbook by Wilson1 and references therein. A more indepth theoretical work on the Lorenz number was later performed by Price.2 There have since been numerous studies
that confirm deviations3–9 from the Sommerfeld limit1 defined
for simple degenerate metals obeying elastic scattering.
The Lorenz function is particularly important for thermoelectrics, where it serves to separate the electronic thermal and lattice thermal conductivity. Modern thermoelectric
materials often display a high degree of structural and electronic complexity, and there is in general no reason to expect
the Sommerfeld value1 to hold for these materials. Since the
majority of the optimizations of thermoelectric materials
involve modifications to the electrical conductivity or lattice
thermal conductivity, precise knowledge of this function is
important to make a sound analysis of the interdependence
and trends across modifications.
In the present work, we analyze the Lorenz function for
different scattering mechanisms and temperatures. Particular
emphasis is placed on applications to thermoelectric materials, and a parametrization of the Lorenz function is developed to allow quantitative estimates of the Lorenz number
without solving the transport equations.
The Boltzmann transport equations are extensively covered in textbooks, see, for example, Ashcroft and Mermin.10
We will here only repeat the tensors involved in the calculation of the Lorenz function for the sake of completeness. The
electronic thermal conductivity in its full form is defined as
jeij ¼ j0ij  Tvik akj :

a)
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The first term is defined as j0ij ¼ R2ij =e2 T, while vij ¼ R1ij e=T.
The electrical conductivity is similarly defined as rij ¼ R0ij e2
and the
coefficient as aij ¼ ðrÞ1
ik vkj , where
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~ is the energy of the nth charge carrier with wave
Here, n ðkÞ
~ ~
vector k,
v its velocity, l the chemical potential, f the
equilibrium Fermi distribution function, and e the electronic charge. The reciprocal integration volume is defined
by X. The ratio of the electronic thermal to electrical conductivity yields the Lorenz tensor L as
Lij ¼

1 e
j ðrÞ 1
T ik kj

(3)

0

j
 a2 . For metals or degenerate systems, a ! 0 and
or L ¼ Tr
v ! 0, due to a small change in the density of states part of
the transport distribution function as a function of energy.
This function contains the density of states, band velocities,
and scattering parameters. To leading order, j0 will thus
determine the electronic thermal properties for metals. However, for semiconductors, systems with complex electronic
structures or in general systems falling between the degenerate and non-degenerate limit,11 corrections due to a nonvanishing changes in the transport distribution function as a
function of energy will be of importance.2,10 Deviations
from the Sommerfeld value will also be caused by scattering
effects. In particular, inelastic electron scattering causes significant corrections, even for metals.2 All such corrections
are highly relevant for thermoelectric materials.
Motivated by this, we calculate the corrections to the Lorenz number between the degenerate and non-degenerate limit
for different elastic scattering mechanisms. Parabolic
band behavior is assumed, with energy dispersion of
~  . Elasv ¼hk=m
 ¼h2 k2 =2m ðm ¼ ame Þ and carrier velocity ~
tic scattering effects are incorporated by assuming the relaxation time approximation10 and an energy and temperature
dependent relaxation time,11 i.e., sð;TÞ ¼ s0 ð=kb TÞr1=2 ,
where r is 0, 2, and 1/2 for acoustic phonon, ionized impurity,
and constant scattering time mechanisms, respectively.11 The
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scattering prefactor s0 is fixed at 1 fs and Matthiessen’s rule is
used to combine different scattering mechanisms. Note that
the Seebeck coefficient and Lorenz function are independent
of the effective mass as a function of chemical potential.
However, the effective mass dependent relation between the
chemical potential and carrier concentration is easily evaluated.10 Unless otherwise stated, the temperature is 300 K.
The Lorenz number as a function of chemical potential
(l) and carrier concentration (nc) is calculated for three different scattering mechanisms, see Fig. 1. In the degenerate
limit, i.e., high carrier concentrations, the Lorenz function
approaches the Sommerfeld limit, L0 ¼ 2.443  108 V2/K2.
In the non-degenerate limit, three distinctly different asymptotes, hereafter L1, depending on the type of scattering
mechanism are present. For a parabolic band, regardless of
the scattering mechanism and effective mass,11 the Lorenz
values falls between 1.48 and 2.97  108 V2/K2. The deviations from the Sommerfeld value are most severe for acoustic phonon scattering.
The deviations from the Sommerfeld value have significant implications for thermoelectric materials whose performance is determined by the dimensionless figure-of-merit.
The aim is to align the carrier concentration at the calculated
(or extrapolated) figure-of-merit maximum, zmT. This is thus
a good reference point for an analysis of the Lorenz values,
not the degenerate and/or non-degenerate limits. In Fig. 1,
the maxima of the figure-of-merit for a constant lattice thermal conductivity, jl ¼ 1 W/Km are indicated by the vertical
lines. The Lorenz values at zmT are summarized in Table I
together with the relative deviation DL from the Sommerfeld
value L0. For ionized impurity scattering, the difference is
small and the Sommerfeld value can be considered an acceptable approximation. However, for the three other scattering mechanisms, and, in particular, for acoustic phonon
scattering, there are up to 45% deviations from the Sommerfeld value. Such deviations can significantly burden the analysis of trends in je based on measurements of jl and care
should be taken to use appropriate Lorenz values. If minority
carrier conduction is present, bipolar conduction will also be
of importance.

FIG. 1. Lorenz function at different chemical potentials and carrier concentrations for a single parabolic band. Three limiting electron scattering mechanisms are shown: constant relaxation time (solid line), acoustic phonon
(dashed line), and ionized impurity (dotted line). The figure-of-merit maximum (for jl ¼ 1 W/Km, a ¼ 1) is indicated for the three scattering mechanisms: za, zi, and zc for acoustic phonon, ionized impurity, and constant
relaxation time scattering, respectively. A mixture of acoustic phonon and
ionized impurity scattering (dashed-dotted) is also included with the scattering prefactor defined as sa0 =si0 ¼ 50. The Sommerfeld limit is illustrated by
the thin dashed line. The band onset is at 0 eV.
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TABLE I. The Lorenz value L and deviation DL ¼ jL – L0j/L from the Sommerfeld value L0 at the optimized figure-of-merit, zmT for different scattering
mechanisms. The combined scattering is calculated for sa0 =si0 ¼ 50. Fitting
coefficients Ai for Eq. (4) are also listed.

Constant
Acoustic
Impurity
Combined
Constant
Acoustic
Impurity

L

DL

L1

A1

2.061
1.686
2.595
2.142

1.185
0.449
0.059
0.141
A2
7.139721  103
5.346788  103
1.395837  103

1.856
1.485
2.970
—
A3
0.993498
1.065720
0.062829

0.007070
0.067228
0.948436
—
A4
6.706518  101
3.922918  102
1.449908  104

As the integrals in the Boltzmann transport tensors have
no general analytic solutions, numerical analyses of the Lorenz function are needed for each particular material. However, we have developed a parameterization of the data in
Fig. 1 which can be used to estimate the Lorenz number for
a particular case. The Lorenz function can be described as
Lðnc Þ ¼ L0 þ

ðL1  L0 Þð1 þ A1 þ A3 Þ
;
1 þ A1 eA2 bnc þ A3 eA4 bnc

(4)

where L1 and L0 are the non-degenerate and Sommerfeld
Lorenz values, respectively, in units of 108 V2/K2. The
coefficients Ai are parameters listed in Table I for each scattering mechanism. These parameters yield RMS errors below
0.1% compared to the numerical solution. The ratio (aT)3/2 ¼ b
determines the shift in the carrier concentration, nc (in units
of 1021 cm3, valid in the (1, 1) range) for a change in
effective mass and/or temperature, T (in K). This parametrization is valid for a general set of systems described by a single parabolic band and an appropriate scattering model. To
illustrate this, we calculate the Lorenz number versus temperature for five different materials, see Fig. 2. An agreement
between the calculated Lorenz values from the Fermi integrals (see Refs. 12 and 13) and the parameterization is
expected and observed. For the skutterudites and the 14-1-11
Zintl’s, it is common to use 2 and 2.443  108 V2/K2 for
the Lorenz number (see Refs. 14, 15 and 16), respectively.
The parametrization here shows that these values are most
likely an overestimation.

FIG. 2. Parametrized Lorenz values as a function of temperature. The filled
square (Ca2.94Na0.06AlSb3 (Ref. 12), circle (Ce0.9CoFe3Sb12 (Ref. 14), and
diamond (Ba8Ga15.5Ge30.5 (Ref. 13) show the Lorenz values calculated from
experimental data and used to extract the electronic thermal conductivity at
the given temperature. A temperature independent effective mass (a ¼ m*/
me) and acoustic phonon scattering are assumed. The carrier concentration
nc (in units of 1021 cm3) is listed, unless it has been extracted from temperature dependent data (see references).
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TABLE II. Temperature dependence of the Lorenz values (Lc, La and Li for
constant, acoustic phonon and ionized impurity scattering, respectively) at
zmT.
Temperate [K]
300
500
800

FIG. 3. Lorenz values as a function of carrier concentrations, temperatures
(no symbol 300 K, circles 500 K, and squares 800 K) and different scattering
mechanisms (see caption of Fig. 1 for additional details).

From Eq. (3), we see that the Lorenz function has an
explicit T1 dependence. In addition, the transport tensors
are also temperature dependent and we should therefore
expect additional variations of the Lorenz number with temperature. This is confirmed in Fig. 2. In Fig. 3, the Lorenz
values are calculated as a function of carrier concentration,
temperature, and different scattering mechanisms. Based on
this, it is important to emphasize on the importance of calculating the Lorenz number at different temperatures, carrier
concentrations, and effective masses and not use a single
value throughout a study dependent on these parameters.
The location of zmT will also change with temperature.
We have calculated the Lorenz number for some representative temperatures at zmT (see Table II). These reveal only
small variations for T between 300 and 800 K. The temperature variation is largest and increasing for ionized impurity
scattering, while the temperature dependency is weaker and
close to non-existent for the acoustic phonon and constant
scattering mechanisms. Even though the temperature dependence is relatively weak at zmT and dominated by changes in
the carrier concentration, systems with, e.g., temperature dependent band structures (i.e., change of band curvature) or
complex scattering properties might additionally need careful
evaluation of the Lorenz values at different temperatures.

Lc

La

Li

2.061
2.044
2.012

1.686
1.686
1.666

2.595
2.701
2.799
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