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a b s t r a c t
Electron transfer and bonding characteristics of a selected set of phosphorus skutterudites are investigated using density functional calculations. Electron transfer for CoP3, LaFe4P12 and the hypothetical
FeP3 compounds are calculated using procrystals as the non-binding references. Spherical integration
and Bader analysis are performed to quantify electron transfer differences between these compounds.
The results are in good qualitative agreement with simple electronegativity considerations. The calculations conﬁrm that the transition metal–phosphorus and the phosphorus–phosphorus bonds are covalent,
while the lanthanum–phosphorus bond is of a more polar and complex nature. In addition, we describe a
unique bonding scheme between lanthanum and phosphorus where elongated electron buildup along
the crystal axes surround the lanthanum ion. This is identiﬁed as a likely reason for the special phonon-scattering properties of the lanthanum ﬁller ion.
Ó 2009 Elsevier B.V. All rights reserved.
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1. Introduction
In recent years, skutterudite compounds have attracted much
attention as potential thermoelectric materials [1]. This is mainly
attributed to their high ﬁgure-of-merit [1] and the possibility to
substitute and modify the composition while still retaining the basic structure [2]. The efﬁciency of a thermoelectric material is
determined by the ﬁgure-of-merit is deﬁned as ZT ¼ a2 rT=j,
where a, r, j and T are the Seebeck coefﬁcient, the electrical
conductivity, the thermal conductivity, and the temperature,
respectively. The high ZT value comes as a result of a strong asymmetric density of states near the Fermi energy and the ability to
drastically decrease the thermal conductivity by adding interstitial
atoms. These structures are also interesting due to superconducting [3,4], heavy-fermion [5,6] and ferromagnetic [7] behaviour.
 have the
Empty skutterudite compounds in space group Im3
chemical formula MX 3 , where M and X are transition metals and
pnictogens (elements in the nitrogen group), respectively. The
completely ﬁlled RM4 X 12 skutterudite structure is illustrated in
Figs. 1 and 2. Usually, R is a rare-earth metal.
* Corresponding author.
E-mail address: espen.ﬂage-larsen@fys.uio.no (E. Flage-Larsen).
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It was early suggested [8] that ﬁlling the open voids could reduce the thermal conductivity. This idea has since been conﬁrmed
[9] and also discovered in other similar compounds. The decrease
of the thermal conductivity is attributed to the ﬁller atoms, which
has been detected in inelastic neutron diffraction studies [10].
Changes of the thermal conductivity have also been shown for substitutions in the basic skutterudite framework [11–13].
The true nature of the lower thermal conductivity has been
discussed in the literature. It is commonly believed that the ﬁller
ions can ‘‘rattle” independently [14] in the dodecahedra of X ions.
However, recent studies [15,16] used neutron spectroscopy
combined with ab-initio calculations to show a more correlated
motion of the ﬁller ions. These studies also argue that the phonon
dampening is caused by a signiﬁcant ﬂattening of the phonon
bands.
Previous investigations [17] shed light on the importance of the
hybridization between the p- and d-orbitals of the pnictogens and
transition metals to stabilize the CoSb3 compound. The lowest conduction band responsible for electron transport was shown to include mainly Sb p-states located in the Sb4 ring [17]. These rings
were furthermore shown to be connected through the CoSb6 octahedra by the highest valence band. In addition, evidence of delocalized non-bonding Sb s-states was observed.
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er part of the conduction band has primarily 3d- and 3p-state
character from M and X respectively [19,20].
To our knowledge the bonding character of the ﬁller ions has
not been speciﬁcally addressed in detail beyond what has been
suggested in literature reviews [9,21], in spite of the their special
role in enhancing the lattice thermal resistivity. The recent studies
[15,16] suggesting a correlated movement of the ﬁller atoms motivated us to speciﬁcally address the ﬁller ion electron transfers.
Bond analysis is often done in a state-resolved formalism by
means of the electron band structure and density of states. Even
though the state-resolved approach can give signiﬁcant insight in
the bonding scheme, it does not provide direct spatial information.
Furthermore, it may be difﬁcult to assign a direct quantitative
experimental veriﬁcation in this scheme. Another option is to use
a space-resolved analysis. In this case there is a direct relation between the electron density and the structure factors. Precise X-ray
or electron diffraction can thus provide a reliable, quantitative reference for the calculations. To compliment previous state-resolved
studies [19,20] we investigate in this study the bonding and electron transfer of phosphorus skutterudites in a space-resolved
formalism.
2. Computational details
Fig. 1. The ﬁlled skutterudite structure. Small, medium and large spheres are the
pnictogens, transition metals and ﬁller ions, respectively. The octahedral arrangement of pnictogens around the transition metal and the (2 0 0) plane are shown.

2.1. Electron transfer analysis
The electron transfer qb in a material can be deﬁned by

qb ¼ q0  qr ;

Fig. 2. The ﬁlled skutterudite structure. Small, medium and large spheres are the
pnictogens, transition metals and ﬁller ions, respectively. The octahedral arrangement of pnictogens around the transition metal and pnictogen rings are shown.

There have been discussions [18] as to whether it is the MX 6
octahedra, the X 4 ring or a combination of both [17] that determine
the main bonding features of the skutterudite compounds. Previous studies [19,20] have calculated and measured the density of
states around the Fermi level. From these studies it is quite clear
that the 3d-states of M lie right under the Fermi level followed
by the 3p-states of X, while the X 3s-states lie deep below the Fermi level and are not signiﬁcantly contributing to bonding. The low-

ð1Þ

where qr is a reference electron charge density and q0 is the crystal
electron charge density of the material. Bonding properties can then
be quantiﬁed and visualized from qb . In this work we use the procrystal [22] qp electron density as the reference. The electron density of the procrystal contains non-bonding, but overlapping
atomic electron densities.
Assigning quantitative electrons to an ion is difﬁcult, and a
number of different approaches are being used [23]. In this work
we will use a Bader analysis [24] scheme to determine the quantitative ionic electron occupancy numbers. The underlying principle
of the Bader analysis is a electron charge partitioning based on zero
ﬂux surfaces in the electron density. The implementation of the
Bader analysis used in this work [25–28] relies on a core representation of the electron density to be included as a reference. This is a
potential problem due to the rapid ﬂuctuation near the core. However, calculations of the occupancies are done purely on the valence density grid. Due to ﬁnite grid resolution the Bader
analysis can return different values for symmetry equivalent positions (1% difference in the occupancies is observed for the P ions).
In those cases, the average occupancies are given.
An alternative way to determine quantitative electron transfer
is to perform spherical integration around the ions. This raises
three fundamental objections. In general the bonds are not spherically symmetric, and the unit cell volume cannot be covered by
spheres alone, which means that parts of the electron density must
escape the analysis. Finally, the freedom to choose sphere radii
complicates comparison studies. Nevertheless, a spherical body
shape is simple to deﬁne and intuitively easy to analyse. In this
work we have therefore used spherical integration to calculate
the electron depletion around each ion, well aware of its
limitations.
A common approach is to use the covalent radius as a cutoff
during the spherical integration. This is obviously a simpliﬁcation
and may be unreasonable for bonds not obeying covalency. In this
work we suggest an alternative way to set the radial cutoff r d to
give a quantitative measure of the electron depletion. We start
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by integrating the electron density difference qb from which information about the electron transfer is directly available. We deﬁne
the integral Ib as

Ib ðrÞ ¼

Z

r

Z

y2

Z

y1

r

z2

z1

qb ðx; y; zÞdzdydx;

ð2Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where z1 ¼  r 2  x2  y2 ; z2 ¼ z1 ; y1 ¼  r 2  x2 and y2 ¼ y1 .
The volume of integration is thus limited by the outer cutoff radius
r. The electron depletion number Dnd is deﬁned as

Dnd ¼ Ib ðr ¼ r d Þ:

ð3Þ

In this work rd is deﬁned as the radius where the integral Ib
peaks. More speciﬁcally as


dIb ðrÞ
¼ 0:
dr r¼rd

ð4Þ

We require that r d > r t , a lower threshold limit. Choosing this
threshold limit can be difﬁcult in general and will depend on the
approach used to generate the electron density. For the compounds
in this work we found that a value of rt ¼ 0:3 Å avoids possible local extrema close to the core. Controllable accuracy during the
integration has been obtained by the use of a numerical trapezoidal integration scheme. This relies on the modiﬁed Shepard interpolation routine [29] which allows a correct representation close to
the integration limits without severe performance penalties.
Furthermore, we have calculated the mean value of the depletion hDnd i by integrating Ib such that

hDnd i ¼

1
rd

Z

rd

Ib ðrÞdr:

ð5Þ

0

Typically a small difference between hDnd i and Dnd indicates an
abrupt and short-ranged depletion around the ion, while a more
spread out depletion is true for a larger difference. This and the value of rd give information about the extension of the depletion. A
limitation of this method is that occupancy numbers can not be
obtained.
To compare electron transfer maxima locations and their covalent character we have deﬁned the centre of Pauling electronegativity as v ¼ v1 =ðv1 þ v2 Þ, where v1 and v2 are the Pauling
electronegativities of the respective ions.
2.2. Density functional theory
The electron densities were obtained by performing density
functional theory (DFT) [30,31] calculations in the PBE generalized
gradient approximation [36] exchange correlation functional. The
highly efﬁcient projector-augmented-wave (PAW) [37,38] method
was also used. All calculations were done using the Vienna Ab-initio Simulation Package (VASP) [38–43].
Crystal structures were relaxed in cell size, shape and atomic
positions using the residual minimization scheme, direct inversion
in the iterative subspace (RMM–DIIS) [44] algorithm. After the
relaxation another self-consistent calculation was done to ensure
correct representation of the system. An energy cutoff of 800 eV
and 550 eV for LaFe4P12 and CoP3 were necessary to obtain convergence of the total energy to within 2 meV. A k-point grid of
8  8  8 for the conventional (cubic) unit cell was sufﬁcient to
achieve similar convergence. The ﬁner FFT grid where the augmentation charge is evaluated was sized three times that of the normal
FFT grid. The 5s25p65d16s 2, 3d74s2, 3d64s2 and 3s23p3 electrons
were treated as valence orbitals for La, Co, Fe and P, respectively.
Comparable smearing conditions are important during this type
of electron charge analysis, since different smearing parameters
will affect the results well above errors introduced in the post-processing. A Gaussian smearing [45] of 0.3 eV was needed to con-

verge the total energies of all structures to within 1 leV. The
difference between Gaussian and higher order Methfessel and Paxton smearing [46] was found to be very small for LaFe4P12, thus
Gaussian smearing was used in all cases. Procrystal electron densities were generated from free atomic electron densities obtained
from single atom calculations using VASP. For the single atom calculations, a 2  2  2 unit cell was used to avoid any bonding with
neighbouring cells. To make sure that the resolution was comparable for the augmentation charges, the grid size was adjusted
accordingly.
The need for a correct representation of the all-electron charge
density must be emphasized. Due to the compensator charge density [38] the usual charge density obtained from VASP is not the
true all-electron charge density. In this work the all-electron density has been explicitly regenerated after a pre-converged run, thus
removing the problems associated with the compensator electron
density. For the Bader analysis the total electron density (valence
and core) has been included as a reference to ensure proper determination of extremal points in the electron density. For all other
calculations in this work the separated all-electron valence density
has been used exclusively.

3. Results and discussion
3.1. Structural relaxation
Experimental lattice parameters and atomic positions were
used as starting points for the structural relaxation of CoP3 and LaFe4P12. Results are shown in Table 1. Lattice constants and Wyckoff
positions of all relaxed structures were within one percent of the
experimental values and previous calculated results [47–49,20].
For the hypothetical FeP3 we used crystal parameters of CoP3. In
agreement with earlier reports [47–49], the P4 ring becomes more
square going from CoP3 to LaFe4P12, where the P4 width to length
ratio is 0.79 and 0.97, respectively.

3.2. Electron transfer analysis around the transition metal and
pnictogen atoms
This discussion will rely on the comparison of inter-ionic line
extraction data of qb for CoP3, FeP3 and LaFe4P12 in Figs. 3 and 4.
To ease the comparison, data from the line extractions are summarized in Table 4. Depletion numbers and Bader analysis data are
presented in Tables 2 and 3. Due to the ﬁnite grid resolution and
centring issues we have excluded the region close to the ions for
the inter-ionic line extractions (less than 0.2 Å from the core center
for all compounds).
The electron depletion Dnd from Table 2 is largest around La and
Co, followed by Fe and then P. In general these numbers follow
what is expected from the electronegativities. Comparing the average depletion number hDnd i and depletion cutoff rd around each
ion yields evidence of a depletion zone around La that extends further out than around Fe, Co and P. Even though this is natural to
expect from the size of La, there is still signiﬁcantly smaller difference between the depletion cutoff and the covalent radius compared to the other ions. It is also important to note that the

Table 1
The lattice constant a, and position parameters y and z for the relaxed CoP3 and
LaFe4P12 structure.

CoP3
LaFe4P12

a ½Å

y

z

7.722
7.827

0.348
0.353

0.146
0.152
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LaFe4P12
CoP3
FeP3

-1.5
-3

0.25

0.5

Valence electrons

0.75

Atom

0.2
P-La (LaFe4P12)
P-La (FeP3)
0

-0.2

0.25

0.5

0.75

0.2

-3

Electrons [Å ]

Table 3
Bader analysis of CoP3 , FeP3 and LaFe4P12 . Both the electronic occupancy number and
the minimum distance to the Bader surface are given. The occupancy difference is
relative to the formal valence occupancy of the free atom. For the P ions, the average
values are given.

0

-3

Electrons [Å ]

-3

Electrons [Å ]
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Fe-La (LaFe4P12)
Fe-La (FeP3)

0

-0.2

0.25

0.5

Minimal distance [Å]

Crystal

Difference

CoP3
Co
P

9.0
5.0

8.89
5.04

0.11
0.04

1.02
1.12

FeP3
Fe
P

8.0
5.0

7.78
5.08

0.22
0.08

1.00
1.11

LaFe4P12
Fe
8.0
P
5.0
La
11.0

7.81
5.19
9.47

0.19
0.19
1.53

1.03
1.14
1.52

0.75

Relative distance

LaFe4P12
CoP3
FeP3

0.25
0
-0.25

0.25

0.5

0.75

0.5

0.75

-3

Electrons [Å ]

-3

Electrons [Å ]

Fig. 3. Inter-ionic extraction of the electron density difference qb along the M-P
(upper), P–La (middle) and Fe–La (lower) line. The transition metals Co and Fe are
designated M. In the upper plot a comparison between LaFe4P12 (solid line), CoP3
(dashed-dotted line) and FeP3 (dashed line) is given, while in the middle a
comparison of qb along P–La in LaFe4P12 (solid line) and FeP3 (dashed line) is given.
The lower plot shows the same comparison as the middle plot, except now for qb
along Fe–‘‘La”. ‘‘La” represents Wyckoff position a where e.g. La atoms would have
been located. The distances are normalized and features close to the ion centres
have been excluded. Center of Pauling electronegativities from Table 4 are shown in
green. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

0.25
0
-0.25

0.25

Relative distance
Fig. 4. Inter-ionic extraction of the electron density difference qb between the long
P–P bonds (upper) and its shorter counterpart (lower). A comparison between
LaFe4P12 (solid line), CoP3 (dashed-dotted line) and FeP3 (dashed line) is given. The
distances are normalized and features close to the ions centres have been excluded.
Center of Pauling electronegativities from Table 4 are shown in green. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)

Table 2
Spherical depletion numbers Dnd and their mean values hDnd i, the cutoff radii r d and
the Pauling electronegativities [50,51] v are shown. The covalent radii r c [52] are also
listed for comparison.

CoP3
Co
P

Dnd

hDnd i

r d ½Å

r c ½Å

v

0.24
0.05

0.01
0.02

0.80
0.80

1.26
1.07

1.88
2.19

FeP3
Fe
P

0.22
0.05

0.09
0.02

0.84
0.80

1.32
1.07

1.83
2.19

LaFe4P12
Fe
P
La

0.22
0.06
0.24

0.09
0.02
0.11

0.84
0.84
1.99

1.32
1.07
2.07

1.83
2.19
1.10

addition of La to FeP3 increases the depletion around P, an indication of the setup of La bonds.
Results from the Bader analysis in Table 3 show transfer of electrons from the M site to the P site. This behaviour is conﬁrmed in
previous experimental XPS studies [19,53] and in a recent EELS
study [54], where transfer of electrons from Co to P is observed.
However, this EELS study shows an increase of electrons at the
Fe site for LaFe4P12, a discrepancy most likely related to the use
of different electron charge references. In this study the Bader analysis of LaFe4P12 indicates a signiﬁcant increase of electrons at the P
site, a large decrease at the La site, while the decrease of electrons
at the Fe site is similar in both FeP3 and LaFe4P12. The depletion and
occupancy numbers both yield results expected from the electronegativity differences. To complement the above analysis we will
now consider the spatial distribution of qb .
From the inter-ionic line extraction of qb in Fig. 3 it is clear that
there is a signiﬁcant buildup of electrons between M and P. Previous studies have suggested a mainly covalent character of these
bonds [9,53]. This is conﬁrmed in this study by the good agreement
between the location of the maximum xb and the centre of electronegativity v from Table 4. Changing M yields virtually no change
close to the P ions, while there is signiﬁcant change close to M.
The inﬂuence of the addition of La to FeP3 is minor for the Fe–P
bond as can be seen from Fig. 3.

Table 4
and their normalized relative distance xb for
Electron density difference maxima qmax
b
all signiﬁcant bond directions for CoP3, FeP3 and LaFe4P12. Bond lengths x are shown
for reference. In addition the centre of Pauling electronegativity v deﬁned in the text
is given (Pauling electronegativities for each atom are listed in Table 2).

CoP3
Co–P
P–P
FeP3
Fe–P
P–P
LaFe4P12
Fe–P
P–P
Fe–La

P–La

x ½Å

qmax
½Å 
b

xb

v

2.22
2.35
2.26

0.16
0.19
0.23

0.6
0.5
0.5

0.54
0.5

2.22
2.37
2.26

0.16
0.17
0.22

0.6
0.5
0.5

0.55
0.5
0.5

2.25
2.38
2.30
3.39
3.39
3.39
3.01

0.14
0.14
0.20
0.17
0.03
0.02
0.02

0.59
0.5
0.5
0.09
0.36
0.74
0.72

0.55
0.5
0.5
0.38
0.38
0.38
0.33

3
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The P–P bonds in Fig. 4 are covalent with two different bond
lengths. The maximum value of qb in Table 4 shows that the shortest bond dominates in strength. Furthermore, the P4 ring changes
quite drastically from CoP3 to LaFe4P12. In CoP3 the shortest length
is facing the ﬁller position, while in LaFe4P12 this is opposite. Also,
the rectangular P4 ring in CoP3 is transformed into a more square
shape in LaFe4P12, in correspondence with Ce ﬁlled CoSb3 [55].
The likely explanation for this is that the La atoms bond to the
nearby dodecahedra of P ions by redistributing electrons from
the short P bond to the bond between P and La. This results in a
weaker P–P bond close to the La ion, thus increasing the distance
between the P ions. As a consequence there is an interchange of
the short and long P–P bonds. In light of the previous discussions
of the Fe–P bond it is clear that adding La to FeP3 yields differences
primarily in the P4 ring.
3.3. Electron transfer analysis around the lanthanum atoms
Addressing the La bonds in LaFe4P12 is more complicated. From
Fig. 3 and Table 4 there are signs of an ionic character of the P–La
bond as indicated in previous work [9]. The relatively weak P–La
bond is conﬁrmed in Table 4, where the maximum value of qb between Fe–P and P–La is smaller by an order of magnitude compared to the M-P and P–P bonds. A Fe–La bond is unlikely due to
the small change of the Fe–La electron transfer between FeP3 and
LaFe4P12 in Fig. 3.
To further investigate the bonding of La, we give the contour
plot of qb in the (2 0 0) plane in Fig. 5. This plane contains one La
ion and four surrounding P ions. Signs of elongated electron buildup (aligned along the crystal axes) are observed, meaning that La
possibly interacts with the closest P–P bonds by establishing
shared states with both P ions. As a consequence, the P–La bond
is not directional between P and La nor ionic. The large depletion
cutoff rd suggests an extended depletion around La. Nevertheless,
the elongated electron buildups are established in this zone.

The elongated electron buildups are likely relevant for the lowering of the lattice thermal conductivity of the ﬁlled skutterudites.
Vibrations of La along the crystal axes (e. g. blue line Fig. 5) would
imply a response from the P dodecahedra and hence be correlated
throughout the structure. On the other hand, vibrations along
directions between the elongated electron buildup (e. g. green line
in Fig. 5 with an additional component normal to the ﬁgure plane)
are possibly more uncorrelated and anharmonic. Both pictures
have been presented in previous studies [10,14,16,15] and we suggest that the peculiar shape of the La–P bonds can explain this
apparent contradiction.
4. Conclusions
In this work we investigated the electron transfer in the CoP3,
LaFe4P12 and the hypothetical FeP3 skutterudite compounds by
using the corresponding procrystals as electron charge references.
General agreement with electronegativity considerations was
shown. The covalent character of the M-P and P–P bonds was conﬁrmed, while a more peculiar character was detected for the P–La
bond. It was also shown that the addition of La results in a redistribution of electrons primarily within the P4 rings.
A unique bonding scheme between P and La was proposed. We
showed signs of elongated electron buildup aligned along the crystal axes. Vibrations of the La ion parallel to the crystal axes would
be closely connected with the surrounding P4 rings. In contrast,
other vibrational directions would be more uncorrelated throughout the structure. The combination yields a quasi-correlated motion of the La ion, which supports recent [15,16] and previous
[10,14] publications, which are apparently contradictory. Studies
are in progress to investigate the spatially resolved movement
and vibrational properties of the La ion to enlighten this picture.
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Fig. 5. Contour plot of the electron density difference qb for LaFe4P12 in the (2 0 0)
plane containing one La surrounded by four P (indicated in Fig. 1). Positive electron
transfer (black/dark) are drawn from 0 to 1.0 electrons/Å3, while the negative (red/
light) are drawn from 0.5 to 0 electrons/Å3, both with a contour spacing of
0.1 electrons/Å3. The line extraction presented in Fig. 3 is indicated by the solid line.
Two different directions are indicated by the blue and green line (see text). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)
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