The Bott inverted infinite projective space
is homotopy algebraic K-theory

Markus Spitzweck, Paul Arne Ostveer

Abstract

We show a motivic stable weak equivalence between the Bott inverted infinite
projective space and homotopy algebraic K-theory.
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1 Introduction

The classifying space BGy, of the multiplicative group scheme G, over a noetherian
base scheme S of finite Krull dimension is a simplicial presheaf on the smooth Nisnevich
site of the base. When S is regular, the homotopy of BGy, is determined by units and
isomorphism classes of line bundles [13]. The suspension spectrum of BG,, acquires a
Bott element  mapping to the Bott element for the motivic spectrum KGL representing
homotopy algebraic K-theory [21]. We relate KGL to the Bott inverted infinite projective
space P> = BG,,.

Theorem 1.1: Suppose S is a noetherian base scheme of finite Krull dimension. There
18 a natural isomorphism

Y*°BGu, [371] —— KGL

in the motivic stable homotopy category.

We offer some comments to clarify the content of this result.

Since BGy, is a classifying space for line bundles the motivic spectrum X*°BGy,, can
be viewed as a universal cohomology theory for which it is allowed to add line bundles.
Theorem 1.1 shows that by inverting the Bott element we get K-theory which classifies
all vector bundles. In addition, the orientation on Bott inverted BG,, is compatible with
the one on KGL.

The multiplicative group structure on the scheme Gy, induces a commutative monoid
structure on the motivic symmetric suspension spectrum of BGy, [9]. One expects that
Y*°BGp, [37!] gives an example of a commutative motivic symmetric ring spectrum
model for K-theory.

When the base scheme is the complex numbers C, taking points of X°BG,[37!]
and KGL implies Snaith’s theorem identifying X>*°BCX[37!] = ¥°CP[3 '] with the
periodic complex K-theory spectrum KU [18]. In contrast with this amusing observation,
when the base scheme is the real numbers R, taking points we obtain an isomorphism
between contractible spectra. In effect, the spectrum with terms BO and structure maps
given by multiplication by n € 7;(BO) is contractible because * = 0 in the homotopy
of BO. The fact that Bott inverted BZ/2, = RPZ is contractible follows also from a
more general result for topological Eilenberg-MacLane spaces proven in [2].



We refer to [14] and the appendix in this paper for precursors concerning cohomology
theories in motivic homotopy theory. The orientation on Bott inverted BGy, alluded to
in the above gives rise to a multiplicative formal group law x +y — Gxy. As shown in
Section 3, it represents the universal multiplicative oriented cohomology theory. On the
other hand, by applying the motivic Landweber exactness theorem [14] to the Laurent
polynomial ring on the Bott element, it follows that

MGL™"(—) @ Z[3, 7] (1)

defines an oriented cohomology theory with a multiplicative formal group law on the
full subcategory of strongly dualizable objects in the motivic stable homotopy category.
Here MGL is Voevodsky’s algebraic cobordism spectrum [21] and L is the Lazard ring.
The formal group law x+y — xy over Z[3, 37!] induces the algebra map L — Z[3, 37!].
As remarked in the appendix MGL™*(—) is the universal oriented cohomology theory.
This implies that (1) is the universal multiplicative oriented cohomology theory. Thus
there is an isomorphism

MGL™" (=) @1 Z[B, 7] — S*BGu, [57']7(-), (2)
and an induced commutative diagram of oriented motivic cohomology theories:

SBGm [371](—) KGL™(-)

IR

MGL™"(—) @ Z[3, 7]

By combining Theorem 1.1 and the isomorphism (2) we deduce the following motivic
generalization of the classical Conner-Floyd theorem [3] relating topological K-theory
and complex cobordism:

Theorem 1.2: Suppose S is a noetherian base scheme of finite Krull dimension. There
s an isomorphism of oriented cohomology theories on the full subcategory of strongly
dualizable objects in the motivic stable homotopy category

MGL™* (=) @ Z[3, 5] —— KGL™"(~).
In particular, if X is smooth projective there is an isomorphism

MGL**(X) @ Z[8, 3! — KGL**(X).



We wish to point out that Theorem 1.2 has been announced by Hopkins and Morel
for base schemes of characteristic zero. For arbitrary fields, Panin, Pimenov and Rondigs
have shown a closely related result for the coefficient ring MGL* [15].

An alternate proof of Theorem 1.1 has been announced by Gepner and Snaith [6].
We thank them for constructive personal communication.

2 Motivic stable homotopy theory

Fix a noetherian base scheme S of finite Krull dimension with motivic stable homotopy
category SH. The latter acquires several models based on motivic unstable homotopy
of smooth schemes of finite type Sm over S, cf. [5], [7], [9], [12], [20], [21] and [22]. We
consider motivic spectra with respect to the projective line pointed at co: S — P!,

Recall the zero-space of KGL is Z x BGL and G, C GL induces a multiplicative
map BG,, — {1} x BGL which sends a line bundle represented by a map into P> to its
class in the Grothendieck group of all vector bundles. By adjointness between motivic
spaces and spectra there exists an induced map of motivic spectra

Y *°BGm, — KGL. (3)

A motivic spectrum E defines a cohomology theory E**(—) and a homology theory
E..(—) on SH [21]: If S! is the simplicial circle, F a motivic spectrum, and (p, ¢) a pair
of integers there are abelian groups

EP4(F) = SH(F, £%°(S,) P29 A £°(P)" A E)

and
Ep,q(F) = SH(EOO(SS)/\(p—Qq) A ZOO(PI)/\q’ EA F).

Voevodsky has shown that KGL?(X) = K Hy,_,(X) for X € Sm where K H denotes
Weibel’s homotopy algebraic K-theory [21, Theorem 6.9], [23].

Next we recall the notion of an orientation on a motivic ring spectrum E as introduced
by Morel, cf. [8], [17] and [19]. The unit map 1 — E yields a class 1 € E®°(1) and hence
by smashing with the projective line a class ¢; € E*!(P!). An orientation on E is a class
Coo € EZ1(P™>) — typically the first Chern class of the tautological line bundle on P> —
which restricts to c;.



The algebraic cobordism spectrum MGL has the same universal property as complex
cobordism MU, meaning there is a one-to-one correspondence between orientations on
E and motivic ring maps MGL — E (the results in [8], [17] and [19] hold over S).

Applying the bar construction to the multiplication map on G, yields an H-space
structure m: BG,, x BG,, — BGy,. If (E,cy) is oriented, then

m*(cso) € EZ* (P> x P™) = E*[[x, y]]

defines a one-dimensional formal group law Fgc_(x,y) over the commutative subring
E* = ®E?*, where x = pri(cs), y = pri(cs) and pr,: BGy, x BGy, — BG, denotes the
projection on the ith factor.

Example 2.1: The Thom spaces Th(y,) of the tautological vector bundles ,, over BGL,
together with the structure maps obtained from the maps A* X, — Vn11 given by (s,t) —
(3t1 + shax (t)) for the shift map sha=(to,t1,...) = (0,to,t1,...) on A comprise the
algebraic cobordism spectrum [21]. The zero-section of the line bundle v, yields a weak
equivalence BGy, — Th(v1) and an orientation on MGL determined by the composite

Yoo : B°BG . — X®Th(y,) — PL A MGL,

where (PY)" A Th(y,) — P A Th(v,) is defined using the structure maps of MGL.

If S is a field of characteristic zero, L — MGL" is an isomorphism by unpublished
work of Hopkins and Morel [1], [10], i.e. Fyer . (X, y) is the universal formal group law.
Recall that L denotes the Lazard ring.

Example 2.2: Let 3 € KGL™ > be the KGL Bott element [11], [21]. One verifies easily
that the class 31 (1 — [Op=(—1)]) € KGL*!(P>) yields an orientation on KGL and the

corresponding multiplicative formal group law is given by

FKGL,ﬁfl(l—[opoo(—l)])(K Y) = x+y — Bxy.

3 The Bott inverted infinite projective space

In what follows we introduce the motivic spectrum X*°BG,, [87!] in the title and show
that it represents the universal multiplicative oriented cohomology theory.



The identity map of X*BGy,, defines cohomology classes
00 0,0 /1500 _ 0o 0,0
foo € (E¥BGny)  (P®), & =&y € (B°BGmy) " (P).

Clearly &4 pulls back to the identity element of (ZOOBGm+)O’O. The class 1 — &; is send
to 1 — [Op1(—1)] in Ko(P') under the map
(5%BG, )" (P1) —— KGL™(PY).

Now consider the image of the class 1 —¢; in the reduced cohomology of BG, under the

identification
0,0

(ZOOBGm+) (P!) = (ZOOBGWF)M.
There exists a corresponding map Y*P! — Y*BG,,, and taking the adjoint of

we get
f: E°BGpy —— X727 1E®BG,, . (4)

In (4) we desuspend using the standard notation SP? = SP=% A G[? for mixed motivic
spheres [13, §3.2].

Definition 3.1: Bott inverted BG, is the homotopy colimit or mapping telescope

—2,-1
EOOBGm-f[ﬁil] = hocolim (EOOBGm+ L E*Q,flzooBGm_’_E*ﬂ . )

There is an evident motivic ring structure on X*°BG,, [37!] and a corresponding
cohomology theory. Note that 3 is send to the Bott element of KGL which classifies the
virtual vector bundle 1 — [Op:(—1)]. In what follows we denote by the same letter the
image of the class £, under the map induced by X*°BG,, — S*BG,.[71].

Lemma 3.2: The cohomology class
BT = &) € (B¥BGm, [B71])*! (P™)
defines an orientation on Bott inverted BG.,. The corresponding formal group law is

FZOCBGer[B*l],ﬂ*l(l—foo)(Xa Y) =x+y — Oxy.



Proof. The map
M (5B Gy [371]) (P) — (SBGu, [371]) (P> x P)

sends 371 (1—&4) to 8711 -€®Es). By definition £, ®1 = 1—px and 1Q&,, = 1—fy,
so that & ® £oo = (1 — Ox)(1 — By) =1 — B(x +y — Oxy). Hence we get

ﬁil(l _foo®£oo) :X+y_ﬁxy'
O

Definition 3.3: An oriented motivic spectrum or cohomology theory (E,cs) is called
multiplicative if
FE7Coo (X7 y) =X+ y — uxy,

where u € Eq; is invertible.

Next we formulate an important universal property of Bott inverted BG,.

Theorem 3.4: The Bott inverted infinite projective space represents the universal mul-
tiplicative oriented cohomology theory.

A proof of Theorem 3.4 follows by combining the next three lemmas. Throughout
(E, cso) denotes a multiplicative oriented cohomology theory.

Lemma 3.5: The classes u € Ey; and c € EQJ(PO") determine a map of motivic ring

cohomology theories
1l —ucx: E¥BGpy (=) — E**(—) (5)

which sends (3 to u.

Proof. We note the zero-section S — Gy, induces the unit map 1 — X*BGy,, and
the cohomology class u restricts to zero over the base scheme. It follows that 1 — ucy
restricts to the unit in E%° represented by 1 — E. The map is therefore unital.

To show the map is multiplicative it suffices, by Lemma 6.5, to note that the following
two classes in E*°(BG,, x BG,) coincide: The first is the exterior product (1—ux)(1—uy)
of the two classes given by the map in question, and the second the class 1 —u(x+y—uxy)
obtained by composing the given map with the multiplication on BGy,.



The negative of 3 is determined by the composite map
121 —— 1V 12 =2 EoPL — 5 N*°BGy,.

In E-cohomology, it sends a power series in E*?(X*°BG,, ) of homogeneous degree (0,0)
to its coefficient in x = c. Hence 1 —uc,, maps to —u and the second claim follows. []

Lemma 3.6: The map (5) induces an orientation preserving map
S¥BGm [B71] (=) —— E** (). (6)

Proof. This follows from Lemma 3.5 since ¢, = u™' (1 — (1 — ucs)) and the orientation
on X°BG,,[#7Y is given by 711 — &). O

Lemma 3.7: The map (6) is the unique orientation preserving map.
Proof. Suppose ¢: 2°BG,[37!]"*(—) — E**(—) is orientation preserving. It suffices
to show the composite map
o] *yk 00 —17%,% ¢ *, %
EOBGm) (=) ——= X¥BGn [B7]* (=) — E** ()
equals 1 — ucy, i.e. ¢ sends 1 — & to 1 — ucy,. To wit, ¢ maps 8 to u and 37(1 — &)
to u™'(1 — ucy). Applying 1 — 3 - _ implies the claim. O

Remark 3.8: Adopting the same argument in topology implies Snaith’s theorem because
the Conner-Floyd isomorphism relating complex cobordism MU and unitary topological
K-theory KU shows the latter represents the universal multiplicative complex oriented
cohomology theory.

4 Main proof

In this section we prove Theorem 1.1. We may assume the base scheme is the integers

since the motivic spectra in question are preserved under base change. For integers p, q,
define 7, ,E = SH(S™, E).

Proof. (of Theorem 1.1) Since KGL and Bott inverted BG, are motivic cellular spectra it
suffices according to [4, Corollary 7.2] to show there is a naturally induced isomorphism

Tpg(B°BG [~ —— KGL). (7)
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We claim the map (7) is a retract of
MGL, ,(3*°BGn, [37'] —— KGL). (8)

In effect, recall that KGL and Bott inverted BG,, acquire MGL-modules structures which
combined with the unit map of MGL and the multiplication on KGL induce

KGL —— MGL A KGL —— X®BG [67'] A KGL —— KGL A KGL — KGL,

and likewise for X°BG,,[67!]. Thus it suffices to prove that (8) is an isomorphism.

There exist different H-space structures on Z x BU and Z x BGL corresponding to
the tensor product and direct sum operations on vector bundles. In order to distinguish
between the two, we write Z x BU® and Z x BGL® for the multiplicative (respectively
Z x BU® and Z x BGL® for the additive) H-space structures induced by the tensor
products (respectively direct sums). Note that BGy, — {1} x BGL induces a map of
motivic ring spectra X°BG . — Y°Z x BGL®. Next we express the MGL-homology
of BG, and Z x BGL in terms of the coefficient ring MGL, . of the algebraic cobordism
spectrum. As for the MU-homology of CP* and Z x BU, which corresponds to complex
points when the base scheme is C, the basis elements 3; are obtained using the Kronecker
pairing with x* where MGL**(BG,) = MGL**[[x]]. We will use 0 € {0} x BGL to view
Z x BGL as a pointed motivic space.

Proposition 4.1: The following hold for the additive H-space structure on Z x BGL.
1. MGL, .(BGy) is a free MGL, .-module with generators (3; for i > 0.
2. MGL, .(Z x BGL) is a polynomial ring over MGL, . in (3, Byt Bi fori > 1.

3. There is an isomorphism of MGL, .-modules

—_—~—

MGL*,*(Z X BGL) = MGL*,*[ﬁ(:)tlvﬁlvﬁQv o ]/(MGL*,* ’ 1)

Let ¢: MU, — MGL, . be the map from the Lazard ring classifying the formal group
law over the coefficient ring MGL, , which sends MUs,, to MGLy, ,,. Using the bijection
between the generators, we shall view MGL. .(BGy,) and MGL, .(Z x BGL) as the base
change of the MU,-modules MU, (CP*) and MU,(Z x BU) with respect to ¢.



In order to compare Bott inverted BG,, and KGL we recall the diagram

o) s —2,—1y 00 D G
N°BG py —— N2 IN®BGy - - 9)

defining the former, and note that the homotopy colimit of the diagram

%7 x BGLE —2 2-2-19%7 x BGL® —> - - - (10)

maps by a weak equivalence to KGL, where iy is the negative reduced class of P! —
{0} x BGL — Z x BGL. Moreover, the natural map X*°BG,; — X*°Z x BGL induced
by BG,, — {1} x BGL sends f3 to i1, the negative reduced class of P! — {1} x BGL —
Z x BGL. In order to get an induced map from (9) we form the following diagram,
where the horizontal and vertical maps are induced by i; and ¢ respectively:

11 -2 111
57 x BGL® — 24— Y-2-17%7 x BGLE — " - - (11)

J{io JE_Q’_lio

-2 l’L —4 21
N-2-15%7 x BGLE —— $1-25%7 x BGLE ——* -+

JE—Z,—LL-O J{2—4,—2i0

The pointed map (Z x BGL,,+) — (Z x BGL,0) induces a map of motivic ring
spectra with respect to the H-space structure obtained from the tensor product. Using
the composite map

$%BGp, — Y%Z x BGL, —— ¥*Z x BGL,

it follows there is a commutative diagram:

S®BGyy — s 021N ®BG

| |

507 x BGL® — Y-2-15%7 x BGL®

This shows there is a natural map from (9) to (11), and applying MGL-homology yields
(8). In the remainder of the proof we compare the above with MU-homology and the
topological analogs of (9), (10) and (11).

10



First, consider the diagram with naturally induced horizontal maps:

MU, (CP®) — MU, ,»(CP>) (12)

J J

MGL, . (BG) —— MGL, 45,41 (BGn)

The vertical maps in (12) are defined using ¢: MU, — MGL, . and the bijection between
basis elements over the coefficient rings noted in Proposition 4.1. Compatibility of the
formal group laws with respect to ¢ and duality between multiplication in homology
and comultiplication in cohomology - giving rise to the formal group laws - implies (12)
commutes.

Second, by using the same recipe as for (12), we obtain the diagram:

MU, (CP>) ——— MU, (Z x BU®) (13)

| J

MGL,.(BGw) — MGL, ,(Z x BGLE®)

Here MGL, .(BGy) — m**(z x BGL®) sends 3; to [yf3; since it is defined using 4,
and similarly for the upper horizontal map. It follows that (13) commutes.

Third, by employing the H-space structures corresponding to the tensor product of
vector bundles, Proposition 4.1 and ¢: MU, — MGL, . as above, we obtain the diagram:

MU, (Z x BU®) ————— MU,»(Z x BU®) (14)

| J

MGL..(Z x BGL®) — MGL, 1,41(Z x BGL?)

In what follows we show the corresponding diagram in unreduced homology commutes
by proving an explicit formula for multiplication with the image of 7; in MU-homology,
i.e. for By € MU,(Z x BU). A verbatim argument shows the same formula holds in
MGLs. .(Z x BGL). This suffices to conclude (14) commutes. We denote by - and x the
two multiplications in MU-homology arising from the H-space structures Z x BU® and
Z x BU® respectively.

11



Denote by Al.: CP™ — (CP™)" and AY) e, : Z x BU — (Z x BU)" the n-fold
diagonal maps. We use the same notations for the induced maps in MU-homology. Recall
there is an isomorphism MU, ((ZxBU)") = MU, (ZXBU)@MU*' - ®mu, MU, (ZxBU) with
n copies of MU, (Z x BU). Thus, if a € MU,(Z x BU), AszU( a) =3 icra 21) ® - ®a(n)
for some indexing set I and al(k) € MU.(Z x BU). Our aim is to compute the products
Bolr* (B8 Biy -+ i) form € Z,n >0, 4y,...,0, > 1. If by,...,b, € MU,(Z x BU), then

ax (breby) = (af) 5by) - (al” xby). (15)

el
Clearly the n-fold product of

S*CPY —— Y%7 x BU, (16)

induced by CP* — {1} x BU C Z x BU sends A(C"I),oo (B) to A(ZnX)BU(ﬁoﬁl). Now since
the diagonal in homology is the dual of the multiplication in cohomology we have

DG Zl@ @1,

where (3 is in the ith tensor factor. Together with (15) this implies

Bobh * Z by - 5051 * b; )

Moreover, (g1 * _ is an MU,-module map and Gy3; x 1 = 0. It follows that Gy * _ is
an MU ,-derivation for the additive MU,-algebra structure on MU, (Z x BU).
Since 3y is the unit for the x-multiplication on MU, (Z x BU), we get

BoBr * B = mpBy " (Bofr * Bo) = mBy " Bofi. (17)

Now (16) sends 3; to (of3;, so the products By * (5o 3;) can be computed in MU, (CP>).
Thus, writing 555, - -+ Bi, = 83" " (Bofi,) - - - (Bofi,) and combining (15) with (17),

BofB1 * (ﬁé”ﬁil - Bi) = (18)

(m —n)By "By - Bi, + By Z@l < (BoBi % (BoBi,)) -+ B

12



The same argument shows there exists a motivic analog of (18) for the action of % _on
MGLs. .(Z x BGL). Since MU.(Z x BU) — MGL, .(Z x BGL) preserves the products
Bofix(Bofs;) and the additive algebra structure in (18), we conclude that (14) commutes.

Finally we show that multiplication by 7y induces a commutative diagram:

MU, (Z x BU®) ————— MU, 5(Z x BU®) (19)

| J

MGL, .(Z x BGL®) — MGL, 1,1(Z x BGL?)
In MU-homology, 79 maps to 3y, B1 * Bj" = mf; since 1 x 3" = 1, and

51*52'1 n=1,

0 n > 1.

51*(ﬁgnﬁz’1"'@n)={

To find a formula for products of the form (; x 3, we use A(Z2 iBU (6,) to conclude

BoBr* Bn = Z (Bo * B3;) (B * 53’) + (Bo* 1)(B1 * Bn) + (Bo * B) (81 x 1)

i+j=n1i,j>0
= ) BiBi*B) + (BixB),
i+j=n,i,j>0
which allows to deduce the recursive formula
BixBo=PBoBixBa— Y, BilBixB)
i+j=n,i,5>0

By specialization of (18) to the product £y, * 3, it follows that (19) commutes.

By combining the commutative diagrams (12), (13), (14) and (19) we may identify
the induced map in MGL-homology (8) with

(colim (MU, 45,(CP™)) — colim_ (MU, a0 1m)(Z % BU®))) @mu, MGL, ..

neN n,mENXN
(20)
The map in (20) is an isomorphism by Snaith’s theorem, cp. Remark 3.8. ]

Remark 4.2: The proof of Theorem 1.1 employs the algebraic cobordism spectrum.
However, the argument goes through for every oriented motivic spectrum equipped with
an orientation preserving map to the Bott inverted infinite projective space.
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5 Maps to KGL

The motivic spectrum KGL over the integers acquires a unique commutative monoidal
structure which is compatible with the ring structure on Ky [16]. Thus KGL is equipped
with a distinguished associative, commutative and unital product for every base scheme.

Proposition 5.1: Suppose the group KGL™"° is finite or divisible. Then there is a
bijection between maps from the Bott inverted infinite projective space to KGL in the
sense of spectra and in the sense of cohomology theories. The same holds for smash
products of X°BGy,[37Y. In particular, there is a unique map of oriented motivic
spectra

0BGy [671] —— KGL

which lifts the map between the corresponding oriented cohomology theories.

Corollary 5.2: Suppose S is the integers, a finite field or an algebraically closed field.
Then there is a unique map of oriented motivic spectra from the Bott inverted infinite
projective space to KGL. Thus for every base scheme there is a distinguished such map.

Proof. (of Proposition 5.1) The multiplication on BG, restricts to the Segre embedding
P! x Pm~! — P™ =1 in particular to P?"~! x P! — P21, Thus

hocolim (EOOPiL —— Y2TIEPpY 5 N TIEPT ) (21)

lifts the cohomology theory represented by the Bott inverted infinite projective space.
Since KGL** is (2, 1)-periodic, the group KGL™'**""(P") is a finite product of copies of
KGL™'Y. We need to analyze the lim'-exact sequence of the system

- — = KGL*?*(P7) —— KGL"(P3) —— KGL™(P1), (22)

obtained by mapping the tower (21) to KGL. If KGL™ is finite, then the lim'-term of
(22) vanishes. Using the isomorphism X°P! = 1V 1*! the negative of multiplication
by 3 is given by including ¥*!'¥*°BG,, into the source of the composite map

Y°BGy V EHE®BGy, = Z¥BGy A XPP —— S °BG, A X°BG, —— S°BGy,.

Now the multiplication map in KGL-cohomology can be read off from the formal group
law, e.g. its restriction to BG,, x P! is its image in KGL™[[x, y]]/(y?), and the restriction

14



to the summand X?'Y*BG,, is given by the coefficient of y (as a power series in x).
Here x and y denote the pullbacks of the orientation classes to BGy, x BG,,. Thus it
sends x" in KGL*(P>) = KGL™[[x]] to the coefficient of y in —(x + y(1 — ax))", that is
—nx"" (1 — ax) = —nx""! + nax". The map KGL**(P?"""~1) — KGL*~2*"}(P?"~1) has
the same description on generators, and tensoring with KGL™"* identifies (22) with

o 2/ () = = 2N/ () —— Z[X]/ (), (23)

where the transition maps are given by x” — —mx™ ! + mx™. Now since KGL™"? is
a divisible group, the Mittag-Leffler condition holds and hence lim' = 0.

For a k-fold smash product the analog of (22) arise from (23) by a termwise k-fold
tensor product of (23) tensored with KGL™"°. O

6 Appendix

In this appendix we collect some results on cohomology theories in motivic homotopy
theory. For a more thorough discussion we refer to [14].

A cohomology theory E**(—) is defined on finite objects of SH, where the values in
bidegree (p, q) are given by appropriate suspensions so that every motivic spectrum gives
an example. An oriented cohomology theory is a ring cohomology theory together with
compatible classes in E*!(P™) for n > 1 with the canonical one for n = 1. If F is a motivic
spectrum, let EP9(F) be the group of natural transformations SH(F, —) — EP9(—) of
contravariant functors from finite objects of SH to abelian groups. If X is a motivic
space, EP4(X) = EP4(X*° X, ) and similarly for reduced cohomology. We note the natural
map from SH(F, £°°(S,) =20 A £>(P!)" AE) to EP4(F) is not an isomorphism in the
event of nontrivial phantom maps when F is not finite. For legibility we allow a uniform
notation trusting that the precise meaning will be clear from the context. Cohomology
theories associated to spectra are ind-representable functors. For cellular spaces such as
infinite Grassmannians and Thom spaces of universal vector bundles these systems are
determined by their respective finite subspaces, so we get:

Proposition 6.1: If E**(—) is an oriented cohomology theory, then
o E*((P>°)") = E**[[x1, ..., 24]],

o E**(MGL"™) = E**[[c™ 0 < 4,1 <k <n].

15



It follows that orientations on E**(—) are in bijection with elements in E*!(P)
which restrict to the canonical element in E*'(P?)

Proposition 6.2: MGL"*(—) is the universal oriented cohomology theory.

Proof. This follows as in [19, Corollaries 3.6, 3.10, Lemma 4.1, Theorem 4.3]. In outline,
multiplicative maps X*°BGL"*(—) — E**(—) correspond bijectively to multiplicative
power series in Chern roots and the Thom isomorphism implies the corresponding result
for MGL™*(—). These power series correspond to normalized orientations by restricting
to BGL; and the Thom space of the universal line bundle MGL; respectively. m

It follows now that the coefficient ring of any oriented cohomology theory is graded
commutative, cf. the proof of [8, Proposition 2.16]. Proposition 6.1 implies there is an
induced formal group law on E**. Recall that L denotes the Lazard ring.

Lemma 6.3: Suppose L — A is a map of evenly graded commutative rings and E**(—)
an oriented cohomology theory. If L — E?** factors through A, then there is a unique
multiplicative map MGL**(—) @ A — E**(—) such that precomposing with the natural
maps from MGL**(=) and A yields the unique map of oriented cohomology theories
MGL**(—) — E**(—) and the factorization A — E**(—).

Proof. If MGL?** — B is a map of evenly graded commutative rings, then multiplicative
maps from MGL™*(—)®meL* B to E**(—) are in bijection with maps MGL**(—) — E**(—)
together with a factorization of the induced map on the point MGL** — B — E>**. [

From the above and motivic Landweber exactness [14] we get:

Corollary 6.4: MGL**(—) @, Z[3, 87| is the universal multiplicative oriented coho-
mology theory on strongly dualizable objects.

Lemma 6.5: Let R be a motivic ring spectrum and E**(—) a ring cohomology theory.
Then v: R®*(—) — E**(—) is multiplicative if and only if it is unital and the exterior
product of v with itself coincide with the class in E“°(R AR) given by the composite of 1
and the multiplication map on R.

Proof. A ring structure on a cohomology theory extends canonically to ind-representable
functors on finite motivic spectra. Thus the claimed compatibility is the universal
one. O

16



7

Acknowledgments

We thank Mike Hopkins, Fabien Morel, Oliver Rondigs and Friedhelm Waldhausen for
helpful discussions on the subject of this paper.

References

1]

[11]

Arbeitsgemeinschaft mit aktuellem Thema: Algebraic Cobordism. Oberwolfach
Rep., 2(2):881-924, 2005. Abstracts from the session held April 4-8, 2005, Orga-
nized by Marc Levine and Fabien Morel, Oberwolfach Reports. Vol. 2, no. 2.

R. D. Arthan. Localization of stable homotopy rings. Math. Proc. Cambridge
Philos. Soc., 93(2):295-302, 1983.

P. E. Conner and E. E. Floyd. The relation of cobordism to K-theories. Lecture
Notes in Mathematics, No. 28. Springer-Verlag, Berlin, 1966.

Daniel Dugger and Daniel C. Isaksen. Motivic cell structures. Algebr. Geom. Topol.,
5:615-652 (electronic), 2005.

Bjgrn Ian Dundas, Oliver Rondigs, and Paul Arne Ostveer. Motivic functors. Doc.
Math., 8:489-525 (electronic), 2003.

David Gepner and Victor Snaith. On the motivic spectra representing algebraic
cobordism and algebraic K-theory.

Po Hu. S-modules in the category of schemes. Mem. Amer. Math. Soc.,
161(767):viii+125, 2003.

Po Hu and Igor Kriz. Some remarks on real and algebraic cobordism. K-Theory,
22(4):335-366, 2001.

J. F. Jardine. Motivic symmetric spectra. Doc. Math., 5:445-553 (electronic), 2000.

M. Levine and F. Morel. Algebraic cobordism. Springer Monographs in Mathemat-
ics. Springer, Berlin, 2007.

Fabien Morel. Théorie homotopique des schémas. Astérisque, (256):vi4+119, 1999.

17



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Fabien Morel. An introduction to A'-homotopy theory. In Contemporary develop-
ments in algebraic K-theory, ICTP Lect. Notes, XV, pages 357-441 (electronic).
Abdus Salam Int. Cent. Theoret. Phys., Trieste, 2004.

Fabien Morel and Vladimir Voevodsky. A!-homotopy theory of schemes. Inst.
Hautes Etudes Sci. Publ. Math., (90):45-143 (2001), 1999.

Niko Naumann, Markus Spitzweck, and Paul Arne Ostvaer. Motivic Landweber
exactness.

Ivan Panin, Konstantin Pimenov, and Oliver Rondigs. On the relation of Voevod-
sky’s algebraic cobordism to Quillen’s K-theory. K-theory Preprint Archives, 847.

Ivan Panin, Konstantin Pimenov, and Oliver Rondigs. On Voevodsky’s algebraic
K-theory spectrum BGL. K-theory Preprint Archives, 838.

Ivan Panin, Konstantin Pimenov, and Oliver Rondigs. A universality theorem for
Voevodsky’s algebraic cobordism spectrum. K-theory Preprint Archives, 846.

Victor P. Snaith. Algebraic cobordism and K-theory. Mem. Amer. Math. Soc.,
21(221):vii+152, 1979.

Gabriele Vezzosi. Brown-Peterson spectra in stable Al-homotopy theory. Rend.
Sem. Mat. Univ. Padova, 106:47-64, 2001.

V. Voevodsky. Voevodsky’s Seattle lectures: K-theory and motivic cohomology. In
Algebraic K -theory (Seattle, WA, 1997), volume 67 of Proc. Sympos. Pure Math.,
pages 283-303. Amer. Math. Soc., Providence, RI, 1999. Notes by C. Weibel.

Vladimir Voevodsky. Al!-homotopy theory. In Proceedings of the International
Congress of Mathematicians, Vol. I (Berlin, 1998), number Extra Vol. I, pages
579-604 (electronic), 1998.

Vladimir Voevodsky, Oliver Rondigs, and Paul Arne Ostveer. Voevodsky’s Nord-
fjordeid lectures: motivic homotopy theory. In Motivic homotopy theory, Universi-
text, pages 147-221. Springer, Berlin, 2007.

18



[23] Charles A. Weibel. Homotopy algebraic K-theory. In Algebraic K-theory and
algebraic number theory (Honolulu, HI, 1987), volume 83 of Contemp. Math., pages
461-488. Amer. Math. Soc., Providence, RI, 1989.

Fakultat fiir Mathematik, Universitat Regensburg, Germany.
e-mail: Markus.Spitzweck@mathematik.uni-regensburg.de

Department of Mathematics, University of Oslo, Norway.
e-mail: paularne@math.uio.no

19



