NOTES ON THE KAZHDAN-LUSZTIG THEOREM ON EQUIVALENCE OF
THE DRINFELD CATEGORY AND THE CATEGORY OF U,g;-MODULES

SERGEY NESHVEYEV AND LARS TUSET

ABSTRACT. We discuss the proof of Kazhdan and Lusztig of the equivalence of the Drinfeld cate-
gory D(g, ) of g-modules and the category of finite dimensional U,g-modules, ¢ = ™", for h € C\Q*.
Aiming at operator algebraists the result is formulated as the existence for each & € iR of a normal-
ized unitary 2-cochain F on the dual G ofa compact simple Lie group G such that the convolution
algebra of G with the coproduct twisted by F is *-isomorphic to the convolution algebra of the
g-deformation G, of G, while the coboundary of F~* coincides with Drinfeld’s KZ-associator defined
via monodromy of the Knizhnik-Zamolodchikov equations.

INTRODUCTION

One of the most beautiful and important results in quantum groups is the theorem of Drin-
feld [4, 5] stating that the category of Upg-modules is equivalent to a category of g-modules with
the usual tensor product but with nontrivial associativity morphisms defined by the monodromy
of the Knizhnik-Zamolodchikov equations from conformal field theory. In defining the latter cat-
egory, known as the Drinfeld category, Drinfeld was inspired by a result of Kohno which states
that the representation of the braid group defined by the universal R-matrix of Upg is equivalent to
the monodromy representation of the KZ-equations. Drinfeld proved equivalence of the categories
working in the context of quasi-Hopf algebras, which are generalizations of Hopf algebras and are
algebraic counterparts of monoidal categories with quasi-fiber functors. In this language the result
says that there exists F € (Ug ® Ug)[[h]] such that the coproduct Aj, on Upg = Ugl[h]] is given by
A = FA()F! and that

O ANFHARF WFe1)(A)(F)

coincides with the element ® 7 defining the associativity morphisms in the Drinfeld category. Drin-
feld worked in the formal deformation setting and gave two different proofs. Another proof of the
equivalence of the categories that works for all irrational complex parameters was given a few years
later by Kazhdan and Lusztig [12, 13]. Their approach was then used by Etingof and Kazhdan [7]
to solve the problem of existence of quantization of an arbitrary Lie bialgebra.

The result of Kazhdan and Lusztig can again be formulated in algebraic terms, that is, there
exists an analogue of the twist F in the analytic setting. In [17] we observed that such an element
can be used to construct a deformation of the Dirac operator on quantum groups that gives rise
to spectral triples. These notes originated from a desire to understand better properties of F for
the study of these quantum Dirac operators. Another motivation is that the result of Kazhdan
and Lusztig is not usually formulated in the form we need. Even though the formulation we are
using should be obvious to a careful reader, to refer this away to a series of papers totaling several
hundred pages seems inappropriate. What makes the situation more complicated is that Kazhdan
and Lusztig prove a more general result allowing rational deformation parameters, in which case the
Drinfeld category has to be replaced by a category of modules over the affine Lie algebra §.

The notes are organized as follows.
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Section 1 contains categorical preliminaries. The main point is Drinfeld’s notion of a quasi-Hopf
algebra [4]. Since the monoidal categories we are interested in are infinite, one has to understand
the coproduct in the multiplier sense, so we talk about discrete quasi-Hopf algebras. Modulo this
nuance Section 1 contains the standard dictionary between categorical and algebraic terms: monoidal
categories and quasi-bialgebras, equivalence of categories and isomorphism of quasi-bialgebras up to
twisting, weak tensor functors and comonoids, rigidity and existence of coinverse.

In Section 2 we introduce the Drinfeld category D(g,h), h € C\ Q*. As mentioned above, it
is the category of finite dimensional g-modules with the usual tensor product but with nontrivial
associativity morphisms ® g, defined via monodromy of the KZ-equations. Alternatively one can
think of the associator @iz as a 3-cocycle on the dual discrete group G. We follow Drinfeld’s
original argument [4, 5] to prove that D(g, k) is indeed a braided monoidal category. Remark that
by specialization and analytic continuation this can be deduced directly from the formal deformation
case, which is a bit more convenient to deal with. The simplifications are however not significant, so
to avoid confusion we work entirely in the analytic setting. Remark also that there is a somewhat
more conceptual proof showing that D(g, i) is the monoidal category which corresponds to a genus
zero modular functor, see e.g. [1]. But as everywhere in these notes we sacrifice generality in favor
of a hands-on approach.

In Section 3 we formulate the main result, that is, equivalence of D(g, h) and the category C(g, h)
of finite dimensional admissible U,g-modules, ¢ = e™". Furthermore, the functor D(g, h) — C (g,h)
defining this equivalence can be chosen such that its composition with the forgetful functor C(g, h) —
Vec is naturally isomorphic to the forgetful functor D(g, n) — Vec. This means that the equivalence
can be expressed in algebraic terms, that is, the corresponding quasi-bialgebras are isomorphic up
to twisting. The proof of this theorem occupies the remaining part of the paper. In fact, we prove
it only for generic A. A simple compactness argument then shows that the result holds at least for
all i € iR, which is the most interesting case from the operator algebra point of view.

The actual proof starts in Section 4. Since we want a functor isomorphic to the forgetful one, we
first of all need a tensor structure on the forgetful functor D(g,h) — Vec. If we have a module M
representing this functor then to have a weak tensor structure on the functor is the same thing
as having a comonoid structure on M. Clearly, no finite dimensional g-module can represent the
forgetful functor. In Section 4 we define a representing object M in a completion of D(g,h). It
can be thought of as an object in an ind-pro-category, but we prefer to think of it as a topological
g-module.

In Section 5 we define a comonoid structure on M thus endowing the functor Homg(A, -) with
a weak tensor structure. We then check that for generic & we in fact get a tensor structure. This
already implies that Drinfeld’s KZ-associator is a coboundary for generic h. It is interesting to note
that up to this point the only properties of ® i, which have been used are analytic dependence on
the parameter h and that the associator acts trivially on the highest weight subspaces. We end the
section with an algorithm of how to explicitly find F such that ® is a coboundary of F~1. The
word explicit should however be taken with a grain of salt, as one has to make choices depending
on values of solutions of differential equations.

In Section 6 we show that U,g acts by natural transformations on the functor Homg(M, -), allowing
the latter to be regarded as a functor D(g, h) — C(g, h). We finally check that this is an equivalence
of categories for generic h. Although the idea of the definition of this action of U,g is not difficult to
convey, the right normalization of the maps involved requires an ingenious choice, which is ultimately
dictated by classical identities for hypergeometric functions. This is by far the most technical part
of the proof of Kazhdan and Lusztig, and here we omit a couple of the most tedious computations.
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1. QUASI—BIALGEBRAS AND MONOIDAL CATEGORIES

A monoidal category C is a category with a bifunctor ®: C x C — C, (U,V) — U ® V, which is
associative up to a natural isomorphism

a: ( UV)eW U (VeW)
and has an object which is the unit 1 up to natural isomorphisms

AM1IU—-U, p:Ux1—-1U,
such that A = p: 1 ® 1 — 1 and such that the pentagonal diagram

a®L @12,3,4

Ua(VaW)eX<— (U V)W) X —>(UaV) (WeX)

a1,23,4l \La1,2,34

U (VeW)® X) o Ue (Ve (WeX))

and the triangle diagram

Ue1)eV 2 U (1aV)

pPRL LR
UV

commute.

We say that C has strict unit if both A and p are the identity morphisms. If also « is the identity,
then C is called a strict monoidal category.

A braiding in a monoidal category C is a natural isomorphism o: U ® V — V ® U such that
Ao(U®1) =p(U ® 1) and such that the hexagonal diagram

Vel)eW - UaV)eW —2=Us (Ve W)

al l01,23

VeUeoW)Z2%VeWel)<2— (VeaW)eU

and the same diagram with o replaced by ¢~ both commute.

We say that a category is C-linear if it is abelian, the sets Hom (U, V') are vector spaces over C
and composition of morphisms is bilinear. Of course, when the monoidal category is C-linear the
tensor functor ® is required to be bilinear on morphisms.

A C-linear category is called semisimple if any object is a finite direct sum of simple objects.

A (weak) quasi-tensor functor between monoidal categories C and C' is a functor F': C — C’
together with a (morphism) isomorphism Fjy: 1’ — F(1) in ¢’ and natural (morphisms) isomorphisms

Fr: FU)@ F(V) - F(U® V).
When the categories are braided then F' is called braided if the diagram

FU)e F(V) 2~ FU V)

L e

F(V)@ F(U) 2 F(V o U)

commutes.
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A (weak) quasi-tensor functor is called a (weak) tensor functor if the diagram

(FU)® F(V))® F(W) 225 FU @ V)@ F(W) 2= F(U @ V) @ W) (1.1)

) o

FU)® (F(V)e FOV) 22 r) o F(V o W) 2= F(U @ (V@ W)

and the diagrams

FOeFU) 2-FleU) FU)®FQ1) 2-FU21)

ria| |ro o] |ro

1 ® F(U) —2— = F(U) FU) el ——~ F(U)

commute.
We say that a natural isomorphism n: F' — G between two (weak) (quasi-)tensor functors C — C’
is monoidal if the diagrams

FU)e F(V) 2~ FU e V) 1
o | nOONG
G eaV) L-quev)  FQ) k G(1)

commute.

An equivalence between two monoidal categories is called monoidal if the functors and the natural
isomorphisms defining the equivalence are monoidal. If the functors are also (C-linear) (braided)
then we speak of a (C-linear) (braided) monoidal equivalence.

According to a theorem of Mac Lane any monoidal category can be strictified, i.e. it is monoidally
equivalent to a strict monoidal category, and if the category is (C-linear) (braided) then the equiv-
alence can be chosen to be (C-linear) (braided). This is useful for obtaining new identities for
morphisms from known ones: it implies that an identity holds if it can be proved assuming that the
associativity morphisms are trivial. As is customary we regard the C-linear monoidal category Vec
of finite dimensional vector spaces as strict.

Consider now a direct sum A = @®xcp End(Vy) of full matrix algebras. Define M(A) as the
algebraic product [, End(V)). If B is another such algebra, we say that a homomorphism ¢: A —
M (B) is nondegenerate if o(A)B = B.

Let A-Mod; denote the C-linear category of nondegenerate finite dimensional A-modules, so
A-Mody is semisimple with simple objects {V3}1. We would like A-Mod; to be monoidal with
tensor product and strict unit C defined in the usual way via nondegenerate homomorphisms

A A— MAgA) =]][Ed(Vy®V,), e A—C,
A,

and with associativity morphisms (U® V)@ W — U @ (V ® W) given by acting with an element
®ec M(A® A® A). This is indeed the case if and only if ® is invertible and

(ER@NA=1=(01Re)A, (1Re@)P=101, (LQA)A=IARQL)A()DP !,
LAY AR:t@)(P)=(1RP)(tRARL)(P)(PR1). (1.2)

We then call A a discrete quasi-bialgebra with coproduct A, counit € and associator ®. Remark that
equation (1.2) corresponds to the pentagonal diagram. Notice also that by definition A-Mod; is
strict ifand only if P =1® 1 ® 1.
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If we also have an element R € M(A® A) and let ¥: U ® V — V ® U denote the flip, then
YR:U®V — V ®U is a braiding if and only if A% = RA(-)R™! and

(A X L)(R) = ‘133127113@;3127223(1), (L ® A)(R) = @53117?,13(1)2137?,12‘1)71. (13)

In this case we speak of a quasitriangular discrete quasi-bialgebra with R-matrix R. Equations (1.3)
correspond to the hexagonal diagrams.

Note that the forgetful functor F': A-Mod; — Vec is a quasi-tensor functor with Fy and F» the
identity morphisms. It is a tensor functor if and only if # =1® 1 ® 1.

By a twist in a (quasitriangular) discrete quasi-bialgebra A we mean an invertible element F
in M(A® A) such that (¢ ® t)(F) = (¢t ®¢)(F) = 1. The twisting Ar of A by F is then the
(quasitriangular) discrete quasi-bialgebra with comultiplication Ar = FA(-)F ™!, counit er = ¢,
associator

dr=10F) (@A) (F)PAQ)F HNF1el)
(and R-matrix Ry = Fo RF ).

Proposition 1.1. Let A and A’ be (quasitriangular) discrete quasi-bialgebras, F': A-Mody — Vec
and F: A'-Mody — Vec the forgetful quasi-tensor functors. Then

(i) the (quasitriangular) discrete quasi-bialgebras A’ and A are isomorphic if and only if there
exists a C-linear (braided) monoidal equivalence E: A-Mod; — A’-Mody such that F'E and F are
monotidally naturally isomorphic;

(ii) the (quasitriangular) discrete quasi-bialgebra A’ is isomorphic to a twisting Az of A if and only
if there exists a C-linear (braided) monoidal equivalence E: A-Mody — A'-Mody such that F'E and
F' are naturally isomorphic.

If A and A’ are finite dimensional and quasi-Hopf (see below) then one does not need a natural
isomorphism of F'E and F in (ii), that is, A’ is isomorphic to a twisting of A if and only if the
categories A-Mody and A’-Mody are C-linear (braided) monoidally equivalent [9]. This is no longer
true in the infinite dimensional case [2].

Proof of Proposition 1.1. Assume first that we have an isomorphism ¢: A" — Az. Then by restric-
tion of scalars ¢ gives a functor E: A-Mody — A’-Mody. We make it a tensor functor by letting
Ey =t and Fy = F~1. Tt is easy to see that E is a C-linear (braided) monoidal equivalence. Fur-
thermore, ignoring the quasi-tensor structure we have F'E = F, and if F =1 ® 1 then F'E = F as
quasi-tensor functors.

Conversely, assume we have a C-linear (braided) monoidal equivalence E: A-Mody — A’-Mody
and a natural isomorphism 7: F — F'E. The algebra M(A) can be identified with the algebra
Nat(F') of natural transformations of the forgetful functor F to itself, and similarly M (A’) = Nat(F”).
The map ¢: Nat(F’) — Nat(F) defined by ¢(a’) = n~'a’n is then an isomorphism of algebras.

Identifying M (A ® A) with Nat(F ® F), we define F € M (A ® A) by the diagram

F

UV UV

)| e

EU V) <2 BU) o E(V)

In other words, we have Fyry = (7751 ®77‘71)E2_ ey The element F is clearly invertible. It is easy
to see that it has the property (e ® ¢)(F) = (t®€)(F) = 1 if and only if the maps Ey,n: C — E(C)
coincide. This is the case if  is a monoidal natural isomorphism, and can be achieved in general by
rescaling 7. Furthermore, if 1 is monoidal then F is the identity map.
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The element A(a) considered as an element of Nat(F' @ F') is given by A(a)yyv = aygv. For
a' € M(A’) we then have

(F e @A (@) Fuy = Foy gt @ nyaswyenm) (v @ nv)Fuy
= U(}égVEZCL;E‘(U)Q@E(V)E; Yuey = ﬁ(}@lgva/E(U@;vWer
= p(d ey = (Ap(d))vv,
50 (p @ ) A'p~! = Ag.
The diagram (1.1) for the tensor functor E reads as
' =(1®FE, ) E;'E(D)Fy(Ey ®0).
Using that E;®@¢: (E(U)QE(V)QEW) - EU@V)QEW)is (n@)(F o) ten e,
and that Ey: E(U® V)@ E(W) — E(U @ V)& W) is
nueviewFoevw Moey @y ) =n(A@)(F Hn en™),
we see that Fy(F2 ® ¢) in the expression above equals (A @ )(F N F 1o )nhten eyt
Using a similar expression for (¢ ® Fy ') Ey " we get
¥ =neneneF)eeA)(F)  BE@nAe(F)F en T en ey ).
Since n ' E(®)n = @, this is exactly the equality & = (p™' @ ¢ ! @ 1) (®£).
Finally, if our quasi-bialgebras are quasitriangular and the functor F is braided, we have a com-
mutative diagram

BT —1gnp—1
UsV —"=BUV) 2=EBEU)eEV) 2" . yev

znl E(ZR) J{ lE’R’ lEW@@)(R’)
n Byt nlon!

VeoU-—"1=EVeU) —-EV)eEU) " .veu

Therefore Y(p ® ¢)(R') = FXRF L, that is, (¢ ® 9)(R') = Rr. O

We will be interested in the case when A’ is a bialgebra, so ® = 1® 1 ® 1. In this case F’ is a
tensor functor, so if E: A-Mod; — A’-Mody is a monoidal equivalence then F'E: A-Mody — Vec
is a tensor functor. Therefore to show that A’ is isomorphic to a twisting of A, by part (ii) of the
above proposition, we at least need a tensor functor A-Mod; — Vec which is naturally isomorphic
to the forgetful functor.

We remark the following consequence of the proof of the above proposition: if E: A-Mod; — Vec
is a C-linear functor and n: F' — E is a natural isomorphism then there is a one-to-one correspon-
dence between weak tensor structures on E and elements G € M (A ® A) such that (e®¢)(G) =1 =
(t®e)(g) and

PAR)(G)G®1)=012A)G)(1xQg).
Furthermore, E is a tensor functor if and only if G is invertible, and then ®r = 1 ® 1 ® 1 with
F=g L

To define a tensor structure on a functor isomorphic to the forgetful one, it is convenient to use
the following notion. An object M in a monoidal category C with strict unit is called a comonoid if
it comes with two morphisms

eeM—1, 6: M —->MeM
such that (e ® )0 =1 = (t®¢)d and (1 ® 0)0 = a(d ® ¢)J.
Lemma 1.2. Let A be a discrete quasi-bialgebra, M an object in A-Mody. Then there is a one-to-
one correspondence between
(i) weak tensor structures on the functor Hom(M,-): A-Mody — Vec;

(ii) comonoid structures on M.
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Proof. If M is a comonoid then we define Fy: Hom(M,U) ® Hom(M,V) — Hom(M,U & V) by
f®g— (f®g)dand Ey: 1 = C — Hom(M,C) by Ep(1) =e¢.

Conversely, if the functor E = Hom(M, ) is endowed with a weak tensor structure, we define
6: M — M ® M as the image of + ® ¢ under the map

Es: Hom(M, M) ® Hom(M, M) — Hom(M, M & M),

and e: M — C as the image of 1 € C under the map Fy: C — Hom(M, C). Using naturality of Fs
one checks that the image of f ® g under the map Ey: Hom(M,U)® Hom(M,V) — Hom(M,U ®V)
is (f ® g)d. It is then straightforward to check that the axioms of a weak tensor functor translate
into the defining properties of a comonoid. O

We are of course interested in the case when the functor Hom (M, ) is naturally isomorphic to
the forgetful one. Clearly, no such object M exists in A-Mod; unless A is finite dimensional. So
one needs to extend the category A-Mod; to make the lemma useful. We do not try to do this in
general, as depending on the situation different extensions might be useful.

Remark that in the finite dimensional case the unique object up to isomorphism, representing the
forgetful functor, is the module A; namely, Hom(A,U) — U, f + f(1), is a natural isomorphism. In
this case the lemma and the discussion before it show that there exists a one-to-one correspondence
between comonoid structures on A and elements G € A® A such that (e®¢)(G) =1 = (1®¢)(G) and
O(A®)(G)(G®1) = (t®A)(G)(1®G). Explicitly, given such an element G one defines §: A — A® A
by é(a) = A(a)g.

Let A be a (quasitriangular) discrete quasi-bialgebra. By a *x-operation on A we mean an antilinear
involutive antihomomorphism z +— z* on A such that A(z*) = A(z)*, e(z*) = (z), ® is unitary
(and R* = Ra1). We also require any element of the form 1+ z*z to be invertible in M (A), so that

A can be completed to a C*-algebra.

Proposition 1.3. Let A and A’ be (quasitriangular) discrete x-quasi-bialgebras. Suppose A’ is
isomorphic to Ag for a twist £. Then there exists a unitary twist F such that A’ and Ar are
x-1somorphic.

Proof. Let p: A" — Ag be an isomorphism. Since every homomorphism of full matrix algebras (with
the standard x-operation) is equivalent to a x-homomorphism, there exists an invertible element
u € M(A) such that the homomorphism ¢, := u@(-)u~"! is *-preserving. We normalize u such that
e(u) = 1. Then &, = (u ® u)EA(u~?) is a twist and it is easy to check that ¢,: A" — Ag, is an
isomorphism.

Therefore we may assume that ¢ is x-preserving. Consider the polar decomposition & = F|E&]|.
Then F is a unitary twist and we claim that ¢ is an isomorphism of discrete *-quasi-bialgebras A’
and Ar. As p: A’ — Ar is *-preserving, we just have to check that Ag = Ar.

Applying the *-operation to the identity (¢ ® p)A’ = EAp(-)E7L, we get

(p @ p)A' = (EH)*Ap()E™.

It follows that £*€ commutes with the image of A, hence so does |€|. In particular, Ag = Ax.
Now apply the map T(z) = (z*)~! to the identity (¢ ® ¢ ® )(®') = ®¢. As T preserves & and
® by unitarity, we get (¢ ® ¢ ® )(®') = ®p(gy. Therefore

(P F = Pe = ey = (Pg-1) 7,
whence ®g| = g1 as Ajg = A = Ajg-1. Thus
(1@lE)eeA)(EheA (™) (e el) =1l ) e A)(E e ()l ).
Since (1 ® A)(|€]) and 1 ® |€], as well as |£] © 1 and (A @ 1)(|€]), commute, we can write
(1@ €)@ A)(E])*® = S((€] @ 1)(A @)(|E])*.
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Consequently
(1@ [E)(@A)(|E)P = 2(|€] @ 1)(A @ )([€]).
Thus ®|¢| = @, and using again Ajg| = A we therefore get &g = (P|¢))r = P
Finally, assume our quasi-bialgebras are quasitriangular. Applying the x-operation and then the
flip to the equality (¢ ® ¢)(R') = EnRE™T we get

EnRE! = (5;1)717?,5*,

so that (£*€)1R = RE*E, whence [E]n1R = RIE|, or in other words, Rig| = R. It follows that
Re = (Rig))r = R O

We next discuss how the notion of a quasi-bialgebra arises naturally from the Tannakian formalism.
This will essentially not be used later.

Let C be a C-linear monoidal category. A (quasi-)fiber functor is a (quasi-)tensor exact faithful
C-linear functor C — Vec.

First one has the following reconstruction result [16].

Proposition 1.4. Let C be a small C-linear semisimple (braided) monoidal category with simple
strict unit. Suppose we have a quasi-fiber functor F: C — Vec. Then there exists a (quasitriangular)
discrete quasi-bialgebra A and a C-linear (braided) monoidal equivalence E: C — A-Mody such that
its composition with the forgetful functor A-Mod; — Vec is naturally isomorphic to F.

Remark that by Proposition 1.1 such a quasi-bialgebra A is unique up to isomorphism and twisting.
We also remark that, as will be clear from the proof, if F' is a fiber functor then A can be chosen to
be a discrete bialgebra.

Proof of Proposition 1.4. Let {V)}xea be representatives of isomorphism classes of the simple objects
in C. Put A = @,End(F(Vy)). Then M(A) = [[, End(#(V))) can be identified with the algebra
Nat(F') of natural transformations of F'. Regarding F' as a functor E: C — A-Mody, we get an
equivalence of C and A-Mod; as C-linear categories, since E' is exact and maps the objects V) onto
all simple objects of A-Mod; up to isomorphism.

Identifying M (A® A) with Nat(F ® F') and considering F» as a natural transformation from F® F
to F(- ® -),we define A: M(A) — M(A® A) by A(a) = F, "aFy. Define also e: M(A) — C by
g(a) = a1 € End(F(1)) = C. Finally, define ® € M(A® A® A) = Nat(F ® F ® F) by

d=(®F,E'Fa)FR(F ).

Then by construction A becomes a discrete quasi-bialgebra and E a monoidal functor.
If C has braiding o then define R € M(A® A) = Nat(F ® F) by R = ©F, 'F(0)Fy. Then A is
quasitriangular and F is braided. O

A right (resp. left) dual to an object U in a monoidal category C with strict unit consists of an
object UY (resp. YU) and two morphisms
e:U'eU —1, i:1—-UUY, (resp. €:U®"U—1, i:1-YU®U)

such that the compositions

ULL UeU)eUSUs (UYeU) L5,

UV EL Ve (UeUY) 2 Y e U)o UY L5 Y
(respectively,
UﬂU@a(VU@U)Q(U@VU)@UﬁU,
VU LB (VU e U) 9 VU S VU @ (U e VU) 24 V)
are the identity morphisms. The category C is called rigid if every object has left and right duals.
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If t € Hom(U, V) then the transpose t¥: V¥ — UV is defined as the composition

v (@)@ (

VLYW e UeUY) 2L (Ve l)eU VWev)eUuY LY.

We then have the following identities:
t®)i=00tV)i:1-VeU’, etet)=ct' @): V' eU — 1.

This is not difficult to check directly, but is immediate if the category is strict, which we may assume
by Mac Lane’s theorem. Now if s € Hom(V, W), assuming that C is strict to simplify computations,
the morphism ¢Vs" is by definition given by the composition

WV L1 WV®V®V\/ 1RtV W\/®V®Uv LRSS W\/®W®UV e®L UV.

But as (t®¢)i = (t®t")i, this is exactly the definition of (st)V. Therefore V +— V'V is a contravariant
functor of C onto itself.

Similar arguments show that if UV is another right dual of U with corresponding morphisms 7
and ¢, then v = (E® ) (1t ®4): UY — UY has inverse (e ® t)a (1 ®7). Also é = e(y ® 1) and
1= (t®@~~1)i. Therefore right duals are unique up to isomorphism. Similar statements hold for left
duals. Finally note that

t@e)a(i@ ®): U—Y(UY)
is an isomorphism with inverse (¢ ® ¢/)a(i ® ¢), and similarly that (VU)V is isomorphic to U.

The category Vec is rigid with UY = YU = U* and the morphisms e = ¢’ and i = ¢ (identifying

U** with U), which we shall denote by e, and i,, are given by

er: U"@U - C, fexr— f(x), and i,: C>UU", 1»—>in®:ﬂi,

where {z;}; is a basis in U and {x'}; is the dual basis in U*. Then ¢ is the usual dual operator ¢*.

Suppose we are given a nondegenerate anti-homomorphism S of a discrete quasi-bialgebra A. Then
for any A-module U we can define an A-module structure on the dual space U* by af = f(S(a) ).
To make U* a right dual object we look for morphisms

e:U'@U —C, :C—-UQU"

in the form e = e,(1 ® o) and i = (8 ® 1)i, for some elements o, 3 € M(A) (note that if U is simple
then any linear maps U* ® U — C and C — U ® U* must be of this form). Then the maps e and i
are morphisms if and only if

S(a(l))aa(g) = a(a)a, a(l)BS(a(z)) = 6((1),@ (1.4)
as endomorphisms of U, and then U* is a right dual of U in A-Mody if and only if
S(@®Had, ' BS (@31 =1, ®135(P)ads = 1, (1.5)

again as endomorphisms of U. If there exists an invertible anti-homomorphism S and elements
a,3 € M(A) such that (1.4)-(1.5) are satisfied, then we say that A is a discrete quasi-Hopf algebra
with coinverse S. Then UY = U* with action af f(S(a)-) is a right dual of U, and vU = U* with
action af = f(S71(a)) is a left dual of U with e/ = e,(S~ 1(oz) ®1) and i’ = (1 ® S7L(B))i,.

If S is another coinverse Wlth corresponding elements &, 3, then there exists a unique invertible
uw € A such that S = uS()u~t and & = ua, B = Bu~!. Conversely, any S and &, 3 defined this way
for an invertible u satisfy the same axioms as S and o, 3. When ® = 1® 1 ® 1, then o and (3 are
inverses to each other, and setting v = § thus gives @ = B =1, so A is a discrete multiplier Hopf
algebra with coinverse S in the sense of [21].

We have explained that if a discrete quasi-bialgebra A has coinverse then A-Mod; is rigid. One
has the following converse [23, 20, 10].
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Proposition 1.5. Let A be a discrete quasi-bialgebra with A-Mody rigid and such that for every
simple module U the dimensions of U and UV as vector spaces coincide. Then A has coinverse.

Proof. Recall that by definition A = @yep End(V)). For each A the module V)' is simple, so there
exists a unique A € A such that V) 2 V5. Fix a linear isomorphism ny: Vi — V., which exists as
the spaces Vy and V)’ by assumption have the same vector space dimension. Then there exists a
unique anti-isomorphism Sy : End(V5) — End(V)) such that if we define an action of End(V5) on Vy
by af = f(Sx(a)-), then 1 is an End(V})-module map. Since Vy = (VV))V, the set {A\}rea coincides
with A. Thus our anti-isomorphisms S define an anti-isomorphism S of A onto itself such that for
each A the dual module V' is isomorphic to Vy* with action af = f(S(a)-). As explained above, the
morphisms e: VY ®@ V) — C and i: C — V), ® Vy" uniquely determine o and 3, making S a coinverse.

In more categorical terms the above proof goes as follows. Identify M (A) with the algebra Nat(F')
of natural transformations of the forgetful functor F'. Extend isomorphisms Vi = VY to a natural
isomorphism 7 from the functor U +— F(U)* to the functor U +— F(UY). Then S, o and 3 are
defined by

S(a)u =n*(ap)* )™, ar=(®e)(t@n®@)(iy®1), fu=>1Re)t@n ' @)(i®¢).
]

In the case when A is finite dimensional the assumption on the dimensions of U and UV is
automatically satisfied [19]. The following example from [18] (see also [24]) shows that this is not
the case in general.

Example 1.6. Let G be a discrete group, B C G a subgroup such that each double coset BgB
contains finitely many right and left cosets of B. Consider the category C of G-graded B-bimodules
M = ©4eaM, such that M, is a finite dimensional complex vector space for each g, and M, # 0 only
for g in finitely many double cosets of B. Define a tensor structure on C by M®@N = M ®c(p)N. Note
that C[B] is a unit object. The category is rigid with right and left dual M" given by M = (M,-1)*
and B-bimodule structure given by (b1 fb2)(z) = f(beaby) for f € (My-1)* and x € My, gp,)-1- The
morphism i: C[B] — M ® M" is defined by i(e) = 3 cq/5 > jer, Tg.j ® xy ;, where {zg;}jer, is a
basis in My with dual basis {z] ;}jer,, and e: MY @M — C[B] is defined by e(f®x) = f(z(gh)~Hgh
for f € M) and & € My, when gh € B, and e(f ® x) = 0 when gh ¢ B.

The category C is in general not semisimple. To define a semisimple subcategory consider a
functor E from C to the category of B\G-graded finite dimensional right B-modules defined by
E(M)=C ®@cip) M. It is not difficult to see that E' is an equivalence of categories. Furthermore,
using F the simple objects of C can be described as follows: the modules that are supported on a
single double coset BgB (so that M, = 0 for h ¢ BgB), and such that the right action of BNg~!Bg
on E(M)py, is irreducible. Consider now only those modules in C which decompose into simple ones
such that the corresponding action of B N g~'Bg factors through a finite group. Equivalently, we
define a semisimple subcategory Cqy of C consisting of modules M such that the right action of B on
E(M) factors through a finite group. Yet another equivalent condition is that b = (gbg~!)z for all
g € G,z € My and b in a finite index subgroup of B (where we use the convention that (ghg 1)z = 0
if gbg~! ¢ B). Using the latter characterization we see that Cy is closed under tensor product, and
if M is in Cg then MV is also in Cy.

Consider the functor F': Co — Vec defined by F(M) = C ®¢;p) M. To make it a quasi-fiber
functor fix a set of representatives R for B\G. Then F(M) = @,crM,. For g € G denote by [g] € R
the representative of Bg. Then define F5 as the composition of the canonical isomorphisms

F(M)® F(N) 2= € M- @ Ny = € My @ Ny = (M @ N)y = F(M @ N),
g,heR g9,h€R geR

where in the second step we used the isomorphisms Mg, -1 — Mg,-1 given by x — (gh=gh™ 1] Ha.
Thus by Proposition 1.4 the functor F': Cyg — Vec defines a discrete quasi-bialgebra A such that
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A-Mody is rigid. Notice now that the dimensions of F'(M) and F(M") can be different. Indeed,
let D = BgB be a double coset, M = C[D]. Then MV = C[D_l]. We have dim F(M) = |B\D|
and dim F(M") = |B\D‘1| = |D/B|. A simple example where these dimensions can be different is
Q* Q (1 Z
o 1) B= 0 1
rigid monoidal category A-Mody fails to be quasi-Hopf.

the ax + b groups G = . So in this case the discrete quasi-bialgebra A with

2. THE DRINFELD CATEGORY

Let GG be a simply connected simple compact Lie group, g its complexified Lie algebra. Consider
the tensor category C(g) of finite dimensional g-modules. For each h € C\ Q we shall introduce new
associativity morphisms in C(g) via monodromy of the Knizhnik-Zamolodchikov equations.

Consider the ad-invariant symmetric form on g normalized such that if we choose a maximal torus
in G and denote by h C g be the corresponding Cartan subalgebra, then for the dual form on h*
we have (a, ) = 2 for short roots. In other words, if (ai;)i<ij<r is the Cartan matrix of g, and
di,...,d, the coprime positive integers such that (d;a;j);; is symmetric, then (o, o) = dja;; for a
chosen system {aq, ..., .} of simple roots. Let t =, z; @2’ € g®g be the element defined by this
form, so {x;}; is a basis in g and {z'}; is the dual basis. Since t is defined by an invariant form, it
is g-invariant, that is, [t, A(x)] =0 for all z € Ug, where A: Ug — Ug ® Ug is the comultiplication.
Remark also that by definition of A we have

(A ® L)(t) = t13 + to3, (L ® A)(t) =112 + t13. (2.1)

Let Vi,...,V, be finite dimensional g-modules. Denote by Y,, the set of points (z1,...,2,) € C"
such that z; # z; for i # j. The KZ,, equations is the system of differential equations

ov tii
—hziv, 1=1,...,n,

0z 2 — %;
J#i J

where v: Y, — V; ® --- ® V,,. This system is consistent in the sense that the differential operators

Vi = 8%1 =R zfijzj commute with each other, or equivalently, they define a flat holomorphic
connection on the trivial vector bundle over Y;, with fiber V1 ® --- ® V},. This can be checked using
that ¢ is symmetric and that [t;; + ¢, tix] = 0, which follows from (2.1) and g-invariance of ¢.

The consistency of the KZ,, equations implies that locally for each 2° € Y;, and v e Vi ® --- @V},
there exists a unique holomorphic solution v with v(z%) = vy. If v: [0,1] — Y, is a path starting at
7(0) = 2°, then this solution can be analytically continued along v. The map vg +— v(7(1)) defines
a linear isomorphism M, of V; ® --- ® V;, onto itself. The monodromy operator M, depends only
on the homotopy class of 7. In particular, for each base point z° € Y;, we get a representation of
the fundamental group m1(Y,;2%) on V1 ® - -- ® V,, by monodromy operators. Recall that my(Y,,; 2°)
is isomorphic to the pure braid group PB,,, which is the kernel of the homomorphism B,, — S,,. If
Vi = --- =V, then the monodromy representation extends to the whole braid group B,; we shall
briefly return to this a bit later.

The new associativity morphism (V3 ® Vo) ® V3 — V4 ® (Vo ® V3) will be a certain operator which
appears naturally in computing the monodromy representations for KZs, it can be thought of as the
monodromy operator from the asymptotic zone |z9—z1| < |23—21| to the zone |z3—29| < |2z3—21|. To
proceed rigorously we need to recall a few facts about differential equations with regular singularities.
Observe first that if

(21, 29, 23) = (23 — 21tz Ftasttiz)y, <22 Zl) ;
23 — 21
then v is a solution of KZj if and only if w is a solution of the equation

W(2) = h (t” 4t > w(2), (2.2)

z z—1
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which we call the modified KZ3 equation.

Proposition 2.1. Let V be a finite dimensional vector space, z — A(z) € End(V') a holomorphic
function on the unit disc D. Assume A(0) has no eigenvalues that differ by a nonzero integer. Then
the equation

2G'(z) = A(x)G ()
for G: (0,1) — GL(V) has a unique solution such that the function H(z) = G(x)z=4©) extends to
a holomorphic function on D with value 1 at 0.

Furthermore, if G(-; h) is an analogous solution of G’ (x; h) = hA(z)G(z; h), which is well-defined
for all h outside the discrete set A = {n(A—pu)™t |n € N, A% u, X\ and u are eigenvalues of A(0)},
then H(z;h) = G(z; h)z~"4O) is analytic on D x (C\ A).

Proof. We shall give a proof of this standard result (see e.g. [22]), mainly to remind how the as-
sumption on A(0) is used.

Write A(2) = 300, A,z". We look for G(z) in the form H(x)z“, where H(z) = Y.°° Hya"
with Hyp = 1. Then H must satisfy the equation

zH'(z) = A(x)H (z) — H(x) Ay, (2.3)

or equivalently, [Ag, H,] — nH, = — Z?;ol Ay—iH; for all n > 1. The operator ad4, —n on End(V)
has zero kernel exactly when Ag has no eigenvalues that differ by n. So by our assumptions there
exist unique H,, satisfying the above conditions. We then have to check that the series )" H,z"
is convergent in the unit disc. Choose ¢ > 0 such that |[(ada, —n)7!|| < ¢ for all n > 1. Define
numbers h,, recursively by hg = 1, h,, = CZ?:_OI ||An—i||hi for n > 1. We clearly have || Hy|| < hy,.
On the other hand, by construction the formal power series h(z) = Y 7, hpa™ satisfies the equation
h(z) — 1 = @(x)h(z), where p(x) = ¢, ||Anljz™. Since ¢ is analytic on D and ¢(0) = 0, we
see that h(z) = (1 — ¢(x))~! is convergent in a neighbourhood of zero. Hence Y. H,z™" is also
convergent in the same neighbourhood. Since a solution of (2.3) can be continued analytically along
any path in D\ {0}, we conclude that the convergence must hold on the whole disc. Furthermore,
as G(x) is invertible for small z, it must be invertible everywhere.

Finally, if A(z;h) is analytic in two variables, then the above argument implies that for any
bounded open set U such that the assumption on A(0;h) is satisfied for all & € U, there exists a
neighbourhood W of zero such that the corresponding solution H(z;h) of (2.3) with A replaced
by A(-;h), is analytic on W x U. Fixing xg € W \ {0}, we can consider H(-;h) as a solution of
a differential equation depending analytically on a parameter and with the analytic initial value
H(zo;h) at * = z9. Hence H(-;-) is analytic on D x U. O

Remark 2.2. Uniqueness of G is equivalent to the following statement: if A is an operator with no
eigenvalues that differ by a nonzero integer, and the function z — z4Tz~4 defined for positive x
extends to an analytic function in a neighbourhood of zero with value 1 at x = 0, then 7' = 1. This is
easy to see directly. More generally, if 24Tz~ extends to an analytic function in a neighbourhood
of zero then A and T' commute.*

We will also need a multivariable version of Proposition 2.1.

Proposition 2.3. Let Aj,...,Ap: D™ — End(V) be analytic functions. Assume the differential
operators V; = Zia%i — Ai(z), 1 < i < m, pairwise commute. Assume also that none of the opera-
tors A;(0) has eigenvalues which differ by a nonzero integer. Then the system of equations

xlg(x) =Ai(z)G(z), 1<i<m,

*In the formal deformation setting a similar result holds without any assumption on the spectrum of A. Namely,
if © — z"*T2™"* € Mat,(C)[[h]] extends analytically, meaning that every coefficient in the power series extends
analytically, then A and T commute. Indeed, we have z"*Tz~"* = T + h[A, T]logz + ..., which forces [A,T] = 0.
Moreover, we see that already existence of the limit of 4Tz~ "4 as & — 07 implies that A and T commute. As a
result replacing analytic functions by formal power series would simplify some of the subsequent arguments.
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—A1(0) —Am (0)
1 ..

has a unique GL(V)-valued solution on (0,1)™ such that the function G(x)x T extends

to an analytic function on D™ with value 1 at x = 0.

0A; 0A;
=

822‘ Ozj

Remark that the flatness condition [V;, V;] = 0 reads as z;
it implies that [A4;(0), 4;(0)] = 0.

= [A;, A;]. In particular,

Proof. The proposition can be proved by induction on m. To simplify the notation we shall only

sketch a proof for m = 2, which is actually the only case we shall need later.

—A (O)x;Az(O)

The unknown function H(x1,z2) = G(x1,z2)z, must satisfy the system of equations

0H
222 A — A (0). (2.5)
8952

By the proof of Proposition 2.1 equation (2.4) for 3 = 0 has a unique holomorphic solution Hy with
Hy(0) = 1. Using that [V, Vo] = 0 it is easy to check that As(-,0)Hy is a holomorphic solution
of (2.4) (for zo = 0) with initial value A2(0) at 1 = 0, hence Aa(z1,0)Ho(x1) = Ho(x1)A2(0)
for all z; by uniqueness. Then an argument similar to that in the proof of Proposition 2.1 shows
that in a neighbourhood of zero there exists a unique holomorphic solution of (2.5) of the form
H(z1,x2) = > 02 Hp(z1)ah, so that H(x1,0) = Ho(z1) for small z;. It remains to show that H
also satisfies (2.4). For this one checks, using [V1, Va] = 0, that
$18£ —A1H + HAl(O)
8:61

is again a solution of (2.5). Since it is zero at x9 = 0, we conclude that it is zero everywhere. 0

Turning to the modified KZ3 equation (2.2), consider more generally the equation

w'(z) = (A + B )w(z), (2.6)

z z—1

where A and B are operators on a finite dimensional vector space V such that neither A nor B has
eigenvalues that differ by a nonzero integer. By Proposition 2.1 there is a unique GL(V')-valued
solution Go(x) on (0,1) such that Go(x)z~* extends to a holomorphic function on I with value 1
at 0. Fix 2% € (0,1). If wg € V then Go(x)wp is a solution of (2.6) with initial value Go(z%)wy.
If we continue it analytically along a loop v starting at 2° and turning around 0 counterclockwise
then at the end point we get Go(z°)e*™4wy. Thus the monodromy operator defined by o is
Go(29)e?™AGy(2) 1. Using the change of variables z — 1 — z we similarly conclude that there is
a unique GL(V)-valued solution G1(x) of (2.6) such that G1(1 — z)x~® extends to a holomorphic
function on I with value 1 at 0. Then the monodromy operator defined by a loop 7 starting at 2
and turning around 1 counterclockwise is G (2°)e>"*B G4 (2°)~!. The fundamental group of C\ {0, 1}
with the base point 20 is freely generated by the classes [yo] and [y1] of 7o and 1. Therefore the
monodromy representation defined by equation (2.6) with the base point ¥ is

(0] = Go(2°)e™ 4 Go(2°) 71, [n] — G1(2°)e*™ PGy (")~ (2.7)

The operator ®(A, B) = G1(x) " Go(z) does not depend on z, since a solution of (2.6) is determined
by its initial value. We then see that the above representation is equivalent to the representation

[70] = QQMA’ [71] = <I>(A, B)_IEQMB(D(Av B)7

which does not depend on the choice of the base point. In fact it can be interpreted as the monodromy
representation with the base point 0 as follows.

Let T' be the space of solutions of (2.6) on (0,1). For each z° € (0,1) denote by m0: V — T
the isomorphism such that 7 (wp) is the solution of (2.6) with initial value wo at z°. If v is a
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7(
by letting mo(wo) = Go(-)wp and 71 (wp) = G1(-)wp. Then Go(z°) = 7r;017ro, Gi(z%) = 7r;017r1 and
®(A,B) = 7r1_17r0 can be thought of as the monodromies from 0 to 2%, from 1 to z°, and from 0 to 1,
respectively. This interpretation agrees with formulas (2.7) since the monodromy operator defined
by an infinitesimal loop around zero should of course be e2™4,

It is sometimes convenient to define g as follows. Let wg be an eigenvector of A with eigenvalue \.
Then Go(z)wg = 2*Go(x)z*wy. Therefore u = my(wp) is a solution of (2.6) such that z ™ u(x)
extends to a holomorphic function on D with value wg at 0. This completely determines g if A is
diagonalizable. Similarly, if wy is an eigenvector of B with eigenvalue \ then u = 71 (wyp) is a solution
of (2.6) such that z=*u(1 — z) extends to a holomorphic function on D with value wqg at 0.

curve in (0,1) then the monodromy operator M, is m 11)777(0). Define m,0: V — T for 20 = 0,1

We remark the following simple properties of ®(A, B): if an operator C' commutes with A and B
then it also commutes with ®(A, B), and in addition ®(A, B) coincides with ®(A + C, B) and
®(A, B + C) if the latter operators are well-defined. Indeed, to prove the first claim observe that
e*“Go(-)e™*C has the defining properties of Gy for every s € R, hence it coincides with Gy, so
Gy commutes with C' and similarly G; commutes with C'. For the second claim observe that if
we replace A by A + C then Go(z) and Gp(x) get replaced by Go(x)z® and Gi(z)xz®, whence
®(A+ C,B) = ®(A, B). In particular, if A and B commute then ®(A, B) = ¢(0,0) = 1.

Furthermore, by the second part of Proposition 2.1 for any fixed A and B the function C 3 A +—
®(hA, hB) is well-defined and analytic outside a discrete set. This discrete set does not contain zero,
more precisely, ®(hA, AB) is defined at least for |A| < (2max{r(A),r(B)})~!, where r denotes the
spectral radius. It can be shown [5] that the first terms of the Taylor series look like

®(hA,hB) = 1 — h?¢(2)[A, B] — h3¢(3)([A, [A, B]] + [B, [A, B])) + ...,

where ( is the Riemann zeta function; see [11, 14] for more on this expansion.

Finally, if V' is a Hermitian vector space and A* = —A, B* = —B, then ®(A, B) is unitary.
Indeed, for any xg € (0,1) the function Go(-)Go(zo)~! with value 1 at x = z( takes values in the
unitary group, being an integral curve of a time-dependent right-invariant vector field on this group.
Letting xo — 0 in the equality Go(z) = (Go(:E)Go(:Eo)_l)(Go(:no)xaA):né, we conclude that Go(z) is
unitary for any x € (0,1). We similarly see that G1(z) is unitary, and hence ®(A, B) is unitary as
well.

Returning to the modified KZ3 equation notice first that the image of the element ¢ in End(V; ®V53)
has rational eigenvalues for any finite dimensional g-modules V; and V3. To see this, we need to
recall that

t:%(A(C)—l@C—C@l), (2.8)
where C = Y, ;2% is the Casimir, and that the spectrum of C' consists of rational numbers since
the image of C' under an irreducible representation with highest weight A is (A, A + 2p), where p is
half the sum of the positive roots. It follows that for any fixed A € C\ Q* and all finite dimensional
g-modules Vi, V5 and V3 we have a well-defined natural isomorphism ®(ht19, htaz) of V = V1@ Vo@ V3
onto itself. Consider the GL(V')-valued solutions Gy and G of (2.2) as described above. Then

W, R(ti2-+tas+t T2 — X1 .
i(21, 22, 13) = (x3 — 2128 TB) G, (m . ) , 1=0,1,
3—T1

are GL(V)-valued solutions of KZ3 on {71 < o < x3}. We have ®(ht1g, itag) = W1 (") "1 Wy (2°)
for any 20 = (29,29, 29). Furthermore, our considerations imply that ®(ht12, Ate3) can be thought
of as the monodromy operator of KZ3 from the asymptotic zone xo — 1 < x3 — x1 to the zone

T3 — 1y < 3 — 71, and by conjugating by Wo(2?)~! the monodromy operators of KZz with the
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base point 2¥ can be written as expressions of €™ and ®(htys, htgg)T, which can be thought of as
monodromy operators with the base point at infinity in the asymptotic zone xo — x1 < T3 — 1.

Theorem 2.4. Let h € C\ Q. Denote by D(g,h) the category of finite dimensional g-modules.
Then the standard tensor product, o = ®(ht1o, hitaz) and o = L™ define on D(g, k) a structure of
a braided monoidal category.

— o —

By definition D(g, h) is the category of non-degenerate finite dimensional C[G]-modules, where C[G]|
is the discrete bialgebra of matrix coefficients of finite dimensional representations of G with convo-

lution product, coproduct A(g) = ¢ ® g and counit &(g) = 1 for g € G C M((E[a]) We can then
reformulate Theorem 2.4 by saying that (C[G], A, &, ®(ht1a, htas), e™™) is a quasitriangular discrete

quasi-bialgebra. Remark that the algebra M (C[G]) can be identified with the algebra U(G) of closed
densely defined operators affiliated with the group von Neumann algebra W*(G) of G.

The element ®(ht12, iteg) € U(G x G x G) is called the Drinfeld associator and is often denoted
by @k 7. Since from now on we are not going to consider any other associativity morphisms apart
from the trivial one and ®(fit12, htaz), we write @ instead of ®(ht1g, hiteg) if the value of 4 is clear
from the context.

Proof of Theorem 2.4. The only nontrivial relations that we have to check are (1.2) and (1.3) with
R = em‘ht‘

To prove (1.2) consider the system KZy4 in the real simply connected domain {z; < 2 < x3 < x4}.
Put

T = tig + t1g + t1a + tog + toa + t3a.

Note that T" commutes with ¢;; for all 7 and j. We consider five solutions of KZ4 in our domain of
the form (z4 — x1)""F(u,v), where u and v are certain fractions of z; — z; corresponding to five
asymptotic zones. Each asymptotic zone is associated to a vertex of the pentagon diagram according
to the following rule: if V; and Vj are between parentheses and V, is outside, then |z; —xz;| < |z —x;4].
E.g. the zone corresponding to (V1 ® Vo) @ V3) @ Vy is 29 — 21 < 23 — 21 < 24 — 21, and we claim
that there exist a unique GL-valued solution W7 of KZ,4 of the form

Ty — X1 XT3 — 1
I3—1’17.T4—331

W1($17I2,$3,I4) = (.’E4 - xl)hTFl (

and a function Hj(-,-) analytic on D? such that H;(0,0) = 1 and

Fi(u,v) = Hy(u,v)ulhzoftizthsttes) for 4 4 € (0,1).

tTo be precise our discussion of the monodromy of the modified KZ3 equation is not quite enough for this conclusion
because the additional factor (z3 — xl)h(t12+t23+t13) has nontrivial monodromy. In other words, the monodromy of the
KZs equations does not reduce completely to that of the modified KZ3 equation. This is not surprising since the map
Ys — C\{0,1}, z = (21,22, 23) — © = ﬁ, induces a surjective homomorphism of the fundamental groups which is
however not injective. Namely, consider the standard generators g1 and g2 of Bs. It is known that PBj3 is generated
by ¢%, g5 and gzg%ggl. For 2° = (:U(l)ﬂcg, mg) with 2§ < 23 < 3, represent g; by a path 4; interchanging =% with m?+1
such that 2 passes below x7,;. Then the images of g7 and g3 in 71 (C\ {0,1};2°) can be represented by the curves
~o and 71 introduced earlier, so the monodromy operators of KZs corresponding to g7 and g2 with the base point z°
are Wo(2°)e?™ ™12 (2°) ™ and Wi (2°)e? 23 W, (2°) 7. But we still have to compute the operator corresponding
to gagigy *. Consider a more general problem. By embedding Vi ® Vo ® V3 into (Vi @ Va @ V3)®® we may assume
Vi = Vo = V3 = W. Extend the representation of PBs3 to a representation of B3 on V = W3 defined by g1 — X12Mj5,

and g2 — YasMs,. If 2° is the image of 2° = 41(0) in C\ {0,1} then the image of (1) is wa‘—il It follows that
My, = Wo(G)Wo(3(0)) " = (1 — )iz +tas a5 G 52

20—1

continuation of Go along the image of 41, that is, by going through the upper half-plane. It is not difficult to see that
Y12(1 - x)h“““%””)Go (%) Yo = Go(x)eﬂmlz, by checking that the left hand side is a solution of the modified

) Go(2°)™!. Here Gy (%) is obtained by analytic

pra
KZ3 equation. It follows that YoMz, = Go(x°)e™125,,Go(x%) ™! = Wo(2°)e™ 1251, Wy(2°)~!.  Similarly one
checks that Yoz My, = Wi(2°)e™23 553 W; (2°) 7!, Thus by conjugating by Wo(2°) ™! we see that the representation
of Bz on V is equivalent to the one given by g1 — e™12% 15, go — O(ht12, Atas) ~ e 23 o3 ®(hit12, htas).
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Indeed, one checks that F; must satisfy the system of equations

oF U UV

—— =ht t t F 2.9
u(‘)u (12+u—123+uv—124> 15 (2.9)
OF; UV v
V=L =N tig + t13 + tas + toa + 34 | F1.

ov uv — 1 v—1

By Proposition 2.3 this system has a unique solution of the required form. Similarly there exist
solutions Ws, W3, Wy, W5 such that

r3 — Ty T3 —T1
Wa(21, 29, w3, 24) = (v4 — 1) F ( )

.T3—331’$4—l‘1

T3 — X2 $4_$2>

T4 — Ty Ta—T1

Ws(21, 2, 23, 24) = (74 — 21)" Fy (

T4 — T3 T4 — T2
Wy(z1, w2, v3,24) = (x4 — 1) Fy ( )

x4—x2’x4—x1
T2 =1 T4 — I3
33‘4—1‘1733‘4—1‘1

W5(l'1,$2,333,$4) = ($4 - xl)hTFs (

and holomorphic functions H;(-,-), i = 2,3,4,5, in a neighbourhood of zero with H;(0,0) = 1 and
such that for positive u,v we have

Fg(u, v) Hy (u’ 1)) hit23 1o t12+t13+t23)
Fg(u,v) H3(u,1)) htz:av t23+t24+t34)
F4(u, U) H4(u, U)uht34 ﬁ(t23+t24+t34)
Fs(u,v) = Hs(u, v)u2yftse,
Explicitly, one checks that Fb, F3, Fy and Fj satisfy
U%IZZ = (tgg + ﬁtlz + %tm) Fs, (2.10)
vz = <t12 +t13 + o3 + g ted + 52 17534) F,
ws = bty + 1 mmerhis + 32 1t34) Fs, (2.11)
vaFB = U _ti3 ) F '
ov v—uv—1 13 3
8F4 =h (t34 ﬁt%) F47
8F4 =h (7523 +tog +t34 + ;55 ) Fy,
uwis =p (tm + ot + 5 t24) F,
U%ivs = <t34 + oorts + ggs 1t23> Fs.
It turns out that the solutions W; are related as follows:
Wy =W (P®1), (2.12)
Wy =Ws(t @ A® 1) (D), (2.13)

W3 =Wy(1® @),
Wi =Ws(@A)(@),
Ws =Wi(A® 1) (@),
which immediately implies (1.2). We shall only check (2.12) and (2.13).
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To prove (2.12) denote by © the operator such that W; = W50. Then
Fi(u,v) = F5(1 —u,v)0.

For any fixed u € (0, 1) the functions v — F} (u, v)v~Mt2ts+23) and ¢ - Fy(1 —u, v)o~t2ttistt2s)
extend analytically to a neighbourhood of zero. It follows that v/(t12+t13+t23) @yy—Nlti2+H13+123) extends
analytically as well. By Remark 2.2 this is possible only when © commutes with 12 + t13 + t23. It
follows that

F (u, U)U—h(t12+t13+t23) _ F2(1 —u, U)U_h(t12+t13+t23)@.
Letting v = 0 in this equality and introducing g1(u) = Fy(u,v)v~Mh2ttstts)| o — H(u,0)u/*2
and go(u) = Fy(u,v)o~Mhettstts)| o — Hy(u,0)u/23, we then get

91(u) = g2(1 —u)®.
Furthermore, letting v = 0 in (2.9) and in the first equation of (2.10), we see that g; and gy satisfy

dgi u dgz u
—— =h(t t — = t t .
udu (12—1-“_123)91, udu 23+u_112 g2

The functions gq(u)u="12 = Hy(u,0) and go(u)u="23 = Hy(u,0) extend to analytic functions on
the unit disc with value 1 at 0. Thus by definition

O = @(htlg, htgg) =0x1.

To prove (2.13) denote again by © the element such that Wy = W30. Then

uv

F2<u,v>=F3< ,1—v+uv) 0.

1—v+uwv

As in the argument for (2.12), but now fixing v instead of u, we first conclude that ©® commutes
with t93. Thus

uv uv ~hizs
Fy(u,v)u~ M2y~ — oy <1 e 1—v+ uv) <1 o uv) (1 — v+ uv) =0,
So letting u = 0 and introducing g;(v) = F;(u, v)u~ M2y~ _q for i = 2,3, we get
g92(v) = g3(1 —v)®.
Furthermore, from the second equations in (2.10) and (2.11) we obtain

dgo v dgs v
——=h|t t —(t t ——=h|t t —(t t .
v <12+ 13+ —(taa + 34))92, v 24 +taa+ ——(tiz +t13) | 93
The functions go(v)v~t2+43) = Hy(0,v) and g3(v)v~"(t24H31) = H3(0,v) extend to analytic func-

tions in the unit disc with value 1 at 0. Therefore
O = ®(ht1g + fit13, htog + htsy).
Astis +t13 = (1 ® A ®1)(t12) and tog + 3 = (t @ A @ 1)(t23), we get
O =(0A®)(®(ht1g, ht23)) = (1 @ A @ 1)(D).

To prove (1.3) observe that the second relation in (1.3) follows from the first one by flipping the
first and the third factors and using that ¢t = t9; and ®39; = ®~!'. The latter equality is easily
obtained from the change of variables z — 1 — z in (2.2).

Turning to the proof of the first identity in (1.3), consider the system KZs in the simply connected
space

I'= {(2’1,22,23) c Yg ’ %Zl < %Zg < 323}
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Consider the real domain {(z1,z2,x3) | x1 < 2 < x3} and two GL-valued solutions of KZ3 in this
domain of the form

At12
h(t12+taz+t1: T2 — I T2 —T1
W0(5U17$2,ZC3) _ (x3—961) (t12+t23+ 13)H0 < > < ,

3 — I 3 — I
x5 — w0 (T3 — a2\ "
h(tiz-+tas+t - -
Wi (1,22, x3) = (w3 — )2 Ttaths) by ( > < > -
r3—m1 ) \ 73— 21

Similarly we have solutions of KZs in the real domain {(x1,z2,23) | 1 < 23 < x2} such that

ht13
Fi(t1o4-tos—+t T3 — X1 r3 — 1
Wa(x1, T, x3) = (zg — xp)h2Ft2atha) ( ) < ;
Tro9 — T1 ro — I

T9 — T3 ht23
T — 1 7
and solutions in the real domain {(z1,x2,z3) | x3 < x1 < z2} such that

ht13
R(ti2+tas+t L1 — 23 L1 — X3
Wi(x1, 9, x3) = (zg — x3)h2ttttis) ( ) < )

T2 — X3

W3($1,$2,x3) — (:CQ o xl)h(t12+t23+t13)H3 <x2 -

T2 — X3 T — I3
xI9 I i) I hit12
h(t t t — —
W5($1,$2,x3) — (x2_x3> (t12+t23+ 13)H5 < > < ) .
T2 — X3 Ty — T3

We require the functions H; to be analytic on the unit disc with value 1 at 0. The functions W;
extend uniquely to solutions of KZ3 on I'. By definition of ® we immediately have

We next compare Wy and Wy. Consider the set
QQ = {(21,22,23) el: ’23 — Zl‘ < ’2’2 — Zly}.

It has two connected components, Q;r and €25, corresponding to the two possible orientations of the
pair of vectors (zo — 21, 23 — z1) (if the vectors are colinear, first perturb (z1, 22, 23) in I'). The initial
real domain of definition of W5 is contained in Q; , SO

. . ht13
Wa(z1, 22, 23) = (22 — Zl)h(t12+t23+t13)H2 <Z3 Zl) (ZS Zl) for (21, 22, 23) € Q; (2.15)

22—z 22— 2

Similarly the set Q4 = {(21,22,23) € I : |23 — 21| < |22 — 23|} has two connected components Q
and €, , with Qj{ containing the initial domain of definition of Wy, and

N o ht13
Wy(z1, 29, 23) = (22 — 23)h(tl2+t23+t13)H4 (Zl 23> (Zl 23> for (21,22,23) € Qf.  (2.16)
Z92 — Z3 Z9 — Z3

In the latter expression (z; — 2z3)™13 means the function on I' obtained by analytic continuation of
(r1 — 23)™3 from the real domain {z3 < 1 < x2}. On the other hand, (z3 — 2;)™® in (2.15) is
obtained by analytic continuation from {x; < x3 < x2}. Going from the first real domain to the
second within I' changes the argument of 27 — 3 by —, so that (x; — x3)™13 in the second domain
is (z3 — 1)1 3  In other words, we can rewrite (2.16) as

-2\ (23— 21 )™

At t t — — —miht

‘474(2’1,2’2,2’3) — (2’2 _ 23) (t12+t23+ 13)H4 ( > ( ) e~ Thl13 (2.17)
22 — Z3 22 — Z3

for (21,22, 23) € QF, and now all the power functions on the right hand sides of (2.15) and (2.17)
are obtained by analytic continuation from the real domain {z; < x3 < z2}.
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We are now in a position to compute the operator © such that Wy = W,0. For a real point
(z1,T2,73) such that r1 < r3 < 29 and 3 — z1 < o2 — x3, which belongs to QF N, put
r3 — 1

o — 1 ’
Then by virtue of (2.15) and (2.17) the equality Wo = W40 implies

ht13
H2($)xﬁt13 — (1 _ x)h(t12+t23+t13)H4 < x > < z > e—ﬂiﬁtm@.

z—1 1—2
Since Hy and Hy are analytic in a neighbourhood of zero and Hs(0) = H4(0) = 1, we see that
the function x™13e~ " 13Q2 =13 extends to an analytic function in a neighbourhood of zero with
value 1 at 0. By Remark 2.2 this is possible only when e~ 7130 = 1.
Similar considerations apply to the pairs (Wi, W3) and (Wp, W5), and we get
WO — W5€7rih(t13+t23), Wl W~ €7mht23, W2 W eﬂ'zﬁtlg (218)
Identities (2.14) and (2.18) imply
6—7rih(t13+t23)@31267%7%13 (I);SIQGWihtggq) —1.

A~

As (A ®1)(t) = ti3 + tas, this is exactly the first identity in (1.3). O

3. THEOREM OF KAZHDAN AND LUSZTIG

For ¢ € C\ {0} not a root of unity consider the quantized universal enveloping algebra U,g. To fix
notation recall that it is generated by elements E;, F;, K;, K L1<i<r, satisfying the relations

KK '=K 'K, =1, K,K;=K;K;,, KEK;'=q¢"E;, KF,K '=q ""F,

K — K;'
EiF; — FjE; = §j;————+—,
qi — q;
1—aij 1 1—aij 1
_1\k — Q45 k l-a;;—k _1\k — Qij k 1-a;j—k
(1)[ k}EEE =0, 2(1)[ k}FFF =0,
k=0 qi k=0 qi
z' _ qz — qz .
where , [mlg! = [mlgm — g, ... [Ug, [n]g; = = and ¢; = ¢%. This
!fm — Klg,! ¢ —dq;

isa Hopf algebra w1th coproduct Aq and counit £, defined by
AYK) =K @K, AJ(E)=E®1+K ®E, NF)=F oK '+10F,
Eq(Ei) = E4(F;) =0, é4(K;) =1.

If V is a finite dimensional Uyg-module and A € P C h* is an integral weight, denote by V()
the space of vectors v € V of weight A, so that K;v = qi)‘(hi)v for all ¢, where h; € b is such
that «j(h;) = a;;. Recall that V is called admissible if V' = @&)cpV(A). Consider the tensor
category of finite dimensional admissible U,g-modules. It is a semisimple category with simple
objects indexed by dominant integral weights A € P+ For each A € P, we fix an irreducible U,g-

module Vq with highest weight A. Denote by (C[G | the discrete bialgebra defined by our category,
S0 (C[Gq] =~ Prep, End(VY). Denote by U(G,) the multiplier algebra M (C[G,]).

The discrete bialgebra C[G,| is quasitriangular. The universal R-matrix Rs depends on the
choice of A € C such that ¢ = ™. From now on we write ¢® instead of e™™  provided the
choice of & is clear from the context. The R-matrix Ry can can be defined by an explicit formula,
see e.g. [3, Theorem 8.3.9], but for us it will be enough to remember that it is characterized by
Agp = RhAq(-)Rgl and the following property. Let A, u € Py. Denote by A € Py the weight —woA,
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where wy is the longest element in the Weyl group. Then —\ is the lowest weight of V¥, so there
exists a nonzero vector Cg € V/—\q(—)\) such that Figg = 0. Denote also by &/ a highest weight vector
of Vi, so E;§} = 0. Then
Ri(G§ @ &) = ¢~ M o ¢l (3.1)

This indeed characterizes Ry, since £ ® Cg is a cyclic vector in V! ® V/—\q . Notice that there exists
d € N such that d(\, pu) € Z for all \, u € P. Therefore for each ¢ we get only finitely many different
R-matrices Rp.

Denote by C(g,h) the strict braided monoidal category of admissible finite dimensional U,g-
modules with braiding defined by Rp.

Finally, if ¢ is real then (C/[G\q] is a discrete *-bialgebra, with the x-operation defined on U,g by
for example K = K;, E = F;K;, F]' = Kz_lEZ Furthermore, if ¢ > 0 then ¢ = ™" for a unique

I € iR. In this case R} = (Rn)21, so (C[Gy], Aq, €4, Rp) is a quasitriangular discrete -bialgebra.

Since the irreducible U,g-modules and g-modules are both parameterized by dominant integral

o —

weights, we have a canonical isomorphism between the centers of C[G] and C[G,]. We can now
formulate the main result.

Theorem 3.1. Let ¢ > 0 and i € iR be such that ¢ = e™". Then there exists a unitary twist F €
U(G x G) such that the quasitriangular discrete -quasi-bialgebras (C[G], A, &, ®(hit12, hity3), e™) £

and (C[Gyl, Aq,éq, 1,Rp) are x-isomorphic, via an isomorphism extending the canonical identifica-
tion of the centers.

We call an element F in the above theorem a unitary Drinfeld twist.
We shall say that a statement holds for generic A if it holds for A outside a countable set.

Lemma 3.2. Assume a unitary Drinfeld twist exists for generic h € iR. Then a unitary Drinfeld
twist exists for all h € iR.

Proof. 1t suffices to show that if h, — i € iR* and a unitary Drinfeld twist exists for every h, then
it exists for A.

For each n fix a *-isomorphism ¢, : U(G,,) — U(G), where g, = €™ and a unitary Drinfeld
twist F,. By compactness of finite dimensional unitary groups, passing to a subsequence we may
assume that {F,}, converges (in the strong operator topology) to a unitary F € W*(G)@W*(G).

Denote the generators of Uy, g by Ei(qn), Fi(qn), Ki(gn). Denote also by 7{": Uy, g — End(V{"),
resp. my: Ug — End(V)), an irreducible #-representation of U, g, resp. Ug, with highest weight .
We claim that the sequences {(m) o ¢,)(Ei(gn))}n are bounded for any A. Indeed, since ¢, extends
the canonical identification of the centers by assumption, the representation my o ¢, is unitarily
equivalent to 7§". Normalize the scalar product on Vi by requiring that the highest weight vector

‘)1\" has norm one. Then the scalar products

(3" (i (an) - - - Fi (an))EX" 73" (B (qn) - - F (0n))EX")
converge to similar scalar products for ¢ = e™”, which can easily be checked by induction on k + [
using F;" = K, 'E; and the quantum Serre relations. Choose a set of multiindices (1,...,4x) such
that the vectors (7§ (F5, (q) . .. Fj, ())&} form a basis in V!, Tt then follows that the same expressions
for g, define a basis in V" whenever n is sufficiently large. By applying the orthonormalization
procedure we obtain an orthonormal basis in V{". The matrix coefficients of 7{"(E;(gn)) in this
basis are determined by the scalar products

(73" (Ei(gn)) 73" (Fiy (an) - - Fiy (an))E8", 78" (Fjy (an) - - - Fy(an))E5")-
It follows that they converge to the corresponding matrix coefficients of 7§ (E;(¢q)). In particular,

the sequence {7{"(E;(gn))}n is bounded, and hence so is {(mx o ¢,)(Ei(¢n))}n. Similar arguments
apply to the other generators of Uy, g.
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By passing to a subsequence, we may therefore assume that the operators (my o ¢y,)(1(q,)), where
T(qy) is any of the generators E;(qy), Fi(qn), Ki(qn) of Uy, g, converge for every dominant integral
weight A. For each A the operators we get in the limit define a *-representation 7y : U,g — End(V}).
It is a representation with highest weight A, so for dimension reasons it must be equivalent to the
irreducible representation with highest weight A. The representations ) define a *-isomorphism
0: U(Gy) — U(G). As {(mr 0 ¢n)(T(qn))}n converges to (my o ¢)(T'(q)) for each generator T'(gy)
of Uy, g, the limit F of {F,}, is a unitary Drinfeld twist with respect to ¢ (e.g. the identity
q)(htlg, htg3)y: = 1 holds because (I)(hntlg, hntgg) — q)(htlg, htgg)). O

Therefore it suffices to prove Theorem 3.1 for generic h € i]R./F\urthermore, by Proposition 1.3
it is enough to show that (C[G], A, &, ®(hitya, hta3), e™™)r and (C[G,], Ay, €4, 1, Rp) are isomorphic
for a (not necessarily unitary) twist F € U(G x G). By Proposition 1.1(ii) the existence of such an
isomorphism can be reformulated in categorical terms as follows, where we now consider complex
parameters instead of only purely imaginary ones.

Theorem 3.3. For generic h € C and q = ™" there exists a C-linear braided monoidal equivalence
F:D(g,h) — C(g,h) such that F maps an irreducible g-module with highest weight A onto an
irreducible Uyg-module with highest weight X\, and the composition of F' with the forgetful functor
C(g, h) — Vec is naturally isomorphic to the forgetful functor D(g,h) — Vec.

We will start proving this theorem in the next section. In the remaining part of this section we
want to make a few remarks that will not be important later.

The result holds for all A ¢ Q* by [12, 13, 8]. Recall that since U,g is a Hopf algebra, the
category C(g, h) is rigid, with a right dual to V defined by VV = V* af = f(S'q(a) -), where Sq is
the coinverse. It follows that D(g, k) is a rigid tensor category as well. Let us show that rigidity
for all i ¢ Q* follows already from Theorem 3.3%; in particular, (((?[C\?], A, g, ®(htya, htoz), ™) is a
discrete quasi-Hopf algebra for all h ¢ Q* by Proposition 1.5. As we have said, this result will not
be used later, but it is in fact the first step in extending Theorem 3.3 to all /& ¢ Q*.

For an element 3 = )", njo; of the root lattice put Kg = [[, K[ € Uyg and hg = >, n;d;h; € b,
so that A(hg) = (XA, B8). For a finite dimensional g-module V' denote by d(V') the dimension of V'
and by d, (V') the quantity Tr(q"?¢), where p is half the sum of the positive roots. We use the same
notation dy(V') for the quantum dimension Tr(K3,) of a module V' in C(g, k).

Recall that we denote by i,: C = V ® V* and e,: V* ® V — C the standard maps making V* a
right dual of V' in Vec.

Corollary 3.4. Let h ¢ Q, ¢ = €™, and V be an irreducible g-module. Then a right dual of V
in D(g,h) can be defined by V¥ = V* with the usual g-module structure given by X f = —f(X-) for
dq(V)

a(\v) v

Proof. We shall only check that the composition

X eg, and iy =iy, ey =

®

VIV VeveV Lve (Ve V) LY. v

is the identity map. By continuity it suffices to prove this for generic A.

Assume V is an irreducible module with highest weight A. The map ey coincides with the
composition

¢ (420,04, (V)e
Viev 2 ygyr LMW, ¢

where £y is the unique left inverse of iy in D(g, k), that is, fy (v ® f) = d(V)~1f(v). To see this
one just has to check how both maps act on the one-dimensional submodule iy (C) and then observe
that ¢ acts on this submodule as multiplication by —(\ + 2p, A), which follows from (2.8).

tas well as from the original result of Drinfeld in the formal deformation case
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It follows that we equivalently have to show that the composition

iv®L @5qt 1®@qP 200 d (Ve

VY VevheV Hve (Vi eV) EL ve (Ve V) v
is the identity map. This computation can be done in the equivalent strict tensor category C(g, k).
In other words, we have to check that for an irreducible module V' with highest weight X in C(g, k)
the composition

i, @ L®SRy 1g(A 200 dy (V)£

V —=VeVeV —LVeVeV*

v (3.2)

is the identity map, where ij,: C — V ® V* is an isomorphism onto the submodule with trivial
Ugg-action and £, is the unique left inverse of #{,. To show this, first of all notice that as 7}, is
unique up to a scalar, the composition does not depend on the choice of #},. Hence we may assume
that 4, is given by the same formula as 4,. Then the left inverse map ¢, in C(g, k) is given by

VeV —C, vafrd(V) f(Kaypv),

as can be checked using that the coinverse S*q has the property Sg(a) = KQPCLKEPI. Computing

composition (3.2) we are then left to check that Sq((Rh)g)Kgp(Rh)l acts on V' as multiplication by
q~A+20A) - As V s irreducible, we know that S,((Rn)o)Ka,(Rn)1 acts as a scalar, so it suffices to

check how it acts on a highest weight vector, which is easy to compute using the explicit formula for
the R-matrix. 0

4. REPRESENTING THE FORGETFUL FUNCTOR

To prove Theorem 3.3 we first of all have to introduce a tensor structure on the forgetful functor
D(g,h) — Vec. The goal is to represent this functor by an object, then by Lemma 1.2 a weak tensor
structure on the functor is equivalent to a comonoid structure on the representing object.

It is clear that within D(g,#) we do not have a representing object. If we however allow infinite
dimensional modules then there is an obvious choice, the universal enveloping algebra Ug. Namely,
for any g-module V' we have a canonical isomorphism

Homy(Ug, V) =V, f— f(1).

It is however more convenient to consider the Lie algebra g = g . Viewing g-modules as g-modules
(with the second copy of h acting trivially), the forgetful functor is clearly naturally isomorphic
to Homg(Ug,-). Recall that g comes with a structure of a Manin triple. Namely, denote by b,
and b_ the Borel subalgebras of g, and by ny C by their nilpotent subalgebras. Consider by and
b_ as Lie subalgebras of g via the embeddings n4: by — g® b, ne(z) = (z,£%), where x — T is
the projection g =ny @ hdn_ — h. Then (g,by,b_) is a Manin triple with the symmetric form
on g given by ((z1,y1), (z2,92)) = (21,22) — (y1,¥2). Denote by ¢ the element of § ® § defined by
this symmetric form.

Identifying Ub, with Ug ®py,_ C, we consider Ub, as a g-module, which we denote by M.
Similarly define M_ as Ug ®yp, C. Then M = M, ® M_ is isomorphic to Ug as a g-module by
the Poincare-Birkhoff-Witt theorem, so M represents the forgetful functor. We now want to define
a comonoid structure on M.

Denote by 14 the canonical cyclic vector of M,. Then there exists a unique g-module map
0r: My — M, ® My such that 14 — 1, ® 14. This is nothing else than the comultiplication
AU by — Uby®Ub,. In particular, §; is coassociative. Ignore for the moment that M is infinite
dimensional and observe that §; is also coassociative with respect to o = ®(ht1a, Atag), that is,
(1 ®64)04 = ®(04 ® )0, Indeed, formally it is enough to check this on the vector 1., and this
follows immediately as P acts trivially on the vector 15 ® 11 ® 1, since the vector is annihilated by
t12 and fa3. We thus see that M, is a comonoid. For similar reasons M_ is a comonoid. Now we
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want to define a comonoid structure on M = My ® M_, and there is basically one way to define a
morphism §: M — M ® M using 64 and J_, namely, as the composition

01 ®5_ (‘i’®b)‘i’1_21,3,4
_—

M ® M_ (My@My)®(M_-® M) (My® (M@ M_))® M-

(4.1)

1@Xemiht gy, ( B12,3,4(d 1)
= = =

My ®(M_® M) ® M- (My © M_)® (My @ M_).

As My and M_ are infinite dimensional, it is not obvious how to make sense of this construction.
So our first goal is to find a representing module which is approximated by finite dimensional ones.

For every dominant integral weight p fix an irreducible g-module V), with highest weight ;. Fix
also a highest weight vector £, € V,,. We assume that Vj = C and {, = 1. The construction of the
representing object is based on the following standard representation theoretic fact, see e.g. [25]: if
V is a finite dimensional g-module and A\ an integral weight then the map

Homg(Vaz @ Vg, V) = V(A), = f(Ca @ Entp), (4.2)

is an isomorphism for sufficiently large dominant integral weights u, where V' (\) C V' is the subspace
of vectors of weight A and (; is a lowest weight vector in V};. Remark that the above map is always
injective as the vector (z ® {4, is cyclic.

We need to make a consistent choice of lowest weight vectors. For this recall that if we fix Chevalley
generators e;, fi, hi, 1 <@ < r, of g then for any g-module V' there is an action of the braid group By
associated to g on V, see e.g. [15]. Consider the canonical section Wy — By and denote by 6 € By
the transformation corresponding to the longest element wq in the Weyl group Wy. Then 0: V — V
is a natural isomorphism having the following properties. If V and W are g-modules then the action
of @ on V ® W coincides with § ® 6. Next, # maps V' (X) onto V(woA). In particular, ¢, is a lowest
weight vector in V,,, which we denote by ¢,. Finally, for all 1 < i < r we have 0f; = —e;0, where i
is such that o; = &; = —wpay.

For an integral weight A and dominant integral weights p and 7 such that A + p is dominant
consider the composition of morphisms

Th,7QT,, ®Sp®
617\t Vit ® Vagun ———25 Vi @ Va @ Vy @ Vagy —— Vi @ Vasy,s (4.3)

where the morphisms 7" and S are uniquely determined by

TW?: VM+77 - VM @ V777 §,Ua+77 — 5;,4 ® 577,
and
SnZVﬁ®‘/;7—>(C7 Cﬁ®§77'_)1
Notice that T}, ,(uqy = (4 ® ¢, by the properties of 6. It follows that

trz,)\+ﬂ(Cﬂ+ﬁ ® Entptn) = Ca ® Engps
and this completely determines trz A Using these morphisms define the inverse limit g-module

M)y = l(iin Vi @ Vagp.
w
We consider M) as a topological g-module with a base of neighborhoods of zero formed by the
kernels of the canonical morphisms My — V; ® Vyy,. Observe that trZ’/\ +pu 18 surjective since
its image contains the cyclic vector (3 ® §x4,. It follows that the morphisms My — V; ® Vii,
are surjective. Hence, if V is a g-module with discrete topology, then any continuous morphism
M), — V factors through Vj; ® Vi, for some p, so that the space Homg(My, V') of such morphisms
is the inductive limit of Homg(Vz ® Vi, V)§. In particular, for any finite dimensional g-module V'

$Alternatively one can consider M) as an object in the category pro-C(g) obtained by free completion of C(g) under
inverse limits. Then by definition Hom(My, V') is the inductive limit of Homg (Vi @ Vagp, V).
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the maps (4.2) induce a linear isomorphism

Homg(M)y,V) — V(A).
Therefore the topological g-module M = ®\cp M), where P is the lattice of integral weights, repre-
sents the forgetful functor.

There is an obvious deficiency in the construction of the module My: we did not take into account
the associativity morphisms in the composition (4.3). So a more natural morphism in D(g, ) is the
composition

1
(P®L)P15 54

Virn @ Vagptn = (Va @ V) @ (Vg @ Vagy) ——————= (Va @ (V3@ V3)) @ Vi = Vi @ Vg

Remark that we could instead use (1 ® (13_1)@172,34 as the middle morphism, but by the coherence
theorem of Mac Lane we would get the same composition.

The problem now is that we do not get a coherent system of morphisms V1 7@Vi 4 — Va®Vig,.
It turns out that this can be rectified by rescaling. First we need a lemma.

Lemma 4.1. Denote by g". the image of Carn ® E,uyry under the composition
w,n Hn Hn

Tp,7®Tn,u (L®Sy®1)B

S
Vit ® Vi VeV eV,®V, Vi@V, = C,

where B = (¢ ® L)<I>1721’374. Then for generic h the map (p,n) +— gﬁm 1s a C*-valued symmetric
normalized 2-cocycle on the semigroup Py of dominant integral weights, that is,

Ao h [ h B _ R h
I = I 90 = 90 = L DI = IxptnIpn-

In fact using that D(g, /) is rigid one can show that 92,77 # 0 for all i ¢ Q*.

Proof. It is easy to see that 92,77 =1. As gﬁm is analytic in A outside a discrete set, we conclude that
gﬁw # 0 for generic h.

That 9(})1,71 = 9,7},0 = 1 is immediate as the associator is equal to 1 as long as one of the modules is
trivial.

To show that me is a cocycle first observe that the compositions

T>\+;MI

Ty,,®
Vipin —25 Vi @ Vy =25 @V, @V, S KoV, eV,

and

T T,
Vit pry —2H V@ Vi —2L V3 @V, @V,

coincide. To see this we just have to check how these morphisms act on the highest weight vector
and then observe that ® acts trivially on §) ® §, ® §,, since both t12 and Z23 preserve the one-
dimensional space spanned by this vector and in particular commute on this space. Next observe
that the composition in the formulation of the lemma coincides with gZ’nS i+ Dy definition. It turns

out that these two properties are enough to establish the cocycle property gf o ng;i u= g§ u ng/’}m.

To show this we can and shall strictify the category D(g, /) and thus omit ® in all computations.
For example the equality of the above two compositions now reads as

(Trp @ ) Dxpgy = (0@ Tpn) T g (4.4)
Then the morphisms
Vitats @ Vatprn — C
given by
Sx(t®8, @)t ®@1®@8;®@1®0)(t® Ty ®Typ @ )(T5 prg © Tty
and
SA(t® S @ )Ty ;3 @ Tun) (0 ® Sy @ 1) (Txy s @ Tyres)
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coincide. On the other hand, the first morphism is equal to

h h R
S)\([‘ ® gp,,nsu'f'n ® L) (T/_\,ﬂ+f] ® T/L-i-n,)\) = g’u,,ng)\,p,-}-ns)\-l-/.t-i-?’])

whereas the second morphism equals
h _h
9r S (6 ® Sy @ O)(Txy s @ Tyatn) = 95 uIne St

Since Syt 4y 7 0 we get g%??g)\,u_s_77 = g)wg/\Jmm.

It remains to check that the cocycle is symmetric. First observe that 7}, , coincides with the
composition

T —(wm) gt

Viry —5V, @V, 2 LV, 0V,

where ¢ = e™". To see this we again look at the action on the highest weight vector. Then the claim
follows from

t(& @ &) = (1 m)&n @ Eu, (4.5)

which is a consequence of (2.8) and the fact that C' acts on V) as multiplication by (A, A\ + 2p). We
now strictify D(g, i) and do all computations omitting ®. Denote by o the braiding in our new strict
category. By definition we have

Su(t @ Sy @ 1) (T @ Ty) = QZ,nSMJrn'

As
Ty = Vo', (4.6)

we can rewrite this as
9y Sn = Su(t® 8y © ) (07! @ 0) (T @ Th).
By the hexagon identities 0123 = (0 ® ¢)(¢ ® o) and 01_7%3 =(07'®)(t® o) we have

o ®0o = (0733 ®0)(L® 0123).
Therefore by naturality of o we get
QZ,nSM’? = 5,1 ® Sy ® 1) (07339 1)(t ® 0123) (T @ Tpy)
Su(Sy @1 @) (e @ 012,3)(Tia © Tyy)
Sp(t @@ Su) (L ® 012 3)(Tﬁ,n ® Tyn)
Sp(t® Sy @ 0)(Ty )
- gn,usﬂﬂi'

O

Hence gji ) = gy -

It is well-known that a symmetric cocycle must be a coboundary. We formulate this in the
following a bit more precise form.

Lemma 4.2. Let (u,n) — cuy be a C*-valued symmetric normalized 2-cocycle on Py. Then for any

nonzero complex numbers by, ..., b, there exists a unique map Py > p v b, € C* such that
Cum = bugnby byt bo=1, by, =b; for i=1,...r
Here wq,...,w, are the fundamental weights.

Proof. 1t is clear that the map b is unique if it exists. To show existence, for a weight u € Py,
p = kiwi + ...+ kpwy, put |p| = k1 + ...+ k.. Define b, by induction on |u| as follows. If p — w;
is dominant for some ¢ then put b, = ¢,—w,; w,bu—w,;be;- We have to check that b, is well-defined. In
other words, if ;1 = v + w; + w; then we must show that

Crvtwj,w; bu+wj bw; = Cutw; Wj butw; bwj .
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Using the cocycle identities
CrvtwjwiCrw; = Crwitw;Cw;,wj and Crtw; wiCrw; = Crwi+tw; Cwj,w;
and that c,,, ., i = Cwjwiy WE equivalently have to check that
Cv,w; bu—i—wj bwi = Cpw; bu-i—wi bwj .

Since ¢y w; = bytw; b;lb; 1 and Cow; = bl,+w b, 1b_ by the inductive assumption, the identity indeed
holds.

Therefore we have constructed a map b such that by = 1, b,, = b; and ¢, ., = bu+wib;1b;i1 for
i=1,...,7and p € P;. By induction on || one can easily check that the identity ¢, , = bu+nbglb,71
holds for all p,n € P;. O

For generic & fix a map Py 3 yu— gE € C* such that

IunIuIn = ptn-
In Section 6 we shall require an additional property of this map, which determines the cochain gﬁ
up to a character of the quotient P/Q of the weight lattice by the root lattice, but in this section as
well as in the next one any g“ will do.
Define Sh = guS Vi ® V, — C. We modify (4.3) by introducing the maps

Ta.n®T, (1@SheuB

A e @ Vi @ Vi @ Vi

“-“Z’Mu Virn © Vagpdn Vi @ Vagps (4.7)

where B = (® )<I>12 3.4-

Lemma 4.3. The morphisms (4.7) are coherent, that is, the composition

v,h n,h

tr T ptn, A+ utn V-

tr”
A+
Viti+o @ Vidptnv it ® Vgt = Vi @ Vagy

n+v,h

coincides with trmM—u‘

Proof. We strictify D(g, h) once again. Then the composition tr’’ el equals

H >\+u AN, A+ ptn
(t® S} @ ) (Trg ® Tyrin) (0 © S) @ )Ttz @ Turtptn)
=(® 5’77; )0 ®8"91® V) (Tan @t @ 0@ Ty xip) Tatao @ Tyrtputn)-
Using (4.4) this can be written
(t®S)@)(®®S! @1 )(t® T @ Ty ® ) (Thges @ Tytvatn)-
By definition of g77 , and using that g77 Z,gngl, = g§+y we have
M@ SE @ 1) Ty @ Tyy) = ST,

Therefore the above expression equals

h tuk
(t® Syt ® ) Tg45 @ Typuptn) =t 37

Using the morphisms tr we can therefore define a g-module

+
h_ 1: -
My = lgn Vi @ Vg
n
Again we consider M f as a topological g-module with a base of neighbourhoods of zero given by
the kernels of the maps M{ — V; ® Vy,,, while any module in D(g, h) is considered with discrete
topology.
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Proposition 4.4. For A € P and generic h € C the topological module Mf 18 isomorphic to M.
In particular, for any such h the functor D(g,h) — Vec, V — V(N), is naturally isomorphic to
Homg(MP, ).

Proof. Fix a regular dominant integral weight p (that is, u lies in the interior of the Weyl chamber).
Then np dominates any other weight for sufficiently large n. Choose ng € N such that nou + A > 0.
Then M) is isomorphic to the inverse limit of

w w
tr"ouv\+"ou v, tr(no+1)mk+(no+1)u
07T

Vnoﬂ ® VA—H@op (no+1)i ® V)\+(no+1),u V(n0+2)ﬁ ® V)\+(n0+2),u AT

and M f\i is the inverse limit of

ru,h tr“’ﬁ‘

noM,A+ngp (no+1)p,A+(np+1)p

Vo @ Vitnop Vino+1)i @ Vat(no+1)n Vino+2)i @ Vag(no42p < -+
It is therefore enough to find isomorphisms f, of Vi,z ® V), onto itself such that for all n > ng we

have

o N
fn W tnn = Tnptnp fot1-

We construct f, by induction on n. Take f,, to be the identity map. Assuming that f,, is constructed,

observe that trﬁu Abnp is surjective since it maps the vector ((,, 1)z ® x4 (n41), Onto the cyclic vector
w,h

Cnig @ Exgnp- It follows that for generic i the map tr), \gny 1S SUrjective as well. Therefore both

maps fp trgﬂ’ Abnp and trgf)\ np A€ surjective. This is enough to conclude that f, 1 exists. Indeed,
the claim is that if g; and g9 are surjective morphisms V. — W of finite dimensional g-modules
then there exists an isomorphism f of V' onto itself such that g1 f = g2. To see this we can reduce
to the situation when V = U ® C" and W = U ® C™ for some irreducible g-module U. Then
gi = Lt ® h;, where h;: C" — C™ is a linear surjective map. Clearly we can find an invertible linear

map h: C" — C" such that hih = ho, and then put f =t ® h. O

5. A COMONOID STRUCTURE ON THE REPRESENTING OBJECT

In the previous section we showed that for generic i € C the topological g-module
M" = @rep M}
represents the forgetful functor D(g, h) — Vec. In this section we shall turn the functor Homg(M R
into a tensor functor. To do this we introduce a comonoid structure on M".
Define
Bk .
My, @My, = lim (Vi, @ Vi) @ (Vs @ Vagps)
H15H2
and then
B arh B oo agh
MhoMM = ] ML &M,
A1, A2€P
Higher tensor powers of M" are defined similarly. We want to define
ot MM — MM
The restriction of 6" to M )}} composed with the projection MP&M" — M f\i1®M ;12 will be nonzero
only if A = A1 + A2, so 6" is determined by maps
A A B ah
et Mg — My, @M.
Motivated by (4.1) we define these morphisms using the compositions

h Tﬂvﬁ®T>\1+H,>\2+n

My na et Vits @ Vai+ra+un

Va®@ Vi) @ (Vai4p @ Vagn)

5.1
g1t B98¢t @) B ( )

(Va @ Varu) © (Vg @ Vagin),
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where ¢ = ™" and B = (& ® L)CDI21’374.
Lemma 5.1. The morphisms m" are consistent with the morphisms tr" defining the inverse limits,
so they define morphisms 5/}\11 A M§1+A2 — Mfl ®Mf2.

Proof. We have to check that

v,h w,h h _ h v+w,h
<tru,>\1+u ® trn,x\2+n)mu+v,n+w«\1,>\2 = Mpm e Tty Aotk - (5.2)
Since
v,h w,h _ v,h w,h
x4 © g Ny = (trﬂv/\l"ﬁ“ DR Y(®L® trn,/\2+n)’

it suffices to check this assuming that either v or w is zero. We shall only consider the case w = 0.
We therefore have to check that

v,h h _ . h v,h
(trlh/\1+u e [’)mﬂﬂfﬂl,)\l,h = Myum A tru+n,)\1+)\2+,u+n : (5'3)

We strictify D(g,h). Denote by o the braiding in the strict tensor category. In the computation
below we omit subindices of the morphisms 7" since they are completely determined by the target
modules. We will keep track of some of them to get the right power of . Thus by definition of tr"
and m" the left hand side of (5.3) is equal to

qMTI (L Sh e L@l ® DTap@T@e@0)(0®@0®1)(Taton@T)
=M (@S 21010 ) (@10 01230 ) (Ths @@ T @) (Thrsg @ T).
Using the identity (Tp5 ® t)Tpyo5 = (¢ ® Ty 5)Th,045, see (4.4), the above expression can be written
as
qMN (08210100 ® 10012300t @Trn @t T)(Thpiqg @T).
By (4.6) we have Ty, ; = ¢~ "1 aT; 5 = ¢~ Mo Ty 5, so we get
q(A1+u,n)(L ® Sﬁ RLR)(1®L®0123)(@cTRT)(TRT).
By the hexagon identity we have (: ® 01,23)(0 ® ¢ ® 1) = 01,234, S0 the above expression equals
qMHN (@SR ®)(1®012310 )@ TR T)T R T).
Using again that (T ® )T = (. ®@ T)T, we get
q(’\1+“”7)(L ® Sf @Rt ®01234a @) (TR e@T)T®T)
=Mt (00201080 (TR1eteT)TeT)
=M (0o )(TRT)(® Sl @) (TeT),
which is exactly the right hand side of (5.3). O
Using the morphisms 5?17 )\, We can in an obvious way define morphisms
(6" @ 1)o", (L @ 6M)o": M* — M &M MM
Lemma 5.2. We have ®(6" ® 1)6" = (1 ® §™)5".
Proof. For A1, A2, A3 € P we have to check that
B3N, 2, @ )TN, sag s = (® 6%, 20,)08, Agng-

This reduces to showing that

h h _ h h
P12,34,56 (mulvﬂ/Qv)\lv)‘Q ®® L)m/ﬁ1+u27u3,>\1+>\2,>\3 - (L ®e® mu2,u3,>\2»/\3)m/ﬁ17u2+u3,>\17>\2+>\3'

Let us first check that the powers of ¢ in the definition of m” match. On the left hand side we have
gtuip)+AatAatpituzus) whereas on the right hand side we get g(M2t#2us)tNatutuetis) which
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obviously coincide. Strictifying and omitting subindices in T', as we did in the proof of the previous
lemma, it remains to show that
(1®0:2:)(TRTRR1)(1t®c)(TRT)= (1100 1)(tRLRTRT) (1@ @) (TRT).
By naturality of the braiding, the left hand side equals

(lRe®:t®:@)(t®:t®013) (TR T®)(TT),
whereas the right hand side equals
(LR (t®o123@t @)@ TRRT)(TT).
As (T ® )T = (¢t ®T)T, we thus only need to check that
(C@t@1)(t®0123) = (L@t ®0)(012,3 D 1),
which is immediate from the hexagon identities 0123 = (t® 0)(c ®¢) and o123 = (6 ®@)(t® o). O
We next introduce a morphism £: M" — C by requiring it to be nonzero only on M(’f, where we

set it to be the canonical morphism Méi — V5 ® Vo = C, so that e": Mg‘ — C is determined by the
morphisms

try = Sh: Vi@V, — C.
Lemma 5.3. We have (e"® 1)6" = 1 = (1 @ eM)o™.

Proof. We have to check that on M} we have (" ® )60, = ¢ = (1 ® e")6} ;. This follows from the
fact that mgm,o,)\ and mZ,O,/\,O are the identity maps. O

Therefore M" is a comonoid, so Homy(M", ) becomes a weak tensor functor D(g, k) — Vec.

Proposition 5.4. For generic h € C the weak tensor functor Homg(lwh7 -): D(g,h) — Vec is a
tensor functor.

Proof. Let V and W be finite dimensional g-modules. We have to show that for generic i the map
Homgy(M", V) @ Homg(M", W) — Homg(M" V@ W), f®gw (f® g)"

is a linear isomorphism. As Homg(M", V) = @®)cp Homg(M, V) (notice that the direct sum is
finite, because Homg(Mf, V) # 0 only if V(\) # 0), we equivalently have to check that for any
A € P the map

P Homgy(MJ,, V) @ Homg(My,, W) — Homg(M}, V@ W), fr, ® g, — (fr, ® g2,)08 1,
Al+Aa=A

is an isomorphism for generic h. As Homg(M{, V) is the inductive limit of Homg(V; ® Vyyu, V), it
suffices to check that for fixed A € P and all sufficiently large p; and ps the map

@ Homg(vm ® V)\1+M1’ V) ® Homg(vﬂ2 ® V/\2+u27 W) - Homg(vﬁ1+ﬂ2 ® V)\1+>\2+u1+u23 Ve W)7
A1 +HAo=A

which maps fy, ® gx, onto (fy, ® g>‘2)mﬁ1,u2,k1,>\2’ is an isomorphism for generic i. As the map is
analytic in A outside a discrete set, it suffices to check that it is an isomorphism for A~ = 0. For
sufficiently large pi1 we have isomorphisms Homg(Vz, @ Vi, 140, V) = V(M1), f — f(Cay @ En+m)s
and similar isomorphisms for W and V® W. It is then easy to verify that under these isomorphisms
the above map (for & = 0) becomes

@ VM) @W(A2) = (VoW)(N), vowr—v®w,
Alt+A2=A

which is clearly an isomorphism. ]
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Recall that the construction of the comonoid M” depends on the choice of a 1-cochain gZ with
coboundary gﬁm.

Lemma 5.5. Up to an isomorphism the comonoid M" does not depend on the choice of gZ.

Proof. Assume that §Z} is another cochain. Denote by M" the new comonoid. The map Y : P, —-C
defined by x(pn) = gﬁ(gﬁ)_l is a homomorphism. Then it is straightforward to check that the
morphisms V; ® Vi, — Vi ® Vay, given by multiplication with x () induce an isomorphism of M
and M" which respects their comonoid structures. O

So far we have constructed for generic i € C a tensor functor D(g,h) — Vec. Up to natural
isomorphisms of tensor functors the construction is canonical. Furthermore, disregarding the ten-
sor structure the functor is naturally isomorphic to the forgetful functor. By the discussion after
Proposition 1.1 (or by combining Proposition 1.4 and Proposition 1.1(ii)) it already follows that
for generic h a twisting of (C[G], A, &, ®(ht1a, hita3), e™™) is isomorphic to a discrete bialgebra, or
equivalently, there exists a twist F" € U(G x G) such that ®(htia, htas)zn = 1. In the next section
we will show that this bialgebra is isomorphic to C[G,] by turning the tensor functor D(g, h) — Vec
into an equivalence of the braided monoidal categories D(g, h) and C(g, h).

In the remaining part of the section we will summarize how one gets a twist F” such that
®(ht12, htas) zn = 1 in the form of an “algorithm”.

1) For pu,n € Py compute the image gﬁm of (itq ® &4y under the composition

Vit ® Vg 22200 Vo0 Vy 0V, 0V, o8,y gy, 2
where B is (¢ ® L)<I>1_217374. Fix nonzero numbers z1,...,2,. For p = w;, + -+ w;, put
k—1
gz = Zi H gEil +eotwi wi Ziggr-

=1

2) Fix a regular dominant integral weight u. For each A € P choose ny € N such that nyu+ A > 0.
Then inductively choose isomorphisms f,)L‘, n > ny, of Vg ® Vayp, onto itself such that ffl‘A is the
identity map and for each n > n) the following diagram commutes:

i
trnu,AvLmt

Vo ® Vagnp Vit @ Vit 1u

f%J{ J{f'r)t\le

il
np,A+np
Vnﬂ ® V)\Jrn,u ¢ V(nJrl)ﬁ ® V)\+(n+1),u7

w,h . oy
where T Ay 19 the composition

Tnﬁ,ﬂ®Ty,A+ny (L®QESM®L)B
_—

Vint1)a @ Var (s Vag @Va @ V@ Vagny ——————— Vag @ Vg

with B = (®? ® L)<I>1*21’374, and tr’rfu A 18 defined similarly with gl’} and ® trivial.

3) Let n,v € Py. Then F" is defined by requiring that it acts on the space V, ® Vi, by the
operator .7-"7% such that for weights A; and Ay with V(A1) # 0, Vi,(A2) # 0 and A = Ay + g the
following diagram commutes:

Homg(Vnﬂ b2y V)\1+n/u Vn) ® Homg(vmﬂ ® VAz—l—m;u Vu) - Homg(v(n—l-m)ﬁ ® VA+(n+m)u’ Vn ® V,,)

l Fp) ! l

V(A1) @ Vi (A2) (Vi @ Vi,)(N)
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where the left vertical arrow is the map

F @9 fI (Con ® Exvmp) © 93 (G @ Exorrm):
the right vertical arrow is the map
A1FA
[ ffnJern 2 (C(n—i—m)ﬁ ® €A+(n+m)u)
and finally the top horizontal arrow maps f ® g onto the composition

Top,ma®Tr| +nprg+mu

(Vnﬁ ® Vmﬁ) ® (VA1+W ® V>\2+mu)
q(>\1 +nu’mu)B—1(b®eq®L)B

Vinrm)a © Vit namu

(Vnﬁ ® V)\1+nu) ® (Vmp X V)\2+mu)

1%, v oV,

with ¢ = ™ and B = (& ® L)<I>1_21374. Here n and m can be any natural numbers large enough so
that n > ny,, m > ny,, n+m > ny, 4+, and the vertical arrows are isomorphisms.

6. REPRESENTING Uqg BY ENDOMORPHISMS OF THE FUNCTOR

In this section we will show that U,g, ¢ = e™" can be represented by endomorphisms of the

functor Homg(M™",-), so Homg(M", ) can be considered as a functor D(g, ) — C(g, /). For this it
is natural to try to define an action of the opposite algebra (U,g)°" on M . We will show a bit less,
namely, that there is an action of a larger algebra U,g such that the corresponding action on the
functor factors through U,g.

Denote by U,g the universal algebra generated by elements £;, F;, K;, K. ,L-_l, 1 <1 <r, such that

KK '=K'K; =1, K,K; =K;K;, K,E;K;'=¢q,""E;, K,F;K;'=¢q"F;,
Ki—K!
EiF; — F;E; = —§j;————.
qi — q;
This is a Hopf algebra with coproduct Aq defined by

AJK)=Ki®Ki, AfE)=E®1+K oFE, AF)=FeK '+1aF,.
The action of U,g on Mh = @AGPM/(L will be such that

EZM)F;L - M;\i—aiﬂ F%Mf - Mg\l—i—aw Kl‘Mf = qi)\(hi)‘

From now on we shall write A(i) instead of A(h;) to simplify notation. Therefore A(1),...,A(r) are
the coefficients of A in the basis wq, ..., w,.
Recalling that M f is the inverse limit of V; ® V)4, to define F; we need consistent morphisms

Vitn @ Vaeprn = Va ® Vavaitp:
These will be defined using morphisms Vi, 4, — V;; ® Vafa;4pu, Or in other words, morphisms
Vietn—a; = Vu @ Vi

Up to a scalar there exists only one such morphism. Indeed, if u(7),7(7) > 1, then the weight space
(V, ® V) (1t +n — o) is spanned by the vectors f;{, ® &, and &, ® f;&,. The vector

M(i)gu @ fzfn - U(Z)fzfu @ 577
is the only vector in this space, up to a scalar, which is killed by e;. The corresponding morphism

is defined by
Tisp,m - Vp—l—n—ai — Vu 02y Vm ‘S,u—l-n—a,- = M(i)’f,u X fzé:n - U(Z)fz‘f,u ® fn- (6.1)
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Remark that we also have

Tispn (Cuan—a;) = — (1) ® ;¢ + n(i)e;Cu @ Gy, (6.2)

as can be easily checked using the properties of 6 discussed in Section 4.

Up to a scalar the morphism V5 ® Vayuqy — Vi ® Vaya, 44 Will be defined as the composition

T—’—®TZ‘; v>‘+o‘i+ (L®Sh®L)B
Vit ® Vaun — Vo ® Vy ® Vi @ Vatayp ———— Vo ® Varassus

where B = (¢ ® L)(I)l_;,& 4 To find the right normalization we want these maps to define the usual
action of g on the forgetful functor for A = 0. It is not difficult to check that for # = 0 we have
to divide the above map by n(i). More importantly, we want the above maps to be consistent
with tr for all . We are then forced to find out how the associator ® composes with morphisms
Vidntv—a; — Vu @V, ®V, obtained by combining the maps 7 and T'. The space of all possible
morphisms is isomorphic to the two-dimensional subspace of V, ® V,, ® V,, of vectors of weight
w+n+v—q; killed by e;. Therefore we have to compute the operator ®(A, B) for two-by-two
matrices A and B.
a+b 8 and B = <_b0_ ¢ g) be such that the numbers a,b,c,a+ b, a+

¢, b+ c,a+ b+ c are non-integral. Consider the eigenvectors

() o)

Lemma 6.1. Let A = <

of A and the eigenvectors

of B. Then
b —c ety (0 a+0d\ [(hfi
0 b+ec €9 T \b —a f2
and
: . 1
sinmb  —sinmc a AT (1 —(atbrc 0 e
(A, B) ( A C)) (T +b)I‘(1+O)F(1 (@rb70) : <61>
T(A+a)T(A+0)T(1—(a+b)) 2
- ( 0 sinm(a+ b)) F(1+a)I‘(1+b+3:)1‘(17(a+b+c)) [1) <f1 '
sinwb - —sinma 0 TR FTa=0w) ) \/2
Proof. The equation v/ = <% + Ti) v, where v: (0,1) — C2, has the form
v = (%b - fZi‘i) Yo T =11
vy = Swg.

It follows that u = v; satisfies the Gauss differential equation
(1 —z)u" + (y — (a+ B+ 1)z)u — afu =0, (6.3)

where o« = —a, 3 =¢, ¥ =1—a —b. Denote by I" the space of solutions of this equation on (0, 1).
By our discussion on page 14 the operator ®(A, B) can be written as m] Lo, where the linear
isomorphisms 7, 71 : C2 — T are defined as follows. If ¢ is an eigenvector of A with eigenvalue \
then mo(€) is the unique solution u € I' such that the vector valued function

0.1 30027 ()
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extends to a holomorphic function on the unit disc with value £ at x = 0. Similarly, if £ is an
eigenvector of B with eigenvalue A\ then () is the unique solution w € T" such that the vector

valued function )
—x,,/
(=R (1 =)
0,1)2z—= ( Cu(l—x) >
extends to a holomorphic function on the unit disc with value £ at x = 0.
Recall that the Euler hypergeometric function F(«, 3,;-) is the unique solution u of (6.3) which

is analytic on the unit disc and such that u(0) = 1, 4/(0) = «fB/v. Consider the following four
solutions of (6.3):

Uy = 1:1—’7(1 —l’)’y_a_ﬁF(l - a;]- _572 _’Y’ l’),

Uz = F(O[,ﬁ,’y,x),

us :F(a,ﬂ,l—{—a—i—ﬁ—'y,l—x),

ug =" (1 —2)" PPl -a,1-pB1-a—-B+7y1-a).

Then it is immediate that the isomorphisms 7y and m; are given by

be
mo(e1) = cur, mole2) = buz, m(fi) =(b+cus, m(fe)=—7——us
We have the following identity, see e.g. [6]:
I'(a)T T'(a)T'(B)I(1 —
@0E) , _ T@EEa-n)

Tla+B—7v+1) ° Tla—v+DI(B—7+1)
Substituting « for 1 —x and v for 1 + o + 3 — v we also get
L@@, T@NEG—a—0)
I'() I(y—a)l(y—5)

A direct but tedious computation using these identities together with the identities I'(1+z) = 2T'(z)
and I['(z)I'(1 — z) = w/sin 7z yields the result. O

uz + T(a+ B — v)uy.

Define morphisms
- Tispm
SR T(1 + hdip(3))T(1 + Adin(i)T(1 — hd;(u(i) + n(2)))
where 7., , is defined by (6.1).

The subspace of V,, ® V;, ® V,, of vectors of weight u + 7 + v — o; killed by e; is spanned by the
vectors

77(7;)5# & gn ® fi&, — V(i)gu & fzgn ® &, and U(i)gn & fzfn ®& — n(z)fzfu & 517 ® &y

This space is invariant under the operators t15 and ts3. In the above basis these operators have the
form

V- = Ve @V, (6.4)

by = ((u,n) 0 . > by = ((77, v) = din(i) — div(i) dm(l’)) _

div (i) (p,m) — dip(i) — din(i) )’ 0 (n,v)
To see this first recall that t(§, ® &,) = (1, 7)€, ® &, by (4.5). Using g-invariance of ¢t we therefore
get

t(figu b2 577 + fu & fzgn) = fit(gu @ 577) = (M7 n)(fzfu X 577 + gu ® fzgn) (6'5)
Using (u, ;) = d;u(i) and («y, p) = d; and arguing as for (4.5) we get
t‘Ti;u,n(V,H-n—ai) = (1, n) — dipa(i) — din (), (6.6)

whence

t(ﬂ(i)fu ® filn — n(’)fzgu ® 577) = ((p,m) — dipa(i) — dm(l))(ﬂ(l)gu ® fikn — n(i)fzéﬂ ® 577)
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By virtue of this identity and (6.5) we conclude that

t(fiu @ &) = ((1,m) — din(i)) i€ ® & + dipp (i) @ fiy-
Applying the flip we also get

t(&n @ fi€u) = ((1,m) — din(8)) &y @ fil + dipn(3) fi§y @ &

These two identities and (4.5) imply the above matrix forms of ¢;9 and to3.

Recall now that ®(A4,B) = ®(A — o, B — ) for any scalars « and (. So replacing t12 by
ti2 — ((u,n) — d;p(i) — d;n(i))1 and tas by tes — (1, )1 we are in a position to apply Lemma 6.1 with
a = hd;u(i), b = hd;n(i) and ¢ = hd;v(i). One checks that the vectors ey, es, f1, fo in the lemma are
exactly the images of hd;n(7)€;,4y+v—a; under the morphisms (T}, ® ¢)Ts:ptnvs (Tizun @ )T ptn—ay v
(t @ Ty )Tipn+v and (¢ ® Ty )T mtv—a;, respectively. As

¢~ _a—q .

2/—1 2y/—1 %
Lemma 6.1 can therefore be reformulated as the following identity between morphisms V4 y1p—a;, —
Vi@V, @V,

B(ht19, htas) ([n(i)]qi — (@), > <( (T ® O >

0 [77(2> + V(Y’)]Qi Tz;,u,,n ® ¢ )TM'H] Qv

= (e "t (o (®®;Z%,,,>)T§,fo )

It is remarkable that the proof of this identity is the first and only place where one uses nontrivial
specific properties of ® beyond being an associator; the only special property which we used before
Lemma 6.1 was that ® acts trivially on the highest weight space of V,, @ V;, @ V,,.

sinhd;x =

(6.7)

Proposition 6.2. The morphisms

[ﬂ(i)]qllTu 77®T B Ao+ (L®SE®L)
Vit © Vatpin Va®@ Vg ®Vy® Vapapan ——— Vi @ Viragpps  (6.8)

where B = (® ® L)(I)I2173,4, are consistent with tr" and hence define a morphism F;: M/\ — M;\Za
Similarly the morphisms

g ™, 7 ®TnAt (1@Sheu)B
G Atag,m ’ n
Vita, @ V5@ Vy @ Vg,

Vitn © Vatuty Vita: @ Vagu  (6.9)

define a morphism E;: M)’f — M)’\lai.
Furthermore, for generic h we can choose the 1-cochain gZ such that for each i the composition

Th QTh
7, ;@5 Tis HEFR% (L®Swi ®L)B S“"'L
‘/le a; @ ‘/éw, o R V & le & le ® v I V@i ® Vw,- — (610)
coincides with _g(zw}; )a’ 12]4; S20; —av; - Ifgu s chosen this way then the morphisms E; and F; together
9uw;

with the morphism K;: M" — M" acting on Mf as multiplication by q; (Z), define an action of the
algebra Uyg on MP". This action respects the comonoid structure of M" in the sense that 6"(wx) =
Ay(w)d"(x) and eMwz) = &,(w)e™(x) for all w € Uyg and x € M™.

Proof. Denote the morphism (6.8) by ¥ For consistency we have to check that

1 u)\—i-a +pt

n,h v,h n+v,h n,h n+v,h
tru Aot \Ijz st Afo+ptn T \I’i;u7>\+ai+u and W LA+ p tru+n,>\+az+u+n \I}i§ﬂ7>\+ai+ﬂ'
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We shall only check the first identity. Once again we strictify D(g, /). As we have done before,
we shall often skip the lower indices of maps when they are determined by the target modules. By
definition we have

1
n+vh _ A h
\I’i;M)\-i-OcrHJ« - [n(z) + V(Z)]ql (L ® Sn+y ® L)(T ® TZ )

Using that S’f} ', = Sf;‘(b ® SP®)(T ® Ty,) by definition, we can rewrite the right hand side as

W(L RSNV @1@SI@R)1LOT®T,,®)(T @1 (6.11)
gi
On the other hand,
1
,h v,h
trZ,A—i—ai-i-u \Ili;u—i-n,)\-&-ai-i-u-&-n = [7/(2)] (L & SZ; ® L) (T ® T)(L b2y SZ} ® L) (T X Tz'h)
ai
1
— P0) (L®SZ}®L)(L@L®S§®L®L)(T®L®L®T)(T®Tih)
qi

Using that (T'® ()T = (¢ ® T)T by (4.4) we can rewrite this as

[V(;)] (1 ® SPR)E®eS0e)eeTeeT)(T o). (6.12)

It follows from (6.7) that up to a scalar factor the difference

1 g 1
o+ oy O T L,

(in our strictified category) is equal to (7]*®¢)T. Therefore to show that (6.11) and (6.12) are equal
we have to check that the morphism

(L & Sf; ® L)(L XL R Slf} XL L)(L & T & Tih ® L)(T & T) . Vﬂ+ﬁ+p & V/\+H+77+V — Vﬂ X V)\—O—ai—&-,u

(o T)rl

is zero. In fact already ST';L(L®S£L® ) (T®T") = 0 since zero is the only morphism from Vi3 ®V; 40—,
to C.
Thus F; is well-defined. Similarly one proves that F; is well-defined.

Next we have to check that under a specific choice of gZ the morphisms FE;, F;, K; satisfy the
defining relations of U,g. The only nontrivial relation is
K, — K;*

a%—q "

The rest clearly holds without any assumptions on the cochain by using that o;(i) = a;;.

The composition (6.10) coincides with Sa.,—qa, up to a scalar factor since the space of morphisms
Vow;—a; @ Vaw,—a; — C is one-dimensional. This factor is nonzero for generic f since it is equal to —2
for h = 0. Indeed, by virtue of (6.1)-(6.2) we have to show that the image of

(_C@i ® eiC@i + eigﬂi X C@l) ® (gwl ® flgwl - flgwl ® gwl)
under the map S, (¢t ® S, ® ¢) equals —2. This follows from S, (e;(s, ® fiw,) = —1 used twice,
which in turn follows from the identities
eiCo; ® fibuw; = €i(Ca; ® filuw:) — Ca; ® €ifibu; = €i(Ca; ® fibuwi) — oy ® Euy-

So to show that we can make the specific choice of the cochain gZ‘ stated in the formulation we just

EiFj — F;E; = —6; (6.13)

have to check that the ratios ggwi_ o/ (gf}i)2 can take arbitrary values. As we already remarked in the
proof of Lemma 5.5, the cochain gZ” is defined up to multiplication by a homomorphism y: P — C*.

If we replace gZ‘ by QZX(M) then gglwi_ai / (gﬁi)2 changes by the factor y(c;)~!. Therefore the claim
follows from the fact that any homomorphism from the root lattice @ into C* can be extended to
the weight lattice P. This is well-known and easy to see using infinite divisibility of C*.
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Assuming now that the cochain gZ is chosen as stated we want to check (6.13). Denoting the
n,h

iutas Ao 00 Prove (6.13) for i = j it suffices to show that

composition (6.9) by &

wi,h wi,h Wi h w;,h _ —[)\(Z)} tr2wi—oc,-,h
Gt Aot G ptwi Ao+ ptw; G0 Ao+ T oy twi A ptw; @i 7" pd-o Aptog
(6.14)

The first term on the left hand side in our strictified category is
(t® Sgi ® L)(T{L@ T)(t® Sﬁi )T =0® Sﬁi R L® SZ RL® L)(T{L® L@ LT T @ Th.
Expressing similarly the second term we get that the left hand side of (6.14) equals

oSt eyieest ee)(feieeT)(Ter) - (Teree ) (e T)).

Next we use identities (6.7) to express (7/'®:@.@T)(T®7]") and (T® @@ 7")(r*®@T) in the form
(L@*®*®1)(x®%). A tedious but straightforward computation keeping track of subindices shows
that the terms (:@T®T @) ('@ 7]") cancel, and what is left is the term %(L@Tf@Tf@L)(T@T)
and scalar multiples of (L @ T ®@ 7' @ )(F' @ T) and L@ '@ T @ 1)(T ® ;Zh) The last two terms
vanish when composed with (¢ ® Sf}i R L® Sfji ® ¢ ® ¢) for the same reason as in the proof of

consistency of U, Therefore the left hand side of (6.14) equals
[A(0)]g,
[2]%‘

We have SE (0@ S @ (! @ 7)) = —[2]4,5%,,,_4, by our choice of the cochain gZL, so the above
expression is equal to

(L®SZ_ ®L)(L®L®S£i ®L®L)(L®Tf®7f®b)(T®T).

~[A@)]g (6 ® 53,0, @ )T @ T),
which by definition is the right hand side of (6.14).
The relation E;F; — F;E; = 0 for @ # j is proved similarly by showing that

(pn,h v,h N \I]n,h v,h —0
Gt Aot T giptn Ao+ pdn Jiptai Ao+ T diptagtn A tutn T

We only remark that in this case the morphism Sg(b ®S!® L)(T{‘ ® T]h) vanishes as there are no
nonzero morphisms V56, ® Vyiy—a; — C.

It remains to show that the action of U,g respects the comonoid structure of M R, We shall only
check that 6"(Fyz) = A,(F;)8"(x), that is,
O Fi = a7 (F @ 008, o, + (00 P, sy e

The morphisms 6" are induced by the morphisms m/” defined by (5.1). Therefore it suffices to check
that
h v,h

My A \Di;u+n,>\1+)\2+u+n (6.15)
=X (9) v,h h v,h h ’
=4q; (\Di;u,krf—u QL L)mM-FVJ]:)\l—ai,)Q + ([’ ®¥L® \I’i;n,/\z-l-n)mﬂan'i‘%)\l)\2—061"

The left hand side multiplied by [v(i)]q, in our strictified category with braiding o is

q()\l'i‘lhﬁ) (L ®o® L) (Tﬁ,ﬁ ® TA1+M,)\2+77)(L ® Sli/i ® L) (Tﬁ-l-'f_],l_/ ® Ti};zl/,)\1+)\2+,u+n)
=M (@02 0)(1®L@SE® LR ) (Thn®t®L® Tatpresn) Titns @ T gt pitn)-
We claim that
h
(L ® T)\1+u,/\2+77)Ti;u,)\1+)\2+u+n

_ —x()-n(), _k A +pv)—1 R
=9 (Ti;l/,hﬂt ® L)Tkl—ai+u+va>\2+n + q( v )(U @)t ® Ti;V7A2+n)T)\1+M7/\2_OCi+77+V‘

(6.16)
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We postpone the proof of this equality. Using it we see that the left hand side of (6.15) multiplied
by [v(i)]g, is the sum of the term

Ao (i) —n(i
gt gm0 (0 001101 S L) (Thn ® @ T 5 4 ® ) Tpns @ Th—arsitvrotn)

= q()‘1+“+”’")qi_)‘2(i)_n(i)(L Re@)t®2ST0@)(te0c ;@1 @) (T @ T)

= gQututem =010 (969 1) (1019891 ® ) (e ®LeLe )T Lo @) (T eT),
(6.17)

where we have used (T ® )T = (@ T)T twice and that Tj; 5 = ¢"")o T} 7 by (4.4) and (4.6), and
the term

q()‘1+“”7+”)(b RoRL)(LRL® Sf )1t )T ®LQL® Tih)(T ®T)
= M) (000 )®08'R )00 )T LRTINT QT).
On the other hand, the first term on the right hand side of (6.15) multiplied by [v(7)],, equals

qi—h(i)

(6.18)

qMa ) (L9 S 9 L@ @ )T o9 @) (t®o@)(TRT).

By naturality of o this expression can be written as

g P gameititn (o 5t gL 91 0 ® e o123 )(T®R7'®)(TT).

7
As (a4,m) = din(i), to see that this is equal to (6.17) we just have to check that
c(t®@S"@ ) (e @i®) = (SP® @)1 ® 01.93).
Writing 0: UQV - VU as (1 ®0)(c®1): UC®V - C®V ®U and using naturality of o
we have
c(t®S"21)=(8"212)(1®1®0)(0123D1).
As (1®1®0)(01,23R1) = (1®01,23)(0 @1 ®¢) by the hexagon identities, we get the required equality.

Similarly it is proved that (6.18) coincides with the second term on the right hand side of (6.15)
multiplied by [v(7)]q,.

Therefore it remains to check identity (6.16). Replacing A\ + u by p and Ay + 7 by 7, we have to
show that

(t® Tu,n)ﬁ'}}u,wn = q;n(l) (Ti}?u,u ® )T ytv—asm + "o @) (L@ Tﬁym)Tu,an—ai-

It follows from identities (6.7) that

[M(Z) + V(Z)]% (L ® THa’?)Ti}?V,u—&—n = [V(Z)]fh (Tl’,# ® L)ﬂl?ﬂ"‘u,n + [:U'(Z) + 77(7‘) + V(Z)]% (TZ‘I?V,M ® L)T,LH-V—CHJ?'

Therefore we equivalently have to check that

V(Do (0Tvge ® )Ty + [0(0) +0(0) + v ()], (078 © O Tprvaun
= g; " [p(0) + VDl (070 ® ) Ttv—ain + 4 [0(0) + VD], 0 © T ) Tt
But up to the factor ¢(#*) this is exactly the identity
[V(i)]‘h (Tpw ® L)Ti};iuvw,n - [n(iﬂ(h(’rﬁu,l/ ® L)Tu-i-v—am = [p(i) + V(i)]Qi(L ® Ti’;iv,n)TM:ﬂ‘f‘V—ai
from (6.7), if we take into account that 0T}, = ¢!**)T},,, by (4.6) and

q(u,u) qi_li(i)_V(i) T-h

R _
oT; - (AR

LY T

which in turn follows from (6.6) and X7, = —Tip,0- O
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Remark 6.3. If we replace the cochain gfj by the cochain gﬁx(,u), where xy: P — C* is a homomor-
phism, then by Lemma 5.5 the comonoid remains unaltered up to an isomorphism. One can easily
check that if use the same formulas to define the morphisms F; and F; with the new cochain then
the morphism F; remains unchanged, while F; changes to x(a;)FE;.

Lemma 6.4. Let V' be a finite dimensional g-module. Assume the cochain gZ s chosen as in Propo-
sition 6.2. Then for generic h the action of Uyg on MP" defines an action of Ugg on Homg(Mh, V).

Proof. The action of U,g on M" by g-endomorphisms defines an action of (U,§)° on Homg(M V).
To show that this action defines an action of U,g we just have to check that the relations

1—ai; 1-a;;
S (- [1_;”] BB =0 and Y (~1)f [1_];“]] FHEFT =0 (6.19)
k=0 i k=0 ai

are satisfied for ¢ # j.

We may assume that V = V) for some A. The morphisms trg:/’\i: Vi@ WVagy = VooV =V,
define a morphism &f: M{ — V), which we consider as a vector in Homg(M", V). We have E;£} =
§§ o F; = 0 as there are no nonzero morphisms M /7\2_%, — V), so §§ is a highest weight vector in
Homg(M", V). In particular, if we denote by G;; € (U,8)° the left hand side of the first equation
in (6.19) then Gijff = 0. Using the relations in U,g it can be checked that G;; commutes with Fj
for all I. Therefore to prove that G;; = 0 it suffices to show that Homg(M h V) is spanned by
F ... Fim§§ = ‘ff\i oF;, o---oF;. By Remark 6.3 the latter property is independent of the choice
of gZ, so we may assume that gﬁ is an analytic function in & with g, = 1, e.g. by choosing gf,k =1
for all k.

Choose a finite set I of multiindices (iy,...,%,) such that the vectors f;, ... f;, &\ form a basis
of V. Since dim Homg(M " Vy) < dim V) it then suffices to check that for generic % the vectors
Fy ... F;, &% (i1,...,ip) € I, are linearly independent. The vectors

Fyy ... F;, €} € Homg(M{_,,, _ )

= Qg

are defined by morphisms V; ® VA—ai1—~~~—aim+u — V. Therefore it suffices to check that the latter
morphisms are linearly independent for generic A. Since they depend analytically on £, it is enough to
check linear independence for i = 0. Under the injective maps Homg(Vz ® Vi_pypu, Vo) = Va(A —1n),
[ = f((a ® &x—p+p), the morphisms are mapped onto the vectors f;, ... f;,, &, which are linearly
independent by assumption. To see that we indeed get the vectors f;, ... fi, £x we just have to
observe that tr& v Vi ®@ Vg, — V) is mapped onto §) and that the diagrams

O\I/n’o

kip,v4ag+
Homg(Viy @ Viyagta Va) —————= Homg (Vi @ Vs sy, VA)
| |
VA(V + Ozk) V)\(l/)
commute, where the top arrow is defined by the morphism
70 .
‘I’Z;u,waww Vit @ Vigptn = Vi © Voot

given by (6.8) (with 2 =0 and g2 =1).
Therefore we have proved the first relation in (6.19). The second is proved similarly by considering

. —\h
the lowest weight vector ¢} € Homg(Mf/—\, Vy) defined by tr’io T Vae Vo, ~WieWw=V. O
Thus for generic i we have a well-defined action of U,g on Homg(M", V), so Homgy(M", ) can be
considered as a functor D(g, h) — C(g, h). By Proposition 5.4 and the last part of Proposition 6.2 it
is a tensor functor. Furthermore, by Proposition 4.4 for generic i the module M is isomorphic to



EQUIVALENCE OF CATEGORIES 39

the module M representing the forgetful functor. Therefore the following theorem finishes the proof
of Theorem 3.3 and thus also of Theorem 3.1.

Theorem 6.5. If the cochain gZ is chosen as in Proposition 6.2 then for generic h and q = ™" the
functor Homg(M™", ) is a C-linear braided monoidal equivalence of the categories D(g, h) and C(g, h).
This functor maps an irreducible g-module with highest weight A onto an irreducible Uyg-module with
highest weight .

Proof. We have already proved that for generic A the functor F'" = Homg4(M?, ) is a tensor functor.
Furthermore, by the proof of Lemma 6.4 for any A € P the U,g-module F™Vy) has a highest weight
vector 5;3 of weight A. Since the dimension of this module is not bigger than that of V), we conclude
that F"(V3) must be an irreducible Uyg-module with highest weight A\. Therefore the image of the
functor contains all simple objects in C(g, &) up to isomorphism. Since the functor F” respects direct
sums, we conclude that it is an equivalence of tensor categories.

It remains to check that the functor respects braiding, that is, the diagram

FAU) © FIV) % FR(V) @ FRU)

Fﬁzt
P o V) 0 ey )

commutes. It suffices to consider U = V5 and V' = V),. Consider the lowest weight vector ¢ 5’? € FM1y)
and the highest weight vector {Zl eF h(V#) defined in the proof of Lemma 6.4. It suffices to compute
how the morphisms in the above diagram act on C/Z\i@fﬁ. By (3.1) we have Rh(d\i@d}) = q_(A’“)C§®§Z.
Recalling that FQH is defined using 6": M" — M"&M", we just have to check that

¢ Ml @ (o = D (F @ &hon

as morphisms M" — V,®V5. Recall that 6" is induced by the morphisms m” defined by (5.1). Since
5,7} and C§‘ are defined by the morphisms trg:Z and tri’g, respectively, by equality (5.2) it suffices to
show the following equality of endomorphisms of V,, ® Vy:

—(\p), B vt R
q ( )m07A7u7_A - Zq mA,O,—A”LL'

This is immediate by definition (5.1), since the associator ® acts trivially on a tensor product of
three modules if at least one module is trivial. [l
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