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Abstract

For the Dirac operator D on the standard quantum sphere we obtain an asymptotic expansion
of the SU,(2)-equivariant entire cyclic cocycle corresponding to £2D when evaluated on the
element k2 € Uy(su2). The constant term of this expansion is a twisted cyclic cocycle which up
to a scalar coincides with the volume form and computes the quantum as well as the classical
Fredholm indices.

Introduction

The geometry of g-deformed spaces, see e.g. [KS], and the theory of non-commutative geometry
of Connes [C1] have developed considerably over the last twenty years. Crucial in establishing
connections between these two areas is the construction of Dirac operators which give rise to rea-
sonable differential calculi. Other aspects of the theory include computations of cyclic cohomology
and analysis of the index theorem. Work in this direction has progressed furthest for spaces like
SU4(2) and the quantum spheres, see e.g. [CP, DS, SW, MNW1, MNW2, C2].

The purpose of this paper is to show that, although the spectral triple associated with the
Dirac operator [DS] on the homogeneous sphere 5’3 of Podles has properties quite different from
the classical one, the machine of non-commutative geometry by Connes, when gently tuned, works
perfectly well also in this case. Specifically, we obtain an index formula for Sg.

Concerning the differences from the classical case, we mention that the {-function of the Dirac
operator has infinitely many poles on vertical lines and the traces Tr(e™*P 2) of the heat operators
tend to infinity slower than ¢™P for any p > 0. More importantly, the spectral triple does not
satisfy the regularity assumption, a condition which is often overshadowed by other assumptions
such as boundedness of commutators, but which is crucial for a detailed analysis. This can mean
that the Dirac operator is, in fact, not the right one, and one can try to construct another operator
with the same Fredholm module. However, in this process one will most likely lose the SU4(2)-
equivariance [DS]. What one gains is not so clear: with the absence of Getzler’s symbol calculus
and of a Wodzicki-type geometric description of the Dixmier trace, the computation of the indices
in terms of the Dixmier trace remains for the moment a non-trivial problem. So we will stick to
the standard Dirac operator. The associated spectral triple is SU,(2)-equivariant and thus, via
the JLO-cocycle, defines the Chern character in the equivariant entire cyclic cohomology of Sg.
We evaluate this cocycle on k? € U,(suz). The resulting object is an entire twisted cyclic cocycle,
and its pairing with the equivariant K-theory computes the quantum Fredholm index, that is,
the difference of quantum dimensions of the kernel and the cokernel [NT]. The possibility of
detecting cocycles by evaluating them on k? was pointed out by Connes in [C2]. As was promised
in [NT] such evaluations are much easier to compute. The philosophical reason for this is that
the quantum dimension is intrinsically associated with the tensor category of finite dimensional
corepresentations of a compact quantum group. On the technical side, the evaluation on k? gives

!Partially supported by the Norwegian Research Council.
2Supported by the SUP-program of the Norwegian Research Council.



an immediate connection to the Haar state, as was already remarked in [G, SW], and thus serves as
a replacement for the trace theorem by Connes on equality of the Dixmier trace and the Wodzicki
residue. Note also that for g-deformations the classical index can be recovered from the quantum
one: if one can prove that the Fredholm operators depend continuously on ¢ and has a polynomial
formula in ¢ and ¢! for the quantum index, the classical index is obtained by simply setting ¢ = 1.

The evaluation on k? does not, however, solve all problems: the spectral triple is still non-
regular, and while the quantum traces of the heat operators are better controlled than the classical
ones, they possess a strange oscillating behavior near zero. The non-regularity of the spectral triple
can be illuminated by saying that though the principal symbol of | D] is scalar-valued, the operator
|D|*T|D|~* does not necessarily have the same symbol as 7. The symbol is, however, computable,
and this is the key property allowing to apply the ideas of the proof of the local index formula of
Connes-Moscovici [CM2] to our situation. It seems that the development of a full-scaled pseudo-
differential calculus for the Dirac operators on g-deformed spaces is the main prerequisite for the
analysis of more general examples, such as the ones in [Kr].

The Dirac operator on the quantum sphere is defined using the standard differential calculus,
and in the course of our analysis we use very little beyond basic properties of this calculus and
some information on the spectrum of the Dirac operator. In this respect the fact that Connes’
non-commutative geometry can be applied successfully to the study of a g-deformed space is more
important than the final result for the quantum sphere.
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Institute Mittag-Lefler in September 2003. They would like to express their gratitude to the staff
at the institute and to the organizers of the year in ”Noncommutative Geometry”.

1 Cyclic Cohomology

In this section we formulate some results of non-commutative geometry in the Hopf algebra equivari-
ant setting. Fortunately, as the Hopf algebra equivariant cyclic cohomology theory is now available
[AK, NT], a simple argument involving crossed products allows to transfer such results from the
non-equivariant case without having to prove each one of them from scratch.

We use the same notation and make the same assumptions as in [NT]. So let (H,A) be a
Hopf algebra over C with invertible antipode S and counit &, and adapt the Sweedler notation
A(w) = w() ® w(yy. The results below are also true for the algebra of finitely supported functions
on a discrete quantum group, which is of main interest for us. Let B be a unital right H-module
algebra with right action of (H,A) denoted by <. Consider the space C3,(B) of H-invariant n-
cochains, so C},(B) consists of linear functionals on H ® B2("*1) such that

FS™Hwo))nwy; bow(a), - - -, bnwint2)) = (W) f(n;bo, - - - , bn)
for any w,n € H and bg,...,b, € B. The coboundary operator bn:C’;fl_l(B) — C3(B) and the
cyclic operator A\,: C},(B) — CF(B) are given by

n—1

(bnf)(w7 bOa e 7bn) = Z(_l)lf(wa b07 ey bi—la bibi+17 bi+27 ey bn)
=0

+(=1)" f(w); bndw(1)bo, b1, - - -, bp—1)

and
()\nf) (w; bo, ey bn) = (—1)"f(w<0); bn<1w<1), b(), RN bn—l)-



The subcomplex (Ker(c — A),b) of (C3,(B),b) is denoted by (C7,,(B),b) and its cohomology is
denoted by HCf/(B). There is a pairing (-,-): HCZ'(B) x KJ'(B) — R(H) of the even cyclic
cohomology with equivariant K-theory, where R(H) is the space of H-invariant linear functionals
on ‘H with ‘H acting on itself by

N<dw = S_l(w(o))nw(l).
If p € B is an H-invariant idempotent and f € C%ZA (B) is a cyclic cocycle, then

(1) ) = 2 f@ips 1), (1)

More generally, if X is a finite dimensional (as a vector space) right H-module, then End(X) ® B
is a right H-module algebra with right action <« given by

(TRb)aw = ﬂx(W(o))Tﬂxsfl(W(g)) ® b<1w(1),

where 7x:H — End(X) is the anti-homomorphism defining the H-module structure on X. Then
we have a map ¥': C3,(B) — C}(End(X) ® B) given by

(PR Wi To @ bo, ..., Tn ® bn) = f(w(0);bos - -+ bn) Tr(mx S~ (wa)) To - .. Tn)-

Now suppose p € End(X) ® B is an H-invariant idempotent, so it defines an element of K[*(B).
By definition we have

([ I = ([ 1 [
for a cyclic cocycle f € 07217,3 (B).

We will also need the (b, B)-bicomplex description of the periodic cyclic cohomology. So consider
the operator B = NDBy, where N,:C(B) — C(B), N, = Y. o\, By:Cy M (B) — CL(B),
By = (—1)"s}(t — An), sO

(B f)(wibo, -, bn) = flwil,bo,....by) — (=1 f(wibg, ... by, 1).
Set CY,(B) = &52,C#(B) and C,(B) = 7‘;0:0072{"+1(B). Then we have a well-defined complex

cl,(B) U85 9, (B) “E ¢l (B) B ¢, (B).

The cohomology of this small complex is denoted by HPJ}(B), n = 0,1. Then the formula

(ol D) = 30" 2L 03 ) wip — Lo p) (12
n=0

defines a pairing HPY,(B) x K}*(B) — R(H) (this can be deduced from the non-equivariant case
in the same way as in [NT]). The map

(="
(2n)!
induces a homomorphism HC#'(B) — H P}, (B) compatible with pairings (1.1) and (1.2) and which
respects the periodicity operator in the sense that the images of f and Sf in HP° are equal.

Consider the subspaces CEF,(B) C [[22, C’%"Jrk(B), k = 0,1, consisting of all cochains (fon1x)n
such that for any w € ‘H and any finite subset F' C B there exists C' > 0 such that

o
| fontk(W(0); Bow (1), - - - bj—1<W(5), bjy - -+ s bangk)| < ]

Ci'(B) — Cy(B), [+ £ (1.3)

3



foranyn >0,0<j<2n+k+1 and b; € F. Denote by HE;“{(B) the cohomology of the complex

cEL(B) "2 cEY,(B) "2 cEL(B) B CEY(B).

The formula (1.2) still defines a pairing of HEY,(B) with KJ(B).

Suppose we are given an equivariant even spectral triple. By this we mean a Hilbert space

H with grading operator v, an odd selfadjoint operator D with compact resolvent, and even rep-

resentations of B and H on H such that D commutes with H, [D,b] is bounded for any b € B
and

bw = w(o)bqw(l) Vb e B, Yw € H. (1.4)

D2

If the spectral triple is §-summable in the sense that e~ is trace-class for all ¢ > 0, set

Chzn(D)(W§ bo, .-, b2n) = /A dtTr(’ywbge_tOD2 (D, bl]e—t1D2 ...|D, b%]e—tanQ)7
2n

where fAM dt means integration over the simplex Ay, = {(to,...,t2n)|ti > 0,> ,t; = 1}. Then
(Ch?™(D)), is a cocycle in CEY,(B) having all the usual properties of a JLO-cocycle [C1, CM1,
GBVF]:

(i) (Ch?"(tD)), and (Ch?*(sD)),, are cohomologous for any s,t > 0;

(ii) the pairing of KJ{(B) with (Ch**(tD)),, computes the index map defined by D (so e.g. for an
H-invariant idempotent p € B we get ([(Ch**(D)),], [p])(w) = Tr(w|kerp_Dp,) — Tr(W|Kerp. Dp_));

(iii) if the spectral triple is p-summable in the sense that |D|™P is a trace-class operator, F' =
D|D|7!, and 72™ denotes the Chern character of the Fredholm module (H, F,) in the equivariant
cyclic cohomology for some fixed m, 2m > p, so

—1ym
T8 (w; b, - . ., bam) = (z)m!Tr(*wa[F, bol ... [F,baml]),

then (Ch?"(D)),, is cohomologous to the image of 72" under the map CZ"(B) — CEY (B) given
by (1.3).

As in the non-equivariant case, all these properties are consequences of the homotopy invariance
of the cohomology class of (Ch?*(D)),, meaning that if we have an H-invariant homotopy D; such
that e.g. D; is bounded, then (Ch?"(Dy)),, and (Ch?"(Dy)),, are cohomologous (concerning (ii) see
also [KL]). This in turn can be deduced from the non-equivariant case as follows, see the discussion
at the end of [C2]. Consider the crossed product algebra B x H, i.e. the vector space B ® H with
product

bew)(cen) = bcdS_l(w(l)) ® w(0)7-

In the sequel we write bw instead of b ® w. Then we have a map ®": C},(B) — C™(B x 'H) given by
(B f) (b, ..., bpw™) = f(w?o) - W(o); bm(w?l) W), b1<1(w(12) W), bWy )
The definition of ®™ is motivated by the following easily proved lemma.

Lemma 1.1 Consider a covariant representation of B and H on H (that is, identity (1.4) holds).
Suppose co, . ..,c, € B(H) commute with H. Then for any bg,...,b, € B and &°,... ,w" € H we
have

cobow® . . . cpbpw™ = w?o) .. .wﬁ))cobod(w?l) .. .wﬁ))clbld(w(lz) .. .w&)) e cnbnqw&ﬂ).



It is not difficult to check that the maps ®" constitute a morphism of cocyclic objects, so they
induce maps for the various cyclic cohomology theories. Note also that if H is unital, or H has
an approximate unit in an appropriate sense, then ®" is injective. So to prove a property for a
cochain in an equivariant theory it is enough to establish the analogous property for the image of
the cochain under ®. Now note that any equivariant spectral triple can be considered as a spectral
triple for B x H. Tt follows immediately from Lemma 1.1 that (®2"(Ch?**(D)),, is the JLO-cocycle
for this spectral triple. This allows to deduce the properties of (Ch?"(D)),, from the non-equivariant
case.

From now onwards we assume that (H,A) is the algebra of finitely supported functions on
a discrete quantum group (A,A), and as in [NT] we write (A, A) instead of (H,A). Denote by

p € M(A) the Woronowicz character f_;. We will be interested in evaluating equivariant cocycles
on w = p. The following known lemma explains why such evaluations are easier to deal with.

Lemma 1.2 Let U € M(A ® K(H)) be a unitary corepresentation of the dual compact group
(A,A), and ay: B(H) — M ® B(H) the coaction of the von Neumann closure (M,A) of (A, A)
on B(H),

ay(z) =U"(1® z)U.

Consider also the corresponding representation of A on H, so wé = (w®)(U)E. Then the map
a — Tr(-ap) defines a one-to-one correspondence between positive elements a € B(H)*V such that
Tr(ap) =1 and normal ay-invariant states on B(H).

In particular, if B C B(H) is an ay-invariant C*-subalgebra with a unique ag-invariant state p,
then

Tr(bap) = ¢(b)Tr(ap)
for any b € B and any a € B(H){Y with Tr(ap) < co. ]

Note also that the fixed point algebra B(H)®V is precisely the commutant of A.

Since in general p ¢ A, one needs some care in dealing with this element. From now on
we assume as in [NT] that we have a left coaction o of (A,A) on a C*-algebra B, and < is the
corresponding action of A,

bdw = (w ® t)a(b),

while B = B<A. Then o (b) = b<p? is a well-defined element of B for any b € B and z € C. The
automorphism o = o7 will be called the twist. Now if we have an equivariant 8-summable spectral
triple, for the expression Ch?"(D)(p; by, ..., b2,) to make sense it is enough to require that

Tr(pe_SDQ) < oo Vs>0.

Indeed, since z — p~*[D,b]p* = [D,bwp?] € B(H) is an analytic function, the Holder inequality
and the identity

e~ toD’ [D, bl]e_tlD2 ... [D, bgn]e_t2nD2p
= ¢ 1oD? ylo [D, blqpto]e_t1D2 "D, b2<1,0t0+“]e_tQD2 p ... [D, l)gn<1p1_'52”]e_tQ”szt?’1 (1.5)

show that Ch®*(D)(p;bo,...,bo,) is well-defined. In fact, these elements form a cocycle in an
appropriate cyclic cohomology theory, namely, in the entire twisted cyclic cohomology HE2(B), cf
[KMT, G]. This is immediate as such twisted theories are obtained by setting w = p in the formulas
above. Thus the space of n-cochains C?(B) becomes the space of linear functionals f on B®(+1)
such that f(o(bo),...,0(bn)) = f(bo,...,by), the cyclic operator is given by (Anf)(bo,...,bn) =
(=1)"f(o(bn),bo,- - -, bn—1), and so on. In particular, we still have pairings of K}*(B) with HC?"(B),
HP?(B) and HEY(B).



2 Differential Calculus on the Quantum Sphere

From now on (A4, A) will denote the compact quantum group SU,(2) of Woronowicz (W], ¢ € (0,1).

So A is the universal unital C*-algebra with generators o and + satisfying the relations
datyy=1 ad’+ ¢y =1, Y= ay =gy, oyt =gy

The comultiplication A is determined by the formulas

Ala)=a®a—-¢y" @7, A(y)=7@a+a*®7.

Consider the quantized universal enveloping algebra U,(suz) C M(A). Recall that it is the
universal unital *-algebra generated by elements e, f, k, k! satisfying the relations

k2_k.—2
kk™'=k"'k =1, ke=qek, kf=q 'fk, ef—fe=" =
kK =k, e =F.

~

The algebra U, (sug) is a Hopf subalgebra of M (.A) with

~

Aky=kok, Ale)=exk ' +koe, A(f)=fok ' +kaf,
S(k):k_l’ 5’(6):—(]_167 S(f):_qfa
E(k)=1, é(e)=£&(f)=0.

The set I of equivalence classes of irreducible corepresentations of (A, A) is identified with the set
%Z+ of non-negative half-integers. The fundamental corepresentation (s = %) is defined by

3 a —q7"
= (UZZJ)U = <’Y ot > ) (2'1)
The corresponding representation of U, (suz) is given by

k»—><q0% qo ) e»—><8 (1)> (2.2)

The formulas (2.1-2.2) completely determine the pairing between (A, A) and (U,(sug), A). Note
also that

N|=

U

NG

p=f1=k. (2.3)
For a € A and w € M(A) define elements in A by
Ov(a)=w*a=(1@w)A(a) and a<w =a*w = (w R t)A(a).
Then the modular property of the Haar state h can be expressed as
h(arag) = h(agfi * a1 * f1) = h(az0),-2 (a1<1k‘_2)). (2.4)

For n € Z set
Ap, ={a € A|0k(a) =qza}.

The norm closure B = C’(Sg) C A of Ay with the left coaction A|g of (A, A) is the quantum
homogeneous sphere of Podles [P1]. Note that B = Aj. The norm closure A,, of A, is an analogue
of the space of continuous sections of the line bundle over the sphere with winding number n.



It is well-known that the standard differential calculus on the quantum sphere [P2] can be
obtained from various covariant differential calculi on SU,(2), see e.g. [S]. Consider the 3D-calculus
of Woronowicz [W, KS]J, that is, the left-covariant first order differential calculus (Aw_; & Awy &
Awi, d) of (A, A) with differential

a— Oy-4(a)

da = 8fk71(a)w_1 + 1 q_2

wo + Ogp—1(a)wr,

and right A-module action on the left-invariant forms w_1,wp, w1 given by wpa = 9y-1(a)wy and
wia = Op—2(a)w; for i = +1 and a € A. The associated exterior differential algebra spanned by
apday .. .day, a; € A, is completely described by the following rules:

2 2 2 2 4 4
wii=wy=wi =0, wiw =—q¢wiw_1, wwi = —q wiwp, W-1wWo = —¢ Wow_1,
d _ 2 4 d _ d _ 2 4
w_1=(¢"+ ¢ wow-1, dwy=—wiw—_1, dwi = (q¢°+ q")wiwo.

The standard differential calculus on Sq2 is then obtained by restricting the differential d to B, so the
exterior algebra (I'g, d) for S7 is the projective B-module given by 'y = span{bydby - - - db,, | b; € B},
and we have the following concrete description.

Theorem 2.1 Set Q%Y(B) = A_5, QY(B) = Ay and QY1(B) = B. Then
(i) the de Rham complezx on Sq2 is the graded differential algebra

rp=T eIyl o Ty = Be (2% (B) & 2'(B)) & 2" (B)

with multiplication A given by
(@0,0, ao,1, a1,0, a1,1) A (bo,o, bo.1, b1,0, b1,1)

2
= (a0,0b0,0, @0,0b0,1 + @0,1b0,0, a1,000,0 + a0,001,0, a0,001,1 — ao,1b1,0 + g“a1,0bo,1 + a1,1b0,0)

and differential d = 0 + 0 given by

d(ao0, ao,1, a1,0, ar,1) = (0, 0, Oc(ao,0), q0c(ao,1)),

d(ao0, ao,1, ai,0, a1,1) = (0, df(aop), 0, —qdr(ai,o));

(ii) if we define [w = h(w) for w € T'}* by identifying T'3* with B, then [ is closed in the sense
that [ dw =0 for any w € 'y
(iii) the twist o of B extends uniquely to an automorphism of 'y commuting with d, which we again

denote by o, and then
/w Aw = (=1)#w#e /a(w') Aw

for any w,w’" € T with #w + #w' = 2.

Proof. Part (i) follows from the equality I'y = B + A_ow_1 + Aswi + Bwiw_1, which is easily
checked. Since I'j! = BdB, to prove (ii) it is enough to show that [ db; A dby = 0, that is

Ph(De(b1)9y (b2)) = h(Dy(b1) (ba). (2.5)

We have
h(0e(b1)0g(b2)) = h(b10g,,(b2)) = —q  h(b10es (b2)).



Similarly h(0f(b1)0e(b2)) = —qh(b10fc(b2)). Since 0. = Jfe on B, assertion (ii) is proved. The
existence of an extension of o is obvious: it comes from the automorphism a — a<k? of A. Con-
cerning the equality in part (iii), the only interesting case is when w € Q'9(B) and ' € Q%!(B).
In this case we have to prove that for a € Ay and o’ € A_5 we have

¢*h(ad’) = h(o(d)a). (2.6)
But this is true, since h(o(a')a) = h(ad,—2(a’)) = ¢*h(aa’) by (2.4).

Define the volume form by

7(bo, b1,b2) = /bodbl A dby = h(bo(qQE)e(bl)@f(bg) — 0f(b1)0c(b2))).

Set also
Tl(bo, bl, bQ) = h(boae(bl)af(bz)) and Tg(bo, bl, bg) = h(boaf(bl)ae(bg)).

These forms were introduced in [SW], where part of the following proposition was proved.

Proposition 2.2 We have that

(i) 7 is a cocycle in the twisted cyclic complex (C3 (B),b);

(ii) 71 and 19 are cocycles in the complex (C3(B),b+ B);

(iii) the cocycle ¢*m1 + 12 € CO(B) is a coboundary; in particular, the cocycles T, 2¢*T and —273 are
cohomologous.

Proof. Part (i) is a standard consequence of the properties of the integral, cf [C1, KMT].
To prove (iii), set 7(bo, b1) = h(0¢(bo)0e(b1)). Then

(Bo7)(bo) = (By7)(bo) = 7(bo, 1) + 7(1,0(bo)) = 0.

On the other hand, using that J. and J¢ are derivations on B and that h(o(b)a) = h(ab) for any
a,b € B, we get

(b27~')(bo, bl, bg) = h(boaf(bl)ae(bz)) + h(af(O'(b2>)boae(bl)) = Tg(bo, bl, bg) =+ q271(b0, bl, b2),

where we have used (2.6) with a = byd.(b1) and a’ = d¢(az). Thus ¢>r1 + 72 is the coboundary of 7.
Since 7 = 71 + 72 and ¢? # 1, statement (ii) follows immediately from (i) and (iii). It can also
be checked directly.
|
Note that although 7 is cyclic, this is not the case for 7 and 7o.

3 The Dirac Operator

Dirac operators on the quantum sphere have appeared in several papers, see e.g. [O, PS, DS,
SW, M, Kr] and references therein. However, they all coincide by an important result of [DS]
stating that the Dirac operator is essentially uniquely determined by the requirements of SU,(2)-
invariance, boundedness of commutators and the first order condition. In the next paragraph and
in Proposition 3.1 below we summarize the properties of the Dirac operator which we shall need.
One of the easiest ways to construct the Dirac operator is to recall [F] that the spinor bundle
on a classical Kéhler manifold M of complex dimension m is @}, A @8, where S is a square
root of the canonical line bundle A™°, and then the Dirac operator D is v/2(0 4 0*). In view of



the previous section these notions have rather straightforward analogues for the quantum sphere.
So consider the space H = L?(A, h) of the GNS-representation of A = C(SU,(2)) corresponding to
the Haar state h. Then

H = ©pezL*(An, h).

The left actions a — 8, (a) and a — a<S~(w) of A on A extend to s-representations of A on H.
These are, in fact, the left and the right regular representations of A. In the sequel we will write 9,
for the operators of the first representation and simply w for the operators of the second one. Then
the space of L?-spinors and the Dirac operator are defined by

H+@H7:L2(A1,h)@L2(A,1,h) and D = <(,§) %e>’
f
respectively. Note that 0¢(An) C Ap—2 and 0.(A,) C A,yo. This shows that D is indeed an
operator on Hy & H_.

Proposition 3.1 We have
2
¢k — g k!

q—qt

) for any b € B.

(i) D? =C, where C = fe + is the Casimir;
0 g7 0.(b)

@3- (1009 "o

Proof. We have D? = <88f 8(; ) Since 9k|r2(a,.n) = g2 and O — Ofe = (q—q 1) 7 (T2 — Op-2),

we see that ADQ = Oc. To prove (i) it remains to note that do = C on H as C is in the center of
M(A) and S(C) =C.
Part (ii) follows from the identity

[Oe, a] = 0c(a)O—1 + Ok (a)0e — ade,

which is valid for any a € A, and from a similar identity for 0.
|

We now want to develop a simple pseudo-differential calculus for our Dirac operator. More
precisely, we want to compute the principal symbol of the operator of the form |D|?*db|D|~2#, where
db = [D,b]. For this it is more convenient to consider a more general problem. The Casimir C'
defines a scale of Hilbert spaces H;, t € R, so that for t > 0

H; = Domain(C*/?), [|¢]l, = |C"/%¢]|.

Set Hoo = MyH;. Note that H is a dense subspace of H; for every t. We say that an operator
T:Ho — Hoo is of order r € R if it extends by continuity to a bounded operator H; — H;_, for
every t. In this case we write T € op”. If T € op®, we denote by || T||; the norm of the operator
T:H; — Hy. Recall that ||T||; is a convex function of t. Note that C* € op?ReZ.

For F' C 7Z, denote by pr the projection onto @,cpL?(A,, h) with respect to the decomposition
H = ©pezL2(An, ).

Proposition 3.2 We have

(i) A Cop® and pr € op° for any F C 7Z;

(ii) for x = app with a € A,, and F C Z finite, the function C 3 z — x(z) = (C*xC~* — q”Zx)C%
takes values in op® and has at most linear growth on vertical strips; more precisely, for any finite
interval I C R, there exists A > 0 such that |z(z)||: < A|z| fort € I and Rez € I.



Proof. Since pr is a projection commuting with C, it is obvious that pr € op®. It is also clear that to
prove that A C opV it is enough to consider generators of A. Similarly, if (ii) is proved for x; = a;pp,,
a; € Ap,, i =1,2, and it is proved that a;,as € op®, then z1z9 = A1A2PF) —nyDFy = Q1G2P(Fy —ny)NFy
and

(CPx12C0 ™% — q(”1+"2)zx1$2)0

=

NI

= (szlC’Z — q” 1% )C%(C 2+Z$QC ) qnlzl'l(CZl'QCiz — anZ(L'Q)C ,

so (ii) is also true for a1a2p(p —p,)nr,- Analogously, if (ii) is true for app with a € Ay, then it is also
true for a*ppyy,. It follows that to prove (i) and (ii) it is enough to consider generators of A and
arbitrary finite F' C Z. We will only consider the generator «, the proof for ~ is similar. Consider

the orthonormal basis {fs |s € lZJr, i,j = —S8,...,8} given by normalized matrix coefficients,
S = q1d2u £p, where ds = [2s + 1],. Then a can be written as the sum of two operators a™ and
~ such that .
at S+2 _ $73
at&l = a f L1 and o §; = 04” L1

What we have to know about the numbers o i F and of ;; 1s that they are of modulus < 1 and if

m < m, then ]asﬂ < MA@’ for some Ay, dependlng only on m and ¢ (in fact, we have o} =

1)
1 25+z+]

qz (dsds+§) 2g- 2 ([s—i+1gs—Jj+ 1]q) , cf [V]). In our basis we have also C¢}; = [s + 312¢8 H
It follows immediately that at,a~ € op”. Then

(C*tta~ 077t — qthoz_C'_t)Cffj

1 [] 2242t [] 2t
_ 1.9 Slq 2 Slq s— 575
= ot (m;) ' (m §1q> U S-foy

2t 2
_ z+t[$+}]z 1—g¢* 1—g% \“ ) et
= 4 20\ 1 — g2s+1 1 — g2t ij Si-lj-L

Using the simple estimate |(1 — )% — 1| = |5z fo — )" 7| < ﬂ]z\(l — Bo)Re#=l for 0 < B <
Bo < 1, we conclude that the operator (C*Tta~C~*7t — ¢*C'a~C~*)C is bounded, and moreover,
if £ and Re z lie in some finite interval then the operator norm can be estimated by some multiple of
|z|. Thus the function z +— (C*a~C~% — ¢°a~)C takes values in op? and has at most linear growth

on vertical strips. Then surely the function z — (C*a~C~* — qzof)C% has the same properties.
Similarly the function z — (C*a™C™% — q*zoﬁ)C% takes values in op” and has at most linear
growth on vertical strips. Then

(CPappC™* — qzozpF)C%
_ (Czafcfz _ qzaf)c%pF + (CzaJrsz o inO[+>C%pF 4 (qu o qz)oﬁpFC%-

It remains to note that pr is the projection onto the space spanned by the vectors §s such that

—2j € F. Since \04 | < Apq® if —2j € F for some Ap, we conclude that a*pFC2 € op".
|
It is worth noting that by analyzing the proof of Theorem B.1 in [CM2] the slightly weaker
result that x(z) has polynomial growth on vertical strip can be deduced using only the fact that
Cz — ¢q"xC € op'. This, in turn, follows from the identity

afea — q"aafe = afe(a)akﬂ + afk(a)akfle + ake(a)({?ka
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for a € A,. Thus a variant of Proposition 3.2 with polynomial growth (which would, in fact,
be sufficient for our purposes) can be proved without any knowledge about the Clebsch-Gordan
coefficients.

q 0
0 ¢!
exists an analytic function z — b(z) € B(H4+ & H_) with at most linear growth on vertical strips
such that

Corollary 3.3 Consider the operator x = on Hy @ H_. Then for any b € B there

|D‘_2zdb _ de2Z|D‘—22 + b(z)]D|_2z_1 — X_2Zdb|D’_22 + b(Z)|D|_2Z_1.

Proof. Since |D|?> = C and 9¢(b) € A_y, 0c(b) € Ay for b € B = Ay, this is an immediate
consequence of Propositions 3.1 and 3.2.
[ |

Next we study the behavior of the heat operators. Consider the direct sum of irreducible
corepresentations of (A, A) with spins s € % + Z. Denote by H the space of this corepresentation,
and consider the corresponding representation of A on H. Note that both H, = L*(Ay,h) and
H_ = L*(A_1,h) can be identified with H (since in the notation of the proof of Proposition 3.2
the spaces Hy and H_ are spanned by the vectors ' and ﬁz 1 respectively).

)

_1
2

Lemma 3.4 On H we have that

—eC

(i) the function € — eTr(e %% p) is continuous and bounded on (0,00);

(i) lim e(Tr(e™p) — ¢*Tr(e *"p)) = 0;
E—

1
(iii) 111(1)1 5/ Tr(efstcp)dt == gt —q.
e—0+ q?

Using the Karamata theorem (see e.g. [BGV]) it can be shown that the limit lim eTr(e ¢

i p)

does not exist.

Proof of Lemma 3.4. If f is a positive function then Tr(f(C)p) = Yoo [2n],f([n]?). Since it

q
—¢Cp) is continuous and vanishes at infinity, to prove (i)

it is thus enough to show that the function ¢ — > 7, eq*Q"e_s[

)2 > (¢ = 2)pu~2, for ¢*™ < e < @MY we get

is obvious that the function £ — eTr(e
"7 is bounded near zero. As

) [eS) [e9)
S5 b < S ) ot $
n=1

n=1 n=-—oo

Thus (i) is proved. Since ¢~*"u~2 > [n]2 > (¢7*" — 2)p~?, we see also that

o
g e((eCp) = 3ot ) o,
n=

Replacing € by eu?, to prove (ii) and (iii) we thus have to show that

oo 00
. _ _ —2n _ _~n2,—2n
lim 5(2 q 2ne £q _q2§ :q 2n6 £q“q ):0
e—0+

n=1 n=1

and
1 00 )
lim e [ dt el —
5—1>I(I)1+ /q2 1; q (&

Both statements are obvious.
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4 Local Index Formula

Let us first briefly recall the proof of the local index formula of Connes and Moscovici [CM2], which
is a far-reaching generalization of the local index theorem of Gilkey-Atiyah-Bott-Patodi [BGV].
Suppose we are given a p-summable even spectral triple for an algebra B. For each ¢ > 0 consider
the JLO-cocycle corresponding to the Dirac operator €2 D, so

wgn(bo’ A an) - gn/ dtTI‘(’yboeigtODQ [D’ bl]eistlDQ .. [D’ b2n]675t2nD2)7
AQ’!L

and note that we always have the following estimate

P

2n
E 2 _p
950 (bo. - ban)| < Gy (L D)™ 5) ol T D, i
’ i=1

where C), is a universal constant. In the course of proving the local index formula one provides a
finite decomposition of 5, 0 < 2n < p, of the form

n—

U5, = D gy e (log ) + o(1), (4.1)

k.l
where a,(fln) are 2n-cochains expressed in terms of the residues of certain (-functions. Since the
pairing with K-theory is independent of €, one concludes that it is given by the pairing with the

cocycle (a((fg’ ))Qggngp. The explicit form of this cocycle and the fact that it is cohomologous to

(Ch?"(D)),, is the main content of the local index formula.
To get (4.1) one needs to commute e~*P ’ through db. For this one first uses the identity

1
e~tD* — [ @:T(2)|D| 2 (et) 7,
271 C

where C, = A+ iR, A > 0. Then one invokes the expression

p—2n+1
bo| D|72dby | D| 7% .. dboy|D| 72" = > fr(bo,- .., bani 20, - - -, 220)| D T2EOTTRTE (4.9)
k=0

given by the pseudo-differential calculus for D, where f; are analytic operator-valued functions

with at most polynomial growth on vertical strips. Since the last term (k = p — 2n + 1) is of

trace-class for Re z; > 2(227;7111), it contributes to ¢35, as 0(5%). On the other hand, assuming that

Tr(fx(bo, - - -, ban; 20, - - - z2n)|D\*2(ZO+“'+22")*k) extends to a nicely behaved meromorphic function
k

(note that a priori it is defined for Rez; > %), the contribution of the kth term can be

estimated by counting the residues of this function in the region
some ¢ > 0.

n

. p—k
o+l 1) < Rezl < 2(2n+1) for

We now want to apply this method to our situation. Although the decomposition (4.2) will be
different from the one obtained in [CM2], the method itself works perfectly well. So consider the
twisted entire cocycle (¢5,,), given by

1
U5, (bo, . .., ban) = Ch?™(e2D)(p; by, . . . , ban).
Using Lemma 1.2 we get

5 (bo) = Tr(yboe 2" p) = h(by) Tr(e =€ p) — h(bo)Tx(e = p) =0,
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where we think of the Casimir C' as the operator acting on H, see the end of Section 3. Consider V5.
Fix by, b1, by € B and set

C(z0, 21, 22) = Tr(vbo\DrQZOdbl\D|7221db2|D]72z2p).
This function is well-defined and analytic in the region Re (29 + 21 + 22) > 1. By Corollary 3.3,
C(bo, b1, ba) = Tr(ybodbrdbyx ™ | D|~>E0+#1422) p) 4 {(20, 21, 20),
where ((z0, 21, 22) =
= Tr(ybodbyx*ba (20 + 21)|D| 2012071 p) - Te(yboby (20)| D] 2021~ dby| D722 p).

The function ¢ is holomorphic in the region Re (20 + 21 + 22) > % Moreover, if we fix \, \g > %,

A > Ao, then )
C(z0, 21, 22)(1 + |20]) 7 (1 + |21 )

is bounded in the region A\g < Rez; < A. Fix A > % and % <A < % Then

9

@b;(bo, bl, b2) = W /A dt /CS dZF(Zo)F(Zl)F(ZQ)(€t0)_zo (€t1)_zl (8t2)_Z2C(ZO, 21, ZQ),

where Cy = X\ + iR. If we consider the same expression for 5 , We can replace integration over Cf

by integration over C’307 since the integrand is holomorphic and vanishes at infinity. It follows that

1—3>\0)

such an expression is O(e . Thus, as € — 0,

W5 (bo, b, ba) = ﬁ /A dt /C T (20)D ()T (22) (eto) ™ (et1) ™™ (e2)

X Tr(ybodby dba x> | D|~2G0+21522) ) 4 (1)

A At Tr (ybodby dboe (o tX "1 +62)D% 5y 4 (1)
2

= ¢ /A dtTr(ybodby dbge e+ =DID? ) 4 (1)
2
1
= ¢ / (1 — t)Tr(ybodbydbye 0T =D pyap 4 o(1),
0

By Proposition 3.1(ii), we have

_ ( bo0e(b1)0; (b2) 0
bodbldb2 - < 0 boaf(bl)ae(b2) ‘

Hence by Lemma 1.2 we get
P5(bo,br,b2) = h(bpde(b1)ds(b2))e /0 1(1 — 1) Tr(e =0+ =D0C 5y gt
—h(bpdy (b1)De(b2))e /D 1(1 — ) Tr(e s H@-DIC )t 4 o(1).  (4.3)
We have X X
. /O (1 #)Tr(e=0H@-D0C pygp — € / (¢% — £)Tr(e—= p)dt. (4.4)

(1 _ q2)2 2
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On the other hand,

1 1
: / (1= Ta(e =@ D0C gy = = / (1—)Te(e=*0 "*Cp)at
0 (1 —4q ) q

2

2

2 1
= (1iqqz>2/ (1 —t)Tr(e Cp)dt +o(1)  (4.5)

by Lemma 3.4(ii). By Lemma 3.4(iii), Efqlz Tr(e=¢p)dt — ¢~ (1 — ¢?). Thus putting (4.3-4.5)
together we get

1
e q 2 € —etC
S . BRI ¥ 1).
(1 T (11 4+ 72) — (¢°11 + 72) ErE /q2 (e p)tdt + o(1)

Finally, consider 95, with n > 1. Combining (1.5) with Lemmas 10.8 and 10.11 in [GBVF] yields
the following standard estimate

n_P
"3
5 (bo, ..., bon)| < Cp—rcr
|¢bn( 0 y U2 )’—-Cb(Qn)!

where p is any number larger than 2. Thus we get the first part of the following theorem, which is

2n
_Pp ot
Tr(C 2p)Hbo![[longlggl{\l[llbﬂp]ll}y

the main result of the paper.

Theorem 4.1 For e > 0, consider the cocycle (15,,)n in the twisted entire cyclic cohomology of B
given by
1
V5, (bo, - - -, bay) = Ch?¥(e2D)(p; bo, - . . , ban).

Then
vy = 0
1
q g _
¢§ = 1_ q2 (7-1 + 7—2) - (q27—1 + TQ)m L2 Tr(e Etcp)tdt + 0(1) as € — 0;
n—1-49
V5,1 < 058(27>' forany 6 >0 and n>1,
n)!

where the norm of a multi-linear form on B is defined using the norm

3 t
max {[bap'| + |10, bap'] [}

on B. In particular, the map q—Indp on K(?U"@)(C(Sg)) is given by the pairing with the twisted

cyclic cocycle —q~ 17, where 7(bo, b1, bz) = h(bg(q28e(b1)8f(b2) — 0¢(b1)0e(b2))).

Proof. The pairing of (¢5,,), with K-theory does not depend on e. Using the Karamata theorem it
can be shown that the limit lim. o4 € fq12 Tr(e=**Cp)tdt does not exist. It follows that the cocycle
q?71 + 72 pairs trivially with K-theory. Thanks to Proposition 2.2(iii) we know even more, ¢ + 75

is a coboundary. We also conclude that the pairing is given by the cocycle l_qqg (11 + 72) € CYU(B),

which is cohomologous to the cocycle 2—1q7'. Recalling definition (1.3) of the map 037 \(B) — CYB),

we see that the pairing is defined by the twisted cyclic cocycle —¢~17.

[
We end the paper with an actual computation of indices. Observe first that the spaces A,
can be considered as equivariant Hilbert B-modules, and thus they define elements of Kg'(B)
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which we denote by [A4,]. As in the classical case, the group K(j‘i(B) is a free abelian group with
generators [A,], see [NT]. Consider now the module A; and note that A; = aB + yB. The map
T:H1 ® B — A given by

2

T(6.1 ®b) =qyb and T(61 ®b) = —ab,

where H1 is the space of the spin % corepresentation of (A, A), see Section 2, is an equivariant
2

partial isometry. Thus A; is isomorphic to the equivariant Hilbert B-module p(H:1 ® B) with
2

b= T°T — <q27*7 —a’r*) ‘

Yo oo

projection

The explicit form of a projection corresponding to A,, for arbitrary n can be found in [HM]. Let
Tr, be the trace on A defined by the spin s representation of A, and let ¢ be the corresponding
g-trace, ¢5 = Try(-p). By definition we have, for any twisted cyclic cocycle ¢ € C2(B), that

(el o)) = > G 1 (Moo Miy i Min o )P (Piogos Pirjis Pinga) = > a0 0(Pigiy s Piizs Pinio)-
10,11,%2 10,841,012
J0:J1:72

Using the formula h((7*y)") = (1 — ¢*)(1 — ¢*™*D)~1 for the Haar state, a lengthy but straight-
forward computation yields

¢~Indp([A1]) = ¢~Indp([A1)) = ([~¢" 7], [p]) = 1.

This is enough to conclude that the equivariant index ¢—Indp([A1]) equals —Tro. To see this we
shall use a continuity argument for ¢ € (0,1). Write a(q), v(¢q), and so on, to distinguish operators
for different ¢q. The spaces L?(C(SU,(2)), h) can be identified for all g. We also identify the spaces
H, ® H_ of L?-spinors. Note that F' = D(q)|D(q)|~! is independent of ¢ (in the notation of the
proof of Proposition 3.2 we have Fﬁs 1= 53 ) The functions g — «a(q) and g — v(q) are norm-

continuous as can easily be verified by looklng at the Clebsch-Gordan coefficients. It follows that our
quantum Bott projections p(q) € B(H1®(H@®H_)) depend continuously on ¢. Let I,(q) € A(g) be
2

the support of the spin s representation. Considered as operators on H1®(H; @ H_) the projections
2
I(q) depend continuously on ¢ (and are, in fact, finite-rank operators). As the functions

ms(q) = (25 + 1) 'Ind(p(q)-Ls(q)(1 ® F)p(q)+1s(q))

are continuous and integer-valued, they are constant. We have by definition

Indp([p Z:mSTlrS

Since
—1 =Indp([p Zm (25 + 1

and the functions ¢ — [n]y, n € N, are linearly 1ndependent on any infinite set, we conclude that
mo = —1 and mg = 0 for s > 0. Thus Indp([p]) = —Trg = —£. This, in turn, is sufficient in order
to find the non-equivariant Chern character.

Proposition 4.2 The image of the non-equivariant Chern character of our Fredholm module in
HP°(B) coincides with the class of the cyclic 0-cocycle T/ given by

I( n—m_m_xny __ (1—q2")_1 for n=m >0,
Tl ") {O otherwise,

where we used the convention of = (a*)™* for k < 0. In particular, Indp([A,])(1) = —n.
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Proof. The cocycle 7/ was found in [MNW?2], and is one of the two generators of HPY(B) = C2.
Since the class of a cocycle in HP%(B) is completely determined by its pairing with [1] and [p],
we conclude that the Chern character is cohomologous to 7. The equality ([7'],[4,]) = —n was
established in [H].
|
The fact that the non-equivariant Chern character is cohomologous to a 0-cocycle is natural as
our spectral triple is e-summable for any € > 0. On the other hand, the spectral triple is (2 +¢, p)-
summable in the sense of [NT], so twisted cyclic cohomology does not see the dimension drop and
captures the volume form.

We finally remark that Indp([A,,]) = —sign(n)Tr |, -1 for n # 0. To prove this it suffices to check
2

that ([—¢~17],[A,]) = —[n],. Another possibility is to use the classical theory. To this end one just
has to show that there are projections p,(q) representing [A,] with the property that Is(q)pn(q)
depend continuously on ¢ € (0, 1] (the projections p,(¢q) themselves can be discontinuous at ¢ = 1).
(,;)f %) which
acts on the Hilbert space L?(A,.1,h) ® L?>(A,_1,h). Both operators are differential operators of
order 1 with the same principal symbol, and the index of Jy: L?(Anyi1,h) — L?(A,_1,h) is given
by the Borel-Weil-Bott theorem and can also easily be found by direct computations.

In the classical case the operator p,(1® D)p, is homotopic to the operator D,, = (
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