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Abstract

We prove that for any non-trivial product-type action o of SU,(n) (0 < ¢ < 1) on an ITPFI
factor N, the relative commutant (N®)’ N N is isomorphic to the algebra L (SU,(n)/T"~!) of
bounded measurable functions on the quantum flag manifold SU,(n)/T"~!. This is equivalent

to the computation of the Poisson boundary of the dual discrete quantum group SU,(n). The
proof relies on a connection between the Poisson integral and the Berezin transform. Our main
technical result says that a sequence of Berezin transforms defined by a random walk on the
dominant weights of SU(n) converges to the identity on the quantum flag manifold.

Introduction

The study of random walks on duals of compact groups, by which is meant the study of convolution
operators on group von Neumann algebras of compact groups, was initiated by Biane in [B1], who
developed a theory which parallels the theory of random walks on discrete abelian groups [B2, B3].
The study of random walks in the more general setting of duals of compact quantum groups [W]
was undertaken by the first author [I1], who was motivated by product-type actions of such groups
on infinite tensor products of factors of type I (ITPFI). In the classical case such actions are
always minimal. For quantum groups this is not so. In fact, the relative commutant of the fixed
point algebra can be interpreted as the algebra of bounded measurable functions on the Poisson
boundary of the dual discrete quantum group. The general theory of noncommutative Poisson

—

boundaries developed in [I1] was illustrated by the computation of the boundary of SU,(2), which
was shown to be isomorphic to the quantum sphere Sg. Later the second and the third author [NT1]

—

computed the Martin boundary of SU,(2), that is, described all (unbounded) harmonic functions,
thus generalizing the results in [B3] and establishing a connection between the results in [B3]
and [I1].

There are important differences between the classical boundary theory (or even that for duals
of compact groups as considered by Biane) and the boundary theory for discrete quantum groups,
which we want to stress. In the classical setting, if one forgets about the action of a group on its
boundary, the computation of the Poisson boundary reduces to the question whether it is trivial
or not. In the quantum case just the description of the (noncommutative) algebra of functions on
the Poisson boundary is a highly nontrivial problem. On the other hand, such a central question
within the classical theory as the description of minimal harmonic functions, becomes of peripheral
interest in the quantum setting. We refer the reader to the survey articles [I2] and [NT2] for further
discussions of noncommutative boundaries.
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The purpose of the present paper is to compute the Poisson boundary of SU,(n). As we already
said, this problem can be formulated without any reference to random walks. Suppose one is given
a product-type action a of SU,(n) on N. By restriction we get an action of SU,(n) on (N%)' N N.
If the action « is faithful, then (N®)" N N is anti-isomorphic to N’ N (SU,(n) x N). In this case the

—

dual action of SUy(n) on N’ N (SUy(n) x N) induces an action on (N*)' N N. The problem is to

compute (N%)' N N together with the two above actions of SU,(n) and SU,(n). Our main result
can be stated in this setting as follows.

Theorem A For any non-trivial product-type action a of SUg(n) (0 < ¢ < 1) on an ITPFI
factor N, the relative commutant (N®)' N N is SUy(n)-equivariantly isomorphic to the algebra
L>®(SU,(n)/T™ 1) of bounded measurable functions on the quantum flag manifold SU,(n)/T" 1.

—

When the action of SUy(n) on (N“)' NN is well-defined, the isomorphism is also SU4(n)-equivari-
ant.

—

As for the boundary interpretation of (N*)' NN, the action of SU,(n) corresponds to the usual
action by translations of a group on its boundary, while the action of SU,(n) can be thought of as
coming from the symmetry group of the measure. Then an equivalent form of Theorem A is the
following.

Theorem B Let G be the gq-deformation (0 < q < 1) of the compact group SU(n), or of its
quotient by a normal subgroup. LetT' C G be the mazximal torus. Then for any G-invariant normal
generating state on loo(é), the corresponding Poisson boundary of G is G- and G’-equivariantly
isomorphic to the quantum flag manifold G/T.

There are several heuristic reasons why such a result should be true. For example, by the
results of Biane [B2] and Collins [C] the minimal Martin boundary of the dual of SU(n) is the
sphere in the dual of the Lie algebra, and the action of SU(n) on the boundary is just the coadjoint

action. Thus one can expect that a part of the Martin boundary of SU,(n) carrying the canonical
harmonic state is a certain quantization of the sphere. By [H] the action of SU,(n) on the Poisson

—

boundary of SU,(n) is ergodic. This corresponds in the classical case to the fact that the measure
is supported on some orbit, and indeed, the typical coadjoint orbit is the flag manifold.

Since, however, the Martin boundary seems difficult to compute, we shall not follow the ap-
proach suggested above. Our computation of the Poisson boundary is based on a careful study of
the completely positive map O from L>(SU,(n)) into the algebra of harmonic functions introduced
in [I1]. We call this map the Poisson integral. We show that multiplicativity of © restricted to
L>®(SU,(n)/T™ 1) is equivalent to convergence to the identity of a certain sequence of operators
on L*®(SU,(n)/T"1). These operators are analogues of Berezin transforms. In the classical case
it is known [D] that Berezin transforms converge to the identity on the flag manifold along any
ray in the Weyl chamber. We prove that our operators converge to the identity on the quantum
flag manifold along almost every path in the Weyl chamber. It is worth noticing that though we
benefited from these analogies, our proof bears no relation to the classical proof. As a matter of
fact, our operators are not the most straightforward analogues of Berezin transforms. In partic-
ular, in the classical limit they give operators mapping everything to the scalars. Our proof of
convergence invokes yet another auxiliary operator, which in the classical limit yields the identity
operator, whereas in the quantum case it is uniquely ergodic on C(SU,(n)/T"!).

Multiplicativity of © on L>(SU,(n)/T"~!) implies injectivity. This can be interpreted as the
existence of a surjective map from the Poisson boundary onto the quantum flag manifold. To show
that this is an isomorphism we then use a counting argument relying on the already mentioned
ergodicity of the action of SU,(n) on the Poisson boundary.

Finally note that our approach gives a less computational proof of the result for SU,(2) than
in [I1] and [NT1]. For example, we do not need any knowledge of the Clebsch-Gordan coefficients.



1 Preliminaries

We will use the same conventions for quantum groups as in [NT1]. We will, however, change
the notation slightly to hopefully make it more transparent. So a compact quantum group G is
defined by a unital C*-algebra C(G) with comultiplication A:C(G) — C(G) ® C(G), which is
a unital *-homomorphism such that (A ® ()A = (+ ® A)A and both A(C(G))(C(G) ® 1) and
A(C(G))(1 ® C(G)) are dense in C(G) ® C(G). We will always work in the reduced setting, that
is, we assume that the Haar state ¢ on C(G) is faithful. In cases when it is more convenient to
deal with von Neumann algebras, we shall use the notation L>(G) for m,(C(G))".

By a unitary representation of G on a Hilbert space H we mean a unitary corepresentation of
(C(G),A), that is, a unitary U € M (C(G) ® Bo(H)) such that (A ® ¢)(U) = U13Ua3. Here By(H)
denotes the algebra of compact operators on H. Let I = Irr(G) be the set of equivalence classes of
irreducible unitary representations of G. For each s € I, we fix a representative U* € C (G)®B(Hsy).
Then the algebra cO(G) of functions on the dual discrete quantum group G vanishing at infinity is
defined as the C*-direct sum of B(Hy), s € I. The algebra ZOO(G) is defined as the W*-direct sum
of B(Hy), s € 1.

Let A(G) be the *-subalgebra of C(G) generated by the matrix coefficients of finite dimensional
unitary representations of G. Let also A(G) C ¢o(G) be the algebraic direct sum of B(H,),
s € I. There is a pairing between A(G) and A(G). If we fix matrix units {m;}iy in B(Hy),
and denote by {u -}i; the corresponding matrix coefficients of U®, then the pairing is given by
(u Zj,mkl) = (581561;45 ;1. For a unitary representation U of G on H, the corresponding representation
7 1°°(G) — B(H) is given by

mr(w) = (w®)(U).

In particular, if W € B(H, ® H,) is the multiplicative unitary for G,

W*(g ® afg&) = A(a)(£ ® g(P)7 5 € H4p7 ac C(G)v

then we get a faithful representation my: 1°(G) — B(H,). Thus we can (and often will) think
of L*(G) and [*°(() as subalgebras of B( ¢). Note that the comultiplications A: L*(G) —
L®(G) @ L®(G) and A:1°°(@) — 1°(G) @ 1°°(@G) are then given by

Ala) =W 1 ®a)W, Alx)=W(ol)W.

Given a unitary representation U of G on H, we define a left and a right action of G on B(H)
by
awy: B(H) — L®(G) @ B(H), au(z) = U*(1 @ 2)U,
ay,B(H) — B(H) ® L*(G), ayg,(x) = Uz (z® 1)Us;.
As [°(G) = @,B(H,), we get in particular a left and a right action of G on [°°(G), which we denote
by ®; and ®,, respectively. Thinking of [*°(G) as the group von Neumann algebra of G, they are

analogues of the adjoint action. If the representation U is finite dimensional, then the actions of G
on B(H) have canonical invariant states

o0 = 2 TCru(p), (@ du)av = du()L
wy = diTr('ﬂU(p)), (wr ® v)ay, =wy(-)1,
U
where
p=r



is the Woronowicz character and dy = Tr(npy(p~t)) = Tr(np(p)) is the quantum dimension of U.
We will write ¢s and ws instead of ¢ys and wys, respectively. In general, all normal left (resp.
right) G-invariant states on B(H) are given by Tr(-amy(p~!)) (resp. by Tr(-amy(p))), where a €
T (1%°(@)) is a positive element such that Tr(amy(p~t)) =1 (resp. Tr(amy(p)) = 1).

~

Denote by C;(G) (resp. by C,(G)) the space of normal left (resp. right) G-invariant functionals
on I°(G). Then C;(G) (resp. C,.(G)) is the closed linear span of ¢, (resp. ws), s € I. The space
C1(G) (as well as C.(G)) is an algebra with product ¢ ¢y = (¢1®@¢2)A. Alternatively, one can define
a fusion algebra structure on R(G) = @s¢esZ in the sense of [HI]. Then the quantum dimension
function on R(G) defines a convolution algebra I'(I), which is isomorphic to C;(G) and C,(G). The
algebra Cl(é) has an anti-linear involution ¢ — ¢ such that ¢y = o, where U is the conjugate

unitary representation. Let also s — 5 be the involution on I, so U® = US.

Given a normal state ¢ € 1°°(G)., define the convolution operator Py, =(¢p® VA on 1°(@),
and set ) )
H>*(G,¢) ={x €l(GQ) | Py(x) = x}.
Then H°(G, ) is (the algebra of bounded measurable functions on) the Poisson boundary of @

with respect to ¢. According to [I1] the algebra structure on H*(G, ¢) is given by

* : 1'”_1 k
T-Yy=s —nlirrolonkz_()P¢(xy).

We will only be interested in the case when ¢ € C;(G). Denote by supp¢ C I the set of s € T
such that ¢(I,) > 0, where I, is the unit in B(H,) C I°(G). A state ¢ is called generating
if Upensupp@™ = I. If ¢ is not generating, but supp ¢ is symmetric, then the norm closure
of the linear span of the matrix coefficients uj; for s € Upensupp ¢™ is the algebra C(H) for a
compact quantum group H. Thus H is a quotient of G, and by the orthogonality relations we
have Irr(H) = Upensupp ¢". The symmetry assumption for supp ¢ is needed to ensure that C'(H)
is a x-algebra. In the case of g-deformations of compact connected semisimple Lie groups [KoS]
this assumption is redundant. Indeed, it is well-known that any compact connected semisimple Lie
group G has the property that if U is a faithful unitary representation of G, then any irreducible
representation of G appears as a subrepresentation of the tensor power U*" of U for some n € N.
It follows that Up,ensupp ¢™ is always symmetric, more precisely, Upensupp ¢" = Irr(H) with
H = G/(Nsesupp s Ker U®). As the fusion algebra is independent of the deformation parameter, we
conclude that for the g-deformation G of any compact connected semisimple Lie group, the set
Unensupp ¢™ is symmetric, so it corresponds to a certain quotient of G.

Note that the Poisson boundary in general depends on the generating state. However, in good
situations, in particular for duals of g-deformations, it does not.

Proposition 1.1 Assume that the fusion algebra R(G) of G is commutative. Then for any gener-
ating state ¢ € C;(G) we have

H>®(G,¢) = {z € I®(G) | Py,(x) = x for all s € I}.

Proof. The inclusion D is obvious as Py is a (possibly infinite) convex combination of the opera-
tors Py, , s € 1. Conversely, fix s € I. Since ¢ is generating, there exists n € N such that if we
write ¢" = >, Ay, we have Ay # 0. Then

Pg = ASP¢S + (1 — )\S)Pw,



where 1) = (1 — \g) 71 > tzs M. Since Py Py = Pyy, and R(G) is commutative, Py, and Py are
commuting contractions on the Banach space loo(é). Hence by Lemma 1.1 in Chapter 5 of [Re], if
PJ(z) =z then Py (2) = =.

|

Recall now the connection between Poisson boundaries and product-type actions [I1]. Let U be
a unitary representation of G on H, and ¢ € B(H ), a normal faithful o ;-invariant state. Set

(N.v) = & (B(H),d),

and N, = ...® 1® B(H)®" C N. The actions ayxn; of G on B(H®") = N,, define a left
action a of G on N, where U*" = Usz... U nt1. To describe the relative commutant (N NN,
consider ¢ = ¢y € C(G). Let E,: N — N, be the v-preserving conditional expectation, and

A~

Jn:1%°(G) — N the homomorphism defined by j,(z) =... ® 1 @ myxn(z). Then

Epjny1 = jnP¢>-

The kernel of jy, is ©s¢qupp on B(Hs). Soif F,: 1°°(G) — @sesupp ¢n B(Hs) is the canonical projection,
we have 5, F,, = j,, and j, is faithful on Fn(loo(é)). As the image of (N®)'NN under E,, is contained
in the relative commutant

(BHE™ w1y 0 BHE™),

which coincides with the image of 7y xn, we conclude that the elements of (N®)’NN are in one-to-one

correspondence with bounded sequences {x,,}5° ; such that x,, € F,(I°°(G)) and
Ty = FnP¢(ZEn+1)

Such sequences are called Py-harmonic. It turns out that if ¢ is generating, then any bounded
harmonic sequence {x,}, defines an element x € H*(G, ¢) such that x,, = F,,(x), and vice versa.
Thus we get an isomorphism

Joot HX(G, ) (N NN, joo(a) = s* = lim jy ().

By restricting the left action ®; of G and the right action A of G on [°(G) to H*®(G, ), we
get actions of G and G on the Poisson boundary. When ¢ is generating and we identify H OO(G, o)
with (N®)" N N, the action of G is just the restriction of « to the relative commutant, since the
homomorphisms j, are obviously G-equivariant. As was conjectured in [I1], the action of G is
related to the dual action of G on N’ N (G x N). In the rest of this section we want to clarify this
point. This will not be used in the subsequent sections.

Consider first a more general situation. Suppose we are given a left action of G on a von
Neumann algebra N,
a:N — L*(G)® N.
The crossed product G'x N is by definition the W*-subalgebra of B(H,)® N generated by [%°(G)®1
and a(N). Let v be a normal faithful G-invariant state on N. Then the map

v:H, - H,® H,, a&, — o(a)(, ®¢&,) forae N,

~ ~

is an isometry. As o(N)(I*°(G) ®1) is dense in G x N and z§, = £(x)&, for x € [*°(G), where ¢ is
the counit on [*°(G), we see that the image of v is a (G x NN)-invariant subspace of H, ® H,. Let
V be the canonical representation of G on H, implementing the action,

Vi(E®a&) =a(a)({®E&), £ € Hy, a €N.



Since

(1@vVi(E®a) = (10v)a(@)(E®E&) =0 a)a(a)®E ¢
= (A9)a(a)((©8) =W o l)(1®a(a) (@& @&
= el ev)(Eea),

V*=(S®)(V)and W* = (S ®¢)(W), where S is the coinverse for G, we get
vy (z) = (z®@ v for z € I1%(Q).

We also have v*a(a)v = a for a € N. Thus

v*(z ® 1)a(a)v = my(z)a for z € I°(G), a € N. (1.1)
Noting that (J, ® J,)v = vJ,, and recalling that J,a*J, = R(z) forz € 1°°(@), where R is the
unitary antipode on 1°°(G), we see that JVWV(ZOO(G)) , = 7y (1%°(G)). Thus the map = — Jyz*J,

defines an anti-isomorphism of N’ N (N V 7y (1°°(G))) onto
NN (N Vay(I®(G) = N0 (N Ny (1%(G))) = N0 (N,
It follows that the map
0:N'N(Gx N)— (N*) NN, x— Juz v,

is a normal surjective *-anti-homomorphism.

The dual action é: G x N — [°°(G) ® (G x N) is defined by
alz) =WQAez)W*, ze€GxN,
where W = ((J, ® J,)Wa1(J, ® J,)) @1, so that
a((z @ Dala)) = (A(x) @ 1)1 ® afa)) fora e N, z € 1%(G).

The left action & of G on G x N induces a right action & of G on (G x N)°

aP(x) = (1 ® R)(a(x)21).
In the simplest case when N = B(H) all these constructions can be made more explicit.

Lemma 1.2 Let U be a unitary representation of G on H, N = B(H), o = ay,, v a normal
faithful G-invariant state on B(H), ¢ = vmy. Then the map

00:1°(G) @ N — G x N, () = U*zU,

s an isomorphism with the following properties:

(1) (t®600)(A®1)(x) = aby(z) for x € 1°(G) @ N; ) -
(ii) for the conditional expectation Ey =1 @ v:G x N — I%°(G), we have Eoby(r ® 1) = RPyR(x)
for z € 1°(G);

(iil) 00 (x @ 1) = Ty R(z) for x € I°(G).



Proof. Since (1@ m7)A(1°(G)) and 1® N generate [1°°(G) ® N, the fact that 6y is an isomorphism
follows from the identities

U*(1®a)U = afa) forae N, Ut@ry)A@)U=z®1 forzecl®(Q),

where we have used that U = (+ @ 7y ) (W).

The equality in (i) obviously holds for x = 1 ® a € N. Thus it is enough to consider

, a
A(y) ® 1. On the other hand,

~

= (®my)A(y). Then §y(z) =y ® 1, so &by(x)

(t®0)A® () = (®@60)®ce)(Ae)Aly)
= (1®0)®em)(®A)AY) =Aly) @ 1.

Thus (i) is proved.
To prove (ii), note that for any y, z € loo(é) we have

~

Eobo(c @ ) (A(y) (1 @ 2)) = Eo((y @ Damy(2)) = vru(2)y = é(2)

In other words, if we define a map 7: A(G) ® A(G) — A(GQ) @ A(G) by r(y®2) = A(y)(1®2), then

=

Epbo(t @ my)r = 1 ® ¢.

It is well-known (seAe e.g. [NTl, Proposition 1.3]) that the map r is bijective with inverse s given
by s(y ®z) = (1 ® S)((1 ® S71(2))A(y)). Hence for any y, 2 € A(G) we get

Eofo(y ©mv(2) = (1® ¢)s(y ® 2) = (1 ® S)(1® 571 (2)) A(y))-

As the state ¢ is G-invariant and S = p%R(‘)p_%, we have ¢S = ¢R. Choosing a net {z:}i C A(G)
of central projections converging strongly to the unit, we thus get

Eofo(y ©1) = (1 ® 9R)A(y) = R(t © ¢)(R © R)A(y) = k(¢ ® )AR(y) = RP;R(y),

where we have used that (R ® R)A = A’R. This proves (ii).
To prove (iii) we identify H, with the space HS(H) of Hilbert-Schmidt operators on H, so that
1

& =T¢ if Tp € B(H) is the operator defining v, v = Tr(-Tp). If we further identify HS(H) with
H®H, wehave J,(E® () =(®¢, and a(§ ® () = £ ®al for a € N = B(H). Thus we have to
prove that 86y(z ® 1) = 1 @ nyR(z) € B(H ® H) for z € I1°(G).

To compute 6 we will check first that V' = U x U. The unitary V € M(C(G) ® Bo(H,)) is
characterized by the properties that it implements the action, V*(1 ® a)V = a(a) for a € N, and
that V(£ ® &) = £ @&, for £ € Hy,. The first property is obviously satisfied by U x U. To check
the second one, recall that by definition U = (R ® j)(U) € M(C(G) ® Bo(H)), where R is the

unitary antipode on C(G) and j(z)§ = z*¢. If we consider C(G) ® HS(H) as a left module over
M(C(G) ® Bo(H ® H)), it is then easy to check that

UxU)(12T)=(Re)(R2)(U)1eT)U) for T € HS(H).

N|=

_ 1
We have to prove that (U x U)(1 ® T} ) = 1 ® T . This follows from the identities

(R )(U) = (1@ mu(p~2))(S © )(U)1®mu(p?) = (1@ m(p~2))U*(1 @ m(p?))

and
(1@ THU = (1@ () U1 e m(p?)(1 & T7),

7



where we have used that 7y (p)Ty € ﬂU(lfo(G))’. Thus V =U x U.
By virtue of (1.1), for any y, z € [°°(G) we then have

wh(Lem)(A (e = vy e =@l em(z)

= (mg @ m)AY)(A @ () = (rg @ 7)) (AY) (1 @ 2)).
Since A(1%°(G))(1 ® 1°°(QG)) is dense in [°°(G) ® [°°(QG), for any z € I1°°(G) we thus get
V8o © 1o = (mg ® mr)(a ® 1) = mp(2) ® 1,

whence

06p(z @ 1) = Jv*0p(z* @ v, = J (rp(z") @ 1)J, = 1 @ w5 (z*),

where 75 (2*)¢ = 7p(z*)€. By definition of the conjugate representation we have

It follows that #fy(z ® 1) = 1 ® 7y R(x).
|
Return now to the study of N'N (G x N) for a product-type action defined by a representation
U of G on H and a G-invariant state ¢ € B(H),. The relative commutant can be described in a
way similar to that for (N“)" N N, see [V]. The conditional expectation E,: N — N,, extends to
the conditional expectation t ® F,,: G X N — G x N,,. Let y € N'N (G x N). Then (: ® E,)(y) €
N} N (G x Ny), so by Lemma 1.2

(L® En)(y) = (U") (yn @ YU

A~

for a unique element y,, € [°°(G). As E,E,+1 = E,, we have

@ DO = (08 B) (05 (g @ 10)
= (I 2 DY) © DU,

whence by Lemma 1.2(ii)
Yo = (® ) (U (Yns1 ® DU) = RPsR(yn+1),

where ¢ = ¢my. Taking into account parts (i) and (iii) of Lemma 1.2 as well as the description of
(N*)' N N in terms of harmonic sequences, we get the following result.

Proposition 1.3 For the product-type action o of a compact quantum group G defined by a rep-
resentation U of G on H and a G-invariant normal faithful state ¢ on B(H), there exists a G-
equivariant complete order isometry between N' N (G x N) and the space of bounded sequences
{yn}o2, C1°(Q) such that R(yn) = PyR(ynt1), where ¢ = dmy.

The surjective anti-homomorphism 0: N' N (G x N) — (N%*) N N maps the element defined by
a sequence {y,}°2, to the element defined by the Py-harmonic sequence {F,R(y,)}2 ;. |

Note that even if ¢ is generating, the homomorphism (N’ N (G x N))? — (N%)' N N need not
be injective nor G-equivariant (where we consider (N’ N (G x V) with the right action 4 of G,
and identify (N®)' N N with H>®(G, ¢) to get a right action of G on (N*)' N N).



Example 1.4 Let G = SU(2) and U be the fundamental representation of G. Identify Irr(G) with
37 as usual. Set p = >, In_%. Then

Ap)=p®(1—-p)+(1-p) @p.

In particular, Pg(p) = 1 —p. Consider the sequence {y,}7>; defined by yox41 =1 —p, yar = p, and
let y be the corresponding element of N’ N (SU(2) x N). Then y is in the kernel of §. Moreover, as

ay) =p@(1—y)+1-p)®y,
the G—equivariance also does not hold.

It is clear, however, what goes wrong in the previous example. Though the representation U
was faithful, U x U was not, so we had in fact an action of SO(3). More generally, assume G is the
g-deformation of a compact connected semisimple Lie group. Let H be the quotient of G defined
by U x U, that is, C(H) is the C*-subalgebra of C(G) generated by the matrix coefficients of U x U.
Then Irr(H) = Upensupp (¢¢)". Choose also k € N such that 0 € supp ¢¥, that is, U*¥ contains the
trivial representation. Since 0 € supp ¢, we have supp ¢* C supp (¢F¢*) = supp (¢¢)* C Irr(H).
We have thus shown that by replacing G' by its quotient and U by some power U**, in the study
of product-type actions we can always assume that U x U is faithful, that is, C(G) is generated by
the matrix coefficients of U x U.

Assume now that U x U is faithful. Then Irr(G) = U,ensupp ¢*” for any k € N. Indeed, as we
discussed earlier, the set U,ensupp ¢*" is always symmetric. Hence it contains supp (¢E¢)k” for any
n € N. Since 0 € supp (¢¢), we have supp (¢¢)™ C supp (¢¢)"*+* for any m. Thus

Irt(G) = Upensupp (66)" = Upensupp (¢¢)" C Upensupp ¢F™.

In particular, we can find k and n such that 0 € supp ¢* and supp ¢Nsupp ¢*” # 0. As 0 € supp ¢**,
we have

supp ¢ Nsupp ¢*" C supp ¢ N supp ¢
By the 0-2 law (see e.g [NT1, Proposition 2.12]) we can conclude that |PJ* — P(;"HH — 0 as

A~

m — oo. It follows that if {z,}72; is a bounded sequence in [*°(G) such that z, = Py(zp41),
then the sequence is constant, x, = x,41. Note also that if y € N’ N (G x N) is the element
defined by the sequence {R(x,)}>2, then by Lemma 1.2(ii), for the conditional expectation Ey =

L@ v:Gx N — 1%°(G) we have Ey(y) = RPg(x1). We have thus proved the following result.

Corollary 1.5 Let G be the g-deformation of a compact connected semisimple Lie group, a the
product-type action of G on (N,v) defined by a representation U of G on H and a G-invariant
normal faithful state ¢ on B(H). Assume that the representation U x U is faithful. Then we have
isomorphisms

(NN (G & NP =N AN & H*(G,0),
tyhere ¢ = qzﬂ'U. Moreover, the homomorphism j 10 is G—equivariant and coincides with the map
R®v. [ |

For a more general group G and a generating state ¢ € Cl(é), the homomorphism j_10 is a
G-equivariant isomorphism if any bounded sequence {z,}72; C [°°(G) such that Py(zp41) = zp
is constant, that is, x,,1 = x,,. For this it is enough to require that supp ¢™ N supp ¢™*! # ) for
some m.



2 Poisson integral and Berezin transform

Let G be a compact quantum group and ¢ € C(G) be a normal left G-invariant state on 1°°(G).
Consider the right action ® of G on L>(G),

$: L®(G) — L%(G) @ 1°(Q), d(a)=W(a®1)W".

It was proved in [I1] that R
O=(px)P

maps L*°(G) into H Oo(é, ¢). In fact, this is the only normal unital G- and G-equivariant map
from L>®(G) into 1°°(G) (we consider L°(G) and 1°°(G) with the left actions of G given by A and
®,, respectively, and with the right actions of G given by $ and A, respectively). Indeed, assume
T is such a map. Since the counit £ on ZOO(G) is G-invariant, €T is a G-invariant normal linear
functional on L>°(G) such that éT(1) = 1. Hence éT = . Then by G-equivariance of T', we get

T=CE)AT=(E0)(T®)d= (o) =0.

Thus if the Poisson boundary is G- and G—equivariantly isomorphic to a homogeneous space G/H
of G, the map © must be an isomorphism of L™(G/H) onto H®(G,¢). We call the map © the
Poisson integral.

To show multiplicativity of © we will use the following criterion.

Lemma 2.1 Let N; be a von Neumann algebra, v; a normal faithful state on N;, 1 = 1,2, 0: Ny —
Ny a normal ucp map such that v2f = vy and 0,0 = Oo;*. Then there exists a normal ucp map
0*: Ny — N7 such that

vo(0(z1)xe) = vi(210%(22)) for x1 € N1, x9 € No.

For any x € Ny, the following conditions are then equivalent:
(i) x is in the multiplicative domain of 0;

(i) [l0(2)2 = []]2;

(iii) H9( M2 = [lz*[]2;

(iv) 0*0(z) = .

Proof. Since 0,260 = 0o,*, the map 0* can equivalently be defined by the condition

(01 Ty 36us, ) = 12(8(e1)0™, (22)) = w1 (210", 6°(22)) = (21T (23)60n 0,
Hence 0* exists [AC]. A more general result than the equivalence of the conditions (i)-(iv) can be
found in [P]. We will give a proof of our particular case for the reader’s convenience.

Note that for a contraction 7" on a Hilbert space and a vector &, the equality ||T¢|| = ||£|| holds if
and only if T*T¢ = £. This shows that (ii) is equivalent to (iv). Clearly, then (iii) also is equivalent
to (iv).

For any x € Nj, we have 0(z*)0(x) < 6(z*z) by Schwarz inequality. Since vy is faithful, it
follows that the equality ||6(x)||2 = ||z||]2 holds if and only if 8(x*)0(z) = 0(z*x). It is well-known
that (i) is equivalent to the conditions (z*)0(z) = O(x*z) and 0(z)0(z*) = O(xz*). Thus (i)
implies (ii) and (iii), and (ii) and (iii) together imply (i). Since we already know that (ii) and (iii)
are equivalent, we conclude that all four conditions are equivalent.

]

For s € I = Irr(G), consider the map ©,: L*°(G) — B(Hj),

Os(a) = (@ )(U*(a® 1)U™) = O(a) .
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The following lemma shows that there exists a map ©%: B(H;) — L*(G) such that

¢s(0s(a)x) = p(aOi(x)), a€ L¥(G),x € B(Hy).
Lemma 2.2 We have

Oi(z) = (L Qws)Pi(z) = (L@ ws) (U (1 ® 2)U®).
Proof. Recall that for the modular group of we have

(0 @ )W) =1 p" )WL e p"). (2.1)
On the other hand, of*(z) = p~#xp® for x € B(Hy). Thus (6f ® *)(U®) = U*(1 ® p**). Hence
05(0s(a)z) = (p®s)(U(a@ HUT(1® 2))

(0 ® d)((a@ YU (1@ 2) (0¥, ® 05)(U?))
= (p®ds(-p))((a@ YU (1 ® 2)U),

whence ©%(r) = (1 @ ws)(U**(1 ®@ 2)U*?), because ws = ¢s(-p?).

As a byproduct we get ¢s0, = ¢. Note also that both maps ©4 and O} are G-equivariant.
Now we can compute ©*.

Lemma 2.3 Let ¢ € C(G ) be a generating state. Set vy = €|goo(,4). Then for the Poisson integral
O: (L™(G), ) — (H*(G, ), o), we have

O*(z) = s" —HIL%OZ¢" I,)0%(z).

sel

Proof. First note that under the identification of H*®(G,¢) with the relative commutant for a
product-type action, the state vy coincides with the product-state. It follows that uo is faithful,

and its modular group is given by the restriction of the modular group at = Ad p~* of the right-
invariant Haar weight ¢ on I°°(G) to H®(G,$). It is then easy to see that 19O = ¢ and using
(2.1) that 6,°0© = Oy . Hence ©* indeed exists.

Recall [I1, Theorem 3.6(2)] that as ¢ is generating, the product on H Oo(@, @) is given by

r-y=s"— lim PJ(zy).
Thus for any a € L®(G) and = € H®(G, ¢) we have
v(0(a)-x) = lim éPJ(O(a)r) = lim ¢"(O(a)z)
= gm0 6" (L)6u(O4(a)a)

sel

= nl;n;()Zqﬁ” 0(a®}(x)),

sel

S0 Y .1 9" (1s)O%(x) — ©*(x) in weak operator topology. Note, however, that by G-equivariance
of ©F if x is in the spectral subspace of H OO(G, ¢) corresponding to an irreducible representation

11



of G, then ©7(x) is in the spectral subspace of L>(G), which is finite dimensional. It follows that
the convergence is in norm on a dense *-subalgebra of H>(G, ¢). Since

¢ (Z d»”(fs)e:(:c)) = 36" (1)és() = 6" () = vo(x)

for z € H*®(G, ¢), the operators >, ¢"(I5)O% are contractions with respect to the L2-norms. Hence
we have s*-convergence on the whole space H OO(G, b).
|
From now onwards we assume that the counit £ is bounded on C(G). This is the case for
q-deformations of compact connected semisimple Lie groups.

Since the map ©*0 is G-equivariant, it maps the spectral subspaces of L*°(@G) into themselves.
The same is true for ©}0;. It follows that for any a € C(G) the sequence {}_  ¢"(I,)0iO4(a)}, is
in C(G), and it converges in norm to ©*©(a). Note now that G-equivariance of ©*0 implies that

0*0(a) = (1 ® £)AO*O(a) = (1 ® £0*0)A(a).

So to prove that ©*©(a) = a for an element a € C(G), it is enough to show that e©*O(b) = £(b)
for any element b of the form (w ® ¢)A(a), w € C(G)*. As e©F = w, and

Z¢H(IS)WS = Z¢"(IS)¢S(-,02) = ¢n('f’2) =w",

where w = ¢(-p?) € C.(G), we have

c0*0(b) = lim w"O(b).
Thus using equivalence of (i) and (iv) in Lemma 2.1 we get the following criterion for multiplicativity
of ©.

~

Proposition 2.4 Let ¢ € C/(G) be a generating state. Set w = ¢(-p*). Then the sequence
{w"O}>2 | of states on C(G) is w*-convergent. For a G-invariant subspace X of C(G) (that is,
A(X) C C(G)® X), the limit state coincides with the counit ¢ on X if and only if X is in the
multiplicative domain of the Poisson integral ©: L®(G) — H®(G, ¢). [ ]

The operators O and ©F are analogues of well-known classical constructions [Be, Per|. Let for
the moment G be a compact Lie group, U: G — B(H) a finite dimensional unitary representation.
Fix a vector £ € H, ||£|| = 1. Let T C G be the stabilizer of the line C¢. For an operator S € B(H),
its covariant Berezin symbol o(S5) is defined by o(S5)(g) = (SU4&, Ug€). The covariant symbol o is
a G-equivariant map from B(H) into C(G/T). Consider the inner products on C(G/T) and B(H)
given by the G-invariant probability measure and the normalized trace, respectively. Then there
exists an adjoint ¢: C(G/T) — B(H) of o. Explicitly,

o) =d [ Ho)U,Pe;d.
where d = dim H and P is the projection onto C¢. A function f is called a contravariant Berezin

symbol of &(f). The map B = 05 is called the Berezin transform.
If we consider U as a corepresentation of C(G), then the definition of o can be written as

g(S) = (t@w)(U*(1®S)U),

12



where we = (-£, ) is the vector-state defined by . Thus we see that our operator O} is just o with
we replaced by w,. Then ©, = (O%)* is an analogue of 5.

Suppose now that G is a semisimple Lie group, U = U*:G — B(H,) an irreducible repre-
sentation with highest weight A, £ = £, a highest weight vector. Let B) be the corresponding
Berezin transform. Note that w?, = we, . It is proved in [D] that the sequence { By}, converges
to the identity on C'(G/T) as n — oo. This is a key step to show that the full matrix algebras
B(Hp)), n € N, provide a quantization of C(G/T), see [L, R|. In view of the G-equivariance of the
Berezin transform, it is enough to prove the convergence at the unit of G. The proof is based on
the observation that the states €B,,) are given by measures which are absolutely continuous with
respect to the Haar measure and such that the Radon-Nikodym derivatives, up to normalization,
are powers of a single function h such that h(g) =1 for g € T and h(g) < 1 for g ¢ T. The proof
of our g-analogue will be based on the study of ergodic properties of an auxiliary operator.

For a normal linear functional w on [*°(G) define a linear operator A,: C(G) — C(G) by
Ay(a) = L ®@w)P(a) = (L@ w)(W(a® 1)W).

Then wO® = pA,. Since ® is a right action of G, so that (1 ® A)® = (® @ 1), we have Ay, =

Ay Ay, for any wi,wy € 1°°(G),. Thus w"O = @A, and by Proposition 2.4 to show multiplicativity
of ©® on the quantum flag manifold, it is enough to prove the following result.

A~

Theorem 2.5 Let G = SUy(n) (0 < ¢ < 1), T C SU,(n) the mazimal torus, and w € C,(G) a
normal right G-invariant state, w # €. Then the counit € is the only A, -invariant state on C(G/T).

We will prove the result by induction. For this we first have to establish functorial properties
of the operators A,,.

Let H be a closed subgroup of G. By this we mean that H a compact quantum group and that
we are given a surjective unital *-homomorphism 7: C'(G) — C(H) which respects comultiplication.
We can define a left and a right action of H on C(G) by the homomorphisms

CG)—=CH)®C(G), a— (m®)A,

and
C(G) = C(G)@C(H), a—(eT)A,
respectively. The corresponding fixed point algebras are denoted by C(H\G) and C(G/H).

A~

By considering the elements of [°°(G) as linear functionals on A(G) we can define a dual

homomorphism 7:{*°(H) — [*°(G). Equivalently, one can consider the unitary corepresentation
U= (r®:) (W) of C(H), where W is the multiplicative unitary for G, and set & = 7.

Lemma 2.6 Let H be a closed subgroup of G defined by m: C(G) — C(H). Then
(i) mAy, = Apam for any w € I°(G)x; R
(ii) A, (C(G/H)) C C(G/H) for any w € I*°(G)y;

(iii) A, (C(H\Q)) € C(H\G) for any w € C,(Q).

Proof. Let W and Wy be the multiplicative unitaries for G and H, respectively. Set U = (7 ®¢)(W)
as above, so that 7 = my. As U = (L @ mpy)(Wo) = (¢ @ 7)(Wp), we get

TAu(a) = (t@w)(U(r(a) @ H)U") = (t @ wir)(Wy(m(a) @ 1)W5) = Apsm(a),

which proves (i).
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Let a € C(G/H), so that (t®7)A(a) = a®1. Then using the pentagon equation WioWi3Was =
WosWio we get

(t®@m)AA,(a) QTR w)(WihWas(l®a® 1)WisWia)

@7 @w)(WisWasWih(1 ® a® 1)WiaWasWis)
(
(

(v )

(L )

(t®@ 7@ w)(WizWas(Aa) ® 1)Wa3Wis)
(¢ )

A

TR w)(WisWas(a®1® 1) W Wis)
w(a)®

which shows (ii).
Suppose now that a € C(H\G). Then

(m@1)AAy(a) = (TR1Rw)(WiHHsWas(1®a® 1)Wi3Wis)

(7@ 1@ w)(WisWasWih(1 ® a ® 1)WiaW53Wis)
(7 @1 ®w)(WizWas(A(a) ® 1) W53 Wis)
)
)

(T ® 1 @w)(WizWas (1 ®a ® 1)WasWi3)
(T r@w)(Wa(l®a® 1)Wss)
= 1® Au(a),

where in the next to last equality we used right G-invariance of w. This proves (iii).

Lemma 2.7 For any w € C.(G), we have wi € C.(H).

An equivalent way of saying this is that if pg = f1 is the Woronowicz character for H, then
#(po)p~! commutes with #(I°°(H)). Yet another equivalent statement is that the homomorphism 7
intertwines the scaling groups of C(G) and C(H).

Proof of Lemma 2.7. Keeping the notation of the proof of the previous lemma, consider the right
actions & = ayy, and ag = ay, of G and H, respectively, on B(L?(G)). Extend w to a normal
G-invariant functional @ on B(L*(G)). Since (7 ® ¢)(W) = U, we have (1 ® m)a(x) = ap(z) for
any r € B(L?(G)) (note that the expression (1 ® m)a(r) makes sense as we have a well-defined
homomorphism ¢ ® : M (By(L*(G)) ® C(G)) — M(Bo(L*(G)) ® C(H))). Hence @ is H-invariant,
so wit = oy € Cp(H).

|

We can now lay the foundation for our induction argument.

Lemma 2.8 Suppose 1 is a state on C(G) such that n =¢ on C(H\G/H) = C(H\G)NC(G/H).
Then there exists a state ng on C(H) such that nom = n.

Proof. Suppose a > 0, w(a) = 0. We have to prove that n(a) = 0. Let o be the Haar state on
C(H). We have
(pom @1 @ pom)A*(a) € C(H\G/H),

where A2 = (A ® 1)A = (1 ® A)A. Hence

(pom @ ® pom)A%(a) = (por @€ ® pom)A%(a) = (o ® pom)A(a)
= (0 ® po)Aom(a) =0,

14



where A is the comultiplication on C'(H). Since the state pg ® g is faithful by our assumptions
on quantum groups, we conclude that

(r®@n®m)A%(a) = 0.

Applying g9 ® ¢ ® g9, where & is the counit on C(H), and using g9 = € we get n(a) = 0.
|

Corollary 2.9 Let T C H C G be compact quantum groups, and 7: C(G) — C(H) the homomor-
phism defining the inclusion H < G. Let w be a state in C.(G). Assume that

(i) the counit € on C(QG) is the only Ay -invariant state on C(H\G/H);

(ii) the counit eg on C(H) is the only Ayz-invariant state on C(H/T).

Then € is the only A, -invariant state on C(G/T).

Proof. If n is A,-invariant, then n = € on C(H\G/H), so by the previous lemma 7 = g7 for some
state g on C'(H). By Lemma 2.6(i) and surjectivity of =, the state ng is A,z-invariant. Hence
no =¢eoon C(H/T). As n(C(G/T)) C C(H/T), we have n = now = gom = ¢ on C(G/T).
|
Let us now recall the definition of SU,(n), see e.g. [KS].
The algebra C'(Uy(n)) of continuous functions on the compact quantum group U, (n) is generated
by n? + 1 elements u;j, 1 <1i,7 < n, t satisfying the relations

Uik Ujk = qUjEUiE, UkiUkj = QUi Uug; for @ < j,
ugujr = ujpug for @ < j, k <l,
Wi — wjuig = (q — ¢ ujpuy for i < j, k<1,
dety(U)t = tdety(U) = 1, wuyjt = tu;; for any i, 7,
where U = (u;5);,; and dety(U) = Zwesn(—q)e(w)uw(l)l -+« Uy(n)n, With £(w) being the number of

inversions in w € S;,. The involution on C(U,(n)) is given by

t* =dety(U), uj; = (—q)j*idetq(Ug)t,

where U]’ is the matrix obtained from U by removing the ith row and the jth column. Taking the

quotient of C'(Uy(n)) by the ideal generated by dety(U) — 1, we obtain the algebra C(SUy(n)).

If m < n, then Uy(m) x T"™ is a subgroup of U,(n). Namely, if u;j, 1<14,5<m,and t are
the generators of C(Uy(m)), and 21, ..., 2p—m, are the canonical generators of C'(T"~"), then the
homomorphism C(Uy(n)) — C(Uy(m) x T"~™) is given by

uj; if1<i,5<m,
Uiy > § Zi—m if 4 =7 >m,
0 otherwise,

and thus t — t'zl_l ozt Taking the intersection with SU,(n), in other words, taking the

quotient of C'(U,(m) x T"™) by the ideal generated by 1 — ¢’z ... 21 = we get a subgroup
S(Uy(m) x T"™) = U,(m) x T*"™ 1 of SU,(n). The subgroup T = S(T") = T" ! we call the
maximal torus of SU,(n).

Consider now the filtration 7' = G; C Go C ... C Gy, = SUy(n) of SU,(n), where G,, =
S(Uqg(m) x T"=™), and let my,: C(SU,(n)) — C(Gy,) be the corresponding homomorphisms. We

will prove by induction that the counit on C(Gy,) is the only Az, -invariant state on C(Gy,/T).
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For m = 1 there is nothing to prove as G; = T. Thus by Corollary 2.9 we just have to show that
the counit is the only Ay, . -invariant state on C(Grm\Gmt1/Gm)-

Let SU,(2) < SU,(n) be the embedding corresponding to the right lower corner of SU,(m+1).
In other words, if ugj, 1 <i,j <2, are the generators of C'(SU4(2)), we define a homomorphism
Opm: C(SU,(n)) — C(SU,4(2)) by

p . .
s i 4 Yimmaljomt1 itm <i4,j <m+1,
* dij otherwise.

Note that 6, factorizes through m,41: C(SUy(n)) — C(Grpi1), 80 O = 6], T 41 for some homo-
morphism 6),,: C(Gp1) — C(SU,(2)).

Lemma 2.10 For each m, 1 < m < n — 1, the homomorphism 0., maps C(Gp\Gm+1/Gm)
isomorphically onto C(T\SU,(2)/T).

Proof. Note that Gy \Gm+1/Gm = (Ug(m) x T)\Uqg(m + 1)/(Uy(m) x T). Then the result can be
deduced from Theorem 4.7 in [NYM], which implies that C'((Uy(m) x T)\Uy(m +1)/(Uy(m) x T))
is generated By Um41,m+1Un, 41 1m41-

Another possibility is to use the classification of irreducible representations of algebras of func-
tions on homogeneous spaces, see e.g. [PV, DS]. Namely, let either G = Uy(n), H = Uy(n —1) x T
and T = T", or G = SUy(n), H = S(Uy(n —1) x T) and T = S(T") = T*!. Then the irre-
ducible representations of C(G) can be described as follows [KoS]. Consider the homomorphisms
0i: C(G) — C(SU4(2)), 1 <k <n—1, and m: C(G) — C(T) as above. There exists a canonical
irreducible infinite dimensional representation m of C'(SU,(2)). Then for a character x of 7" and an
element w € S,, with a reduced decomposition w = 7, ... 7, , where 7; = (4,1 + 1), 1 <i<n-—1,
we set

Twy = (M0i)) X ... x (70;,) x (xm1) = ((70;,) @ ... @ (n6;,) @ (xm1))AF.

Up to equivalence the representation 7, , is independent of the reduced decomposition of w, and
{mu,X}wEszeT is a complete set of irreducible representations of C(G). If w € S,_1, then the
representation 7, , factorizes through C(H), so its restrictions to C(G/H) and C(H\G) are given
by the counit. If w € S,\S,—1, then w can be written as wy7,_1wy with £(w) = £(wy) + £(wz) + 1
and wi, wy € Sy—1. Since the representations m,, o and m,, , factorize through C(H), and

AX(C(H\G/H)) c C(H\GQ) ® C(Q) ® C(G/H),

we see that 7, (a) = 1® (70,-1)(a) ® 1 for any a € C(H\G/H). Thus the restriction of any

irreducible representation of C(G) to C(H\G/H) factorizes through 6,,_1: C(G) — C(SU,(2)).

Hence 0,,—1: C(H\G/H) — C(SU4(2)) is injective. As T' C H, the image is obviously contained

in C(T\SU,(2)/T). In fact, it coincides with C(T\SU,(2)/T), since e.g. it is easy to check that
On—1(unnuy,) generates C(T\SU,(2)/T).

|

Now to prove Theorem 2.5 we just have to show that the counit on C(SU,(2)) is the only

A 5 -invariant state on C(T\SUy(2)/T) for 1 < m < n — 1. Note that as SU(n) is a simple

Lie group, the restriction of a non-trivial representation of SU(n) to a non-discrete subgroup is

non-trivial. It follows that if w is non-trivial on [°°(SU,(n)), that is, w # &, then WOy, is non-trivial

—

on [*°(SU,(2)). Thus we can reduce the proof of Theorem 2.5 to the case of SU,(2), moreover, in
this case it suffices to prove that the counit is the only A,-invariant state on C(T\SU,(2)/T). For
this we could use the results of [I1, NT1] saying that the Poisson integral is a homomorphism on
C(SU4(2)/T). We will instead give a self-contained probabilistic proof.
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Let {u;j}1<ij<2 be the generators of C(SUy(2)). Set v = uq1 and v = ug;. Then

U — (Un U12> _ (Ol (I’Y*>
- - * )
uU21 U2 Y @
and the relations can be written as
afat+yty =1, ad*+ @7y =1, Y'y=9", ay=qra, oy =qva
The comultiplication A is determined by the formulas

Ale) =un @unn tup®@uar=a®a—qy" @7y, A(y)=70a+a"®7.

lam

The homomorphism C(SU,(2)) — C(T) is given by a + 2, v +— 0. The monomials o (y*)ly
and (a*)*(v*)ly™, k,1,m > 0, span a dense *subalgebra of C(SU,(2)). It is then easy to see that
C(T\SU,(2)/T) is generated by v*y. The spectrum of v*v is the set I,2 = {0} U {¢*"}52,. Thus
we can identify C(T\SU,(2)/T) with the algebra C(I,2) of continuous functions on /2. Under this
identification the counit is given by the evaluation at 0 € I,2. The Markov operator A, defines a
random walk on 7;2\{0}. If this random walk is transient, then v A}, — ¢ as n — oo for any state v
on C(T\SU,(2)/T). In particular, the counit € is the only A,-invariant state. As was remarked in
[NT1], transience of a random walk on a non-Kac discrete quantum group follows easily from the
fact that the Markov operator has a positive eigenvector with eigenvalue strictly smaller than 1. It
is natural to expect that the operator A, acting on the dual side has the same property.

Proposition 2.11 Consider the function f on Iz defined by f(0) =0, f(¢**) = ay, where {ar}32,
1s the sequence defined by the recurrence relation

CLo:l,

2(1 — ¢ Map = ¢ (1 — ¢ )api1 + q(1 — ¢*F)ag_1.

Then
(i) feC(,p) and f(@®*) >0 for any k> 0;
(ii) for any normal right SU4(2)-invariant state w = Y Asws € Cr(SUq(2)), the element f is an

2541
eigenvector for A, with eigenvalue Ag—————.
N zs: 125+ 1]
q23+1 _ q72371
As usual, we identify the set Irr(SUy(2)) with 2Z,. Then [2s + 1], = — is the
qa—q

quantum dimension of the representation with spin s € %Z.‘..

Proof of Proposition 2.11. The proof of (i) is analogous to that of [I1, Lemma 5.4]. To see that
ap > 0, rewrite the recurrence relation as
¢ (1= ") (ars1 — qar) = (1 — ) (ar — qar—1) + ¢** (1 — q)?ay.

It follows by induction that ayy1 —qgar > 0, so a > qk. It remains to show that a; — 0. It is clear
that the sequence {ay}32, cannot grow faster than a geometric progression. Hence the generating

function
o
g(z) = Z apz"
k=0
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is analytic in a neighborhood of zero. The recurrence relation can then be written as

2(9(2) — q9(q°2)) = ¢ 27 (9(2) — 9(¢*2)) + qz(9(2) — ¢*g(q°2)),

that is,

We see that ¢ extends to a meromorphic function with poles at z = ¢~2=1, k > 0. In particular,
the series >, axz* converges for |z| < ¢~1, whence aj, — 0. In fact, since

0 2
1— q2k+1 (q. q2)2
im (1 - 42)%0(:) = [T ( - 80
g kl;[o 1= g*+2 (4% ¢*)%

(:65)%
(4% ¢*)%

To prove (ii), first consider the case w = w1, so that
2

)
Ll )G O D)

= ——(¢ (axa® + @Pv'zy) + q(yzy* + a*za)).

2l

Identifying C'(T\SU4(2)/T) = C*(v*y) with C(/,2), and using the identities

we have aj, ~ kg*

as U% = U. Then we have

A, (x)

(v =q () (L =) aly et = ¢t () (L - ¢y ),

we see that the action of A, on the functions on I is given by

(Ah)(t) = g (a7 (= M)+ 4h1)) + o (thie) + (1~ Dh(a %))

Then the definition of {ay}x shows that A, f = ﬁ f. To prove that f is an eigenvalue for A, for
any s, recall from [I1, Section 6] that the identity

where dg = [2s+1]4, implies that there exists a polynomial pys of degree 2s such that pas(wi) = w;.
2
Then A, = p2s(Aw, ), so f is an eigenvector for A,,, with eigenvalue pgs(ﬁ). As [2238111](1 = ws(p™t),
2
and p is group-like, we have
(G ) =Py (07 = o) (07 =) = 2
which finishes the proof of Proposition.
|

18



It follows that the random walk defined by A, on I2\{0} is transient for any normal right-
invariant state w # é. More precisely, if A, f = Af, then the probability of visiting a point ¢5 from
a point ¢; at the nth step is not larger than f(t1)f(t2) " 'A". Hence vA" — &y = ¢ as n — oo for
any state v on C(/,2). Note that to see that ¢ is the only A,-invariant state is even easier. Indeed,
if v is A,-invariant, we have v(f) = Av(f), so v(f) = 0 and v = §p. This completes the proof of
Theorem 2.5.

3 Random walk on the center

To prove surjectivity of the Poisson integral, we will obtain an estimate on the dimensions of the
spectral subspaces of H OO(C?, ¢). By a result of Hayashi [H], if the fusion algebra of a group G
is commutative, then any central harmonic element is a scalar. Equivalently, the action of G on
the Poisson boundary is ergodic. This already implies that the spectral subspaces of H OO(G, o)
are finite dimensional, more precisely, the dimension of the spectral subspace corresponding to an
irreducible representation U is not larger than the square of the quantum dimension of U [B, HLS].
This estimate is clearly not sufficient for our purposes. We will show that in our situation ergodicity
of the action provides a better estimate.

The result of Hayashi is in fact more general. It was obtained as a consequence of an analogue
of double ergodicity of the Poisson boundary, see e.g. [K]. Since in our situation the proof can be
made more concrete, we will present a detailed argument.

For Markov operators P and ) on a von Neumann algebra, we say that an element x is (P, Q)-
harmonic if P(z) = Q(z) = x. Let now ¢ and w be generating normal states on [*°(G) with the
same support. Set

—1 N +oo N
) = (2 026),0) @ (€ (1(G).w),
and let v be the shift to the right on N. For any finite interval I = [n, m] C Z we have a normal
homomorphism j;: ZOO(G) — N defined by A(m=7) Then the space of (P, Qu)-harmonic elements,
where Py = (¢ ® VA and Qu = (1®@w)A, can be embedded in the space N7 of y-invariant elements
by the homomorphism jz,

Jz(x) = s = lm ) (2).
m——+00

Note that if ¢ # w, then the automorphism ~ is never ergodic [K, Lemma 4]. Nevertheless the
following result holds.

Proposition 3.1 [H, Proposition 3.4] Let ¢ € Cl(@) be a generating normal left G-invariant state
on I1®°(Q), w = ¢(-p?) € C.(G) the corresponding right-invariant state. Then the space of central
(P, Qu)-harmonic elements consists of the scalars.

Proof. Note that by definition ¢ = w" on the center of [°°((G). Consider the operator Qy = (L@¢)A.
Although in general Q4 # Q. for any left-invariant state ¢’ we have

¢'Qy = ¢"Py =w"Py = ¢'Q,

on the center. Similarly, for any right-invariant state w’ we have w'P]} = w'P} on the center.
It follows that for any central elements z; and zy and any intervals Iy C Iy, Iy = [n,m], Io =
[n — k,m + 1], we have

v(in (21)jn,(22)) = ¢ " (21QL P (22)).
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Indeed, e.g. in the case when m + 1 < 0 we get

v(jn (21)in(22)) = 6" " (21Q4 Pl (22)) = ¢ " (21QL, PS (22)).

Hence for any central z; and zo and any finite intervals Iy C I we have

17n (21) = i (22)|l2 = |[vin (21) — Vi (22)]l2

Thus if 2 is a central (P, Q. )-harmonic element, then the distance ||jz(2)—~"j1(2)||2 is independent
of n. Since on the one hand this distance goes to zero as I /" Z, and on the other hand " j;(2)
converges in weak operator topology to a scalar as n — 400, we conclude that jz(z) is a scalar.

|

Corollary 3.2 [H, Corollary 3.5] Assume that the fusion algebra R(G) of the group G is com-

mutative. Then for any generating state ¢ € Ci(G), the scalars are the only central Py-harmonic
elements.

Proof. Commutativity of the fusion algebra means that P, = @), on the center. Thus any central
Py-harmonic element is (P, Q. )-harmonic, and we can apply the previous proposition.
|

Consider now the random walk on the center in more detail. Identify the center of [*°(G) with
1°°(I), where T = Irr(G). For a fixed generating state ¢ € Ci(G), let {p(s,t)}sser be the transition
probabilities defined by the restriction of Py to [°°(I), so Py(I;)Is = p(s,t)ls. Let (€,Py) be the
path space of the corresponding random walk,

Q=[] Pofs|si=t1,..., 50 =tn}) = p(0,t2)p(t1,t2) ... p(tn -1, tn).

n=1

Denote by 7, the projection {2 — I onto the nth factor.
Similarly to Section 1, set

(N.v) = & (%(G),9),
Ju(z) = ... ®@ 1@ A" Yz) for € I°(G), and joo(z) = s* — lim,, ju(z) for z € H®(G, ¢). (In

~

Section 1 we embedded F,(I°°(G)) into B(H) for some H and extended ¢ to a G-invariant normal
faithful state ¢ on B(H), which we don’t do now as the relative commutant interpretation of the
Poisson boundary will not be important.) As was remarked in [NT1], there is an embedding

J (L°(Q,Py), Py) — (N,v)

such that fm, — j,(f) for any f € I°°(I) C I*°(G). If f € [°°(I) is harmonic, then the sequence
{fmn}52, is a martingale, so it converges almost everywhere (a.e.) to a function foo € L>(£,Pp).

Then joo(f) = 7 (foo)- ) R
Denote by H*°(I, ¢) the space [*°(I)NH> (G, ¢) of central harmonic elements. Let E:{*(G) —
[°°(I) be the unique G-equivariant conditional expectation,

E(x) = (p @ 0)®i(x) = Y ¢() L.

sel

By restricting E to HOO(G, ¢) we get a conditional expectation HOO(@, @) — H>®(I,¢).
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Proposition 3.3 Let z,y € HOO(G, ®). Then the sequence { fn}>2, of functions on Q defined by

fn(s) = ¢s, (wy)

converges a.e. to E(x - y)oo € L*(02,Py).

Since f, = E(xy)my, one can equivalently state that {E(zy)m,}, and {E(z - y)my }n converge
a.e. to the same limit.

Proof of Proposition 3.3. Let a be the product-type action of G on N, and E = (p@1)a: N — N¢
the v-preserving conditional expectation. Since j,(z) — joo(x) and j,(y) — Jjoo(y) in s*-topology,
we have
In(2Y) = Jn(®)jn(y) = Joo(T)Joo(¥) = Joo(T - Y)

in s*-topology. Hence Ej,(2y) — Ejso(x - y), and as Ej, = juE, we get jnE(zy) — jooE(x - y) in
strong® operator topology. Using that f, = E(zy)m,, jnE(zy) = j°(E(zy)m,) and joE(x -y) =
J®(E(7 - y)so), we conclude that f, — E(x-y)s in measure. It remains to show that the sequence
{fn}n is a.e. convergent.

It is enough to consider the case x = y*. Let LOO(I”,IPén)) be the subalgebra of L (2, Py)
consisting of the functions depending only on the first n coordinates, E,: L>(Q,Py) — L>°(I", ]P’(()n))
the Py-preserving conditional expectation. For any f € (°°(I) we have E,(fmp11) = Py(f)m,. As

Yy = Py(y)" Ps(y) < Ps(y"y)

by Schwarz inequality, we have E(y*y) < EPy(y*y) = P»E(y*y), whence

fn = Ey y)mn < Po(E(y*y))mn = En(E(Y Y)mns1) = En(fot1)-

Thus the sequence {f,}>%; is a bounded submartingale. By Doob’s theorem, see e.g. [KSK], it
must converge a.e.
]

Corollary 3.4 Let ¢ € C/(G) be a generating state. Assume that the Poisson boundary of the
center is trivial, i.e. H>®(I,¢) = C1. Then for any x,y € H*®(G, ¢) and almost every path s € ),
we have ¢s, (vy) — E(z - y) as n — 0. ]

Corollary 3.5 Let ¢ € Cl(é) be a generating state, V' an irreducible representation of G. Assume
that the Poisson boundary of the center is trivial. Then the multiplicity of V in H*®(G, ¢) is not
larger than the supremum of the multiplicities of V' in U x U for all irreducible representations U

of G.

Proof. By the previous corollary, for any finite dimensional subspace X of H 00(@, ¢) and almost
every path s € €, the restrictions of the irreducible representations I°°(G) — B(H,, ) to X are
asymptotically isometric in L?-norm as n — oo. In particular, these restrictions are eventually
injective. Since the maps H Oo(é, ¢) — B(H,) are G-equivariant, it follows that the multiplicity
of Vin H Oo(é, ¢) is not larger than the supremum of the multiplicities of V' in B(Hy) for all
irreducible representations U of G on Hy. It remains to note that the G-module B(Hy ), or more
precisely, the A(G)-module such that wz = (S(w) ® Vag(x) for w € A(G) and z € B(Hy), is
isomorphic to Hyy ® Hy.
|
For the ¢-deformation G of a compact connected semisimple Lie group the last estimate is
optimal. Indeed, let T" C G be the maximal torus. Then for an irreducible representation V of G
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on H, the multiplicity of V in L>°(G/T) is equal to the dimension of the space of zero weight vectors
in H, that is, the space of T-invariant vectors. On the other hand, by the Frobenius reciprocity
the multiplicity of V in U x U is the same as the multiplicity of U in U x V. Both the multiplicity
Ng v of U in U x V and the dimension mo(V') of the space of zero weight vectors are known to
be independent of the deformation parameter. Hence N[[]]’ v <mgo(V), see e.g. [Z, §131]. Tt follows

that the spectral subspaces of H* (G, @) are not larger than the spectral subspaces of L>(G/T).
Note also that as €0 = ¢ and ¢ is faithful, the Poisson integral is injective on its multiplicative
domain. Thus we get the following result.

Theorem 3.6 Let G be the q-deformation of a compact connected semisimple Lie group, T C G

the maximal torus, ¢ € C|(G) a generating state. Assume that the Poisson integral ©: L*°(G/T) —
H>(G, ¢) is a homomorphism. Then it is an isomorphism. [

Theorems A and B now follow from Proposition 2.4, Theorem 2.5 and Theorem 3.6. Indeed,

—

it follows immediately that if ¢ € C;(I°°(SU,(n))) is a generating state, then the Poisson integral

0: L>®(SU,(n)/T" 1) — HOO(Sm), ¢) is a SU,(n)- and Sm)—equivariant isomorphism, where
T?~! = S(T") is the maximal torus in SUy(n). If ¢ is not generating, then Ugsupp @ corresponds
to a quotient SU(n)/I" of SU(n) and to the quotient G = SU,(n)/T" of SU,(n), which we call the
g-deformation of SU(n)/T". More explicitly, if I" is the group of roots of unity of order m, m|n,
then C(G) is the subalgebra of C'(SU,(n)) generated by the matrix coefficients of U*™, where U is
the fundamental representation of SU,(n). Set T = T" /T, so C(T) is the image of C(G) under
the homomorphism C(SU,(n)) — C(T"1). Then L®(G/T) = L®(SU,(n)/T"1) C L>®(SU,(n)).
Since the assumptions of Theorem 2.5 don’t require w = ¢(-p?) to be generating on Sm), we
again conclude that the Poisson integral ©: L(G/T) — H>®(G,¢) is a G- and G-equivariant
isomorphism. This completes the proof of Theorem B. To prove Theorem A, note that the fixed
point algebra is independent of whether we consider the action of SU,(n), or the action of its
quotient G such that Irr(G) = Ugsupp¢®. Thus (N®) N N is G-equivariantly isomorphic to
L®(G/T) = L*®(SU,(n)/T" ). Clearly, the isomorphism is SU,(n)-equivariant. If we identify
(N®)' NN with H®(G, ), so we get an action of G on (N®) N N, then the isomorphism is also
G’—equivariant.

4 Concluding remarks

For any non-trivial product-type action of SUy(n) on N the fixed point algebra N SUq(n) is obviously
strictly contained in the fixed point algebra N7 for the action of the maximal torus T' C SU,(n)
(contrary to what is claimed in [S2]). Moreover, by our results

(NSUa)y  NT = 12°(T\SU,(n)/T).

Consider the product-type action defined by the fundamental representation of SU,(n) on C". Let
Hoo(q) be the Hecke algebra, that is, the algebra with generators g1, go, ... and relations

9 =(q—aNg+1, ¢igi+10i = Gi+19i9i+1, 9igj = g;9; for |i —j| > 2.

Then NSYa(") is the weak operator closure of the image of Hoo(q) under the homomorphism

m: Hoo(q) — N defined by

m(g) =...@1@ | g mi@mi+(q—q ")) mi®@my;+ > my@my |,
5 i<j i
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7(gn) = 7" '7(g1), where v: N — N is the shift to the left, see e.g. [KS, Proposition 8.40]. The
homomorphism 7 should not be confused with the homomorphisms 74 and 7_ defined by

mi(g) = ®1® [ ¢> mu@mu+(g—q ")) mi@my £y my@my |,
i i>j i#]
7+(gn) = 7" '7+(g1). Using that the unique left SU,(n)-invariant state on B(C") is defined by
the density matrix
(=1 0 ... 0
1— q2 0 q2(n—2) 0
1—qg*n : : o)
0 0 o1

we see that if E: N — «(N) is the v-preserving conditional expectation, then Emy(g;) and Em_(g;)
are scalars, while E7(g;) is not. According to [PP, S1], one has 74 (Hoo(q))” = m_(Hoo(q))” = NT.

As we showed in Section 2, if an element a € C(G) is in the multiplicative domain of ©, then

n 0*0
a= lim  ¢"(1,)0:0;(a).
sel
If in addition the Poisson boundary of the center is trivial, then we have a stronger convergence
result:
a= lim ©F O, (a) (4.1)

n—oo

for almost every path s € ). Indeed, first note that as we assume that l‘x’(@) has a generating
state, the space C'(QG) is separable. Hence by Corollary 3.4 we have ¢ (©(a)O(b)) — £(0(a)-O(b))
for almost every path s €  and any b € C(G). Since

5, (0(a)O(b)) = (65,05, (a)b) and £(O(a) - O(b)) = £(O(ab)) = p(ab),

we see that convergence (4.1) holds in weak operator topology for almost every path s € 2. As in
Section 2, by G-equivariance of O O, we conclude that the convergence is in norm.

Let now G' = SU,(n). Identify I = Irr(SU,(n)) with the set of dominant weights of SU(n). Let
V) be an irreducible representation of SU,(n) with highest weight A\. What we used in Section 3,
is that the multiplicity of V) in B(Hy) is not larger than the multiplicity of V) in C(SUy(n)/T).
In fact, the multiplicities are equal as soon as s is sufficiently large, see [Z] It is e.g. enough
to require s + wA to be dominant for any element w of the Weyl group. Recall also that in the
classical case Berezin transforms converge to the identity on the flag manifold along any ray in the
Weyl chamber. Thus it is natural to conjecture that convergence (4.1) holds for every sequence
s = {sp}>2 such that the distance from s, to the walls of the Weyl chamber goes to infinity.

A significant part of our results is valid for g-deformations of arbitrary compact connected
semisimple Lie groups. The point where we crucially used that the group was SU,(n), was
Lemma 2.10, which allowed us to reduce the proof of Theorem 2.5 to the study of a one-dimensional
random walk. Lemma 2.10 is also valid for ¢ = 1, in which case it is an immediate consequence of
the fact that S(U(m) x T) C SU(m + 1) is a Riemannian symmetric pair of rank one. Hence there
is hope that similar considerations could work for SO(n), Sp(n) and Fy, see [He, Ch. X, Table V].
This will be discussed in detail elsewhere. For the exceptional groups Fg, E7, Fs and Gs, however,
our reduction procedure leads us to consider random walks of higher dimensions. The ultimate goal
would of course be to find a unified proof. For this it could be instructive to understand the origin of
the eigenvector constructed in Proposition 2.11, since to prove that ¢ is the only A,-invariant state
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on C(G/T), it is enough to find a strictly positive eigenvector for A, in the kernel of ¢ on C(G/T)
with eigenvalue less than 1. Remark also that by using commutativity of the fusion algebra as in
the proof of Proposition 1.1, one can show that if G is the g-deformation of a compact connected
simple Lie group and ¢ is the only A,-invariant state on C(G/T) for some w # £, then ¢ is the only
invariant state for any w # £. This, however, does not simplify our considerations in Section 2.
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