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THE TOPOLOGICAL SINGER CONSTRUCTION

SVERRE LUNQE-NIELSEN AND JOHN ROGNES

ABsTrRACT. We study the continuous homology of towers of spectra, with
emphasis on a tower with homotopy limit the Tate construction X*C of a G-
spectrum X. When G = C}, is cyclic of prime order and X = B”? is a p-fold
smash power of a bounded below spectrum B with H*(B;F,) of finite type,
we prove that (B~P)tCr is a topological model for the Singer construction
Ry (H*(B;Fp)) on H*(B;Fp).

There is a map v : B — (B”)!r inducing the Ext-equivalence e :
Ry (H*(B;Fp)) — H*(B;Fp). Hence v and the canonical map (B/\P)r —
(B"PYhCp are p-adic equivalences.
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1. INTRODUCTION

We are interested in the study of the singular homology and cohomology groups
associated to towers

(1.1) Y—-... =Y, =-Y,1—...=Y,

where each Y;, is a bounded below spectrum of finite type. In (1.1) the spectrum
Y denotes the homotopy inverse limit of the tower.

By aresult of Caruso, May and Priddy [7], there exists an inverse limit of Adams
spectral sequences-spectral sequence that calculates the homotopy groups of the p-
completion of Y, where p is a prime. The input for this spectral sequence is the
direct limit of cohomology groups with F,-coefficients

(1.2) col}lm H*(Y,;F)p)

arising from the tower (1.1), considered as a module over the mod p Steenrod
algebra <.

In §2, we discuss towers of spectra and their associated limit systems obtained by
applying singular homology or cohomology with [Fj-coeflicients. We would like to
switch between cohomology and homology by dualizing. To overcome the technical
difficulties involved in dualizing twice an infinite dimensional vector space, we
discuss dualization and filtrations in §2.3.

In the setting described above, the first natural question is: how well do we
understand the structure of (1.2) as an &/-module? There is an interesting example
of a tower of spectra where this question has the answer: very well. In fact, these
questions appeared in the study of Segal’s Burnside ring conjecture for cyclic groups
of prime order. At the heart of W.H. Lin’s proof of the case p = 2, published in
[14], lies a careful study of the o/-module

colim H*(RPZ%,;Fy) = A

n—oo
and it’s associated Ext-groups Ext?"(A,F2). It turns out that A is isomorphic to
the socalled Singer construction R, (F3) on the trivial &/-module Fy. The Singer
construction has an explicit description as a module over .« and, more importantly,
has the property that there is an ismorphism

€ - Ext™ (M, Fy) = Ext™) (R (M), Fy)

for any bounded below and finite type «/-module M.
Our objective is to present a generalization to these results. Specifically, for a
bounded below spectrum B of finite type, we will construct a tower of spectra

(BMP)C% — . — (B"P)C%[n + 1] — (B"P)![n] — ...

such that
colim H*((B"?)Cr[n]; F,) = Ry (H*(B;F,)).

Here p is a fixed prime and B”? is a chosen equivariant model of the p-fold smash

power with the cyclic group C, of order p acting by permutation of the factors.

The case of the Cs-Segal conjecture will be a special case of this, when B = §

is the sphere spectrum. As an application, we prove in Corollary 5.15 that the

fixed points of B/P and its homotopy fixed points are homotopy equivalent after

p-completion, under bounded below and finite type restrictions on the spectrum B.
2



In §3, we define the algebraic Singer construction on an «/-module M and study
its cohomological, as well as its dual, homological version.

Then, in §4, we define a certain choice of tower of spectra with homotopy inverse
limit equivalent to the Tate construction X*“ on some G-spectrum X. We address
the associated spectral sequences and discuss the differences between working with
homology contrary to previous work where one focuses on homotopy directly. ([3],
[11]).

In §5, we then specialize and consider the case when X = B”P. We also need to
discuss the genuine equivariant model of the permutation spectrum B”?.

For any «7-module M the Singer construction R, (M) is an o/-module resembling
the &/-module & ® M in some ways. There is an <7-linear evaluation map ¢ :
R, (M) — M analogous to the evaluation map & ® M — M sending Sq" ® x —
Sq™(x) for p = 2, and similarly for p > 2.

1.1. Notation. We denote by &/ the mod p Steenrod algebra and by <7 its Fp-
linear hom dual. We will work with modules over ./ and comodules over 7.

The spectra that occur in the present paper will usually be named Y, X and
B. The latter will typically mean some bounded below, finite type spectrum or
S-algebras. Spectra denoted X will be equipped with an equivariant structure.
The main examples we have in mind are X = TH H(B), the topological Hochschild
homology spectrum and X = (B”P). When dealing with generic towers of spectra,
we will use Y. Again, our example of main interest is the Tate construction on
some equivariant spectrum X.

1.1.1. History and Notation of the Singer construction. The Singer construction
appeared originally in [16]. The work presented here concentrates on its relation to
the calculations by Lin and Gunawardena and their work on the Segal conjecture
for cyclic groups of prime order. A published account for the case of the cyclic
group of order 2 is found in [14]. A further study appears in [1], where a more
conceptual definition of the Singer construction is given.

In W. Singer’s papers [16] and [17] the Singer construction on an </-module M is
denoted by Ry (M). In [16], the following question is posed: Let M be an unstable
o/-module and let A =F3{Sq’ | s € Z}. Then there is a map of 5 vector spaces

d:AQM — M

given by Sq® ®m — Sq®(m). Does there exist a natural «/-module structure on the
source of d rendering this map an 27-linear homomorphism?

The problem is solved by considering a functor R on the category of unstable
o/-modules to itself: The object R(M) is a module over R(F2). The latter is an
of -algebra isomorphic to the polynomial ring P(e) on one generator e in degree
1, and by an idea of Wilkerson [18] the module R(M) is localized with respect to
the multiplicative subset {1,e,€?,...} € R(Fz) to produce an (in general unstable)
o/-module denoted Ri(M). Then it is shown that there is a natural map d :
R{(M) — M of degree +1, and finally that there is an Fy-linear isomorphism
A®M=R, (M)

The connection between the continuous cohomology of (5.4) and the Singer
construction can be found in [5, §5, Theorem 5.1]. Here, the Singer functor is
still denoted by R4, but it differs by a shift of degree one from the R, in Singer’s
work [16] and [17].



In connection with the Segal conjecture, Adams, Gunawardena and Miller [1]
published an algebraic account of the Singer construction using the letter 7" for
what was previously denoted Ry. Precisely, in [1], the authors define a functor 7"
which is the same as the R used in [5]. For the trivial «/-module F,, the Singer
construction is isomorphic to the Tate cohomology groups H *(Xp;F,) but with a
shift of one degree. Since the cup product structure is important in their work, the
authors of [1] would like to have this isomorphism to be of degree zero, and are thus
led to define 77 = X~ !T" as their Singer construction. This 7" is the same functor
as the R, in Singer’s original work [16] and [17]

In the following we will make use of the fact that the Singer construction on an 47-
module M comes equipped with a homomorphism of &/-modules ¢ : Ry (M) — M.
In Singer’s work [17], this map has degree +1 (and was named d), whereas in [5]s
definition of R (—) it has degree 0. We choose to follow the grading conventions of
[5] mainly because this is the functor that, with no shift of degrees, describes our
continuous (co-)homology groups. The homomorphism € will also be realized by a
map of spectra and will therefore be of degree zero.

Furthermore we choose to write Ry(M) instead of T"(M), T'(M) or T(M)
because the letter T is heavily overloaded by the presence of THH, the Tate-
construction and the circle group T. To add to the confusion, the letter T is also
used in Singer’s [17] work, but with a different meaning than the T appearing in

[1].

1.2. Acknowledgements. This work started out as part of the first author’s PhD.
thesis supervised by Prof. John Rognes at the University of Oslo. The author wishes
to express the deepest gratitude to Rognes for offering ideas, help and support
during the work of his thesis.

Further, the first author wishes to thank Bob Bruner, Gunnar Carlsson and Inger
Christin Borge for extensive reading of the original manuscript and supplying many
corrections to it.
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and Morten Brun and for taking an interest in this work, helpful comments and
discussions.

This document was prepared during the first author’s stay as a post doc. at
the IGAT/EPFL in Lausanne, Switzerland and at Stanford University, California,
USA, and finalized under the RCN-funded OYT research program of John Rognes
at the university of Oslo, Norway.

2. LIMITS OF SPECTRA

We introduce our first definitions regarding towers of spectra and their associated
homology groups and cohomology groups. These towers will consist of spectra such
that the singular F,, (co-)homology at each stage will be bounded below and of
finite type over F,,.

The motivation for this definition is a result by Caruso-May-Priddy saying that
that there is an inverse limit of Adams spectral sequences arising from such towers,
calculating the homotopy of the inverse limit spectrum.

The input for this inverse limit of Adams spectral sequences will give us the
definitions of the continuous (co-)homology groups.

We will always work at a fixed prime p.
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2.1. Inverse limits of Adams spectral sequences. Let {Y},},cz be a collection
of spectra with stable maps f, : ¥;, — Y,,41 for all n and let Y be the homotopy
inverse limit over this system.

(2.1) Y o o Y Iy T Y

Definition 2.1. We say that a spectrum Z is bounded below and of finite type over
F, if the homotopy groups m.(Z) are bounded below, and if the singular homology
with Fp,-coefficients H.(Z;Fy) is of degreewise finite type over F,.

When p is understood we will say that a spectrum Z is bounded below and of
finite type without reference to the prime p. We will also write H(—) for H(—;F),)
to shorten notation.

We assume for the rest of this chapter that Y is the inverse limit of a chosen
tower of spectra (2.1) such that each Y,, is bounded below and of finite type over
Fp.

For each n there is an Adams spectral sequence {E,.(Y,)}, with Es-term

E;t(yn) = EXt;t(H*(Yn>v]Fp) = Wt*S((Yn);/J\)

converging strongly to the homotopy groups of the p-completion of Y,,. Here &/
denotes the mod p Steenrod algebra.

The tower (2.1) induces maps of Adams spectral sequences fp. : {E.(Y,)} —
{E+(Yn41)}. For every r let E.(Y) = lim E"(Y,) denote the inverse limit as n —

—oo. It is clear that

(2.2) Ey'(Y) = Ext® (colim H*(Y,,),F,).

n——0oo

We now state and prove a slightly sharper version of [7, Proposition 7.1].

Proposition 2.2. Given a tower of spectra {Y,} such that for every n, Y, is
bounded below and of finite type over F,.

The sequence of bigraded groups {E.(Y)}, are the terms of a spectral sequence
converging strongly to the homotopy of the p-completion of Y.

The essential difference between this statement and the statement in [7] lies in
the hypothesis on Y,,: we replace the condition that each Y,, should be finite type
over Z with the condition that H.(Y;;F,) should be of (degreewise) finite type.

We will refer to { E,-(Y) }as the inverse limit of Adams spectral sequences associated
to the tower {Y,,}.

Proof. For any connective spectrum X with H,(X;F,) of finite type, the Adams
spectral sequence converge to m, (XI/)\). Since the Fy and E,.-terms of this spectral
sequence are of finite type, the (Abelian) groups . (X,') are compact and Hausdorff
in the topology given by the Adams filtration.

The category of compact Hausdorff Abelian groups is an Abelian category. There
is a Pontryagin duality that assignes to an Abelian group G, the character group
hom(G, S'). This duality induces a contravariant equivalence of categories between
the category of compact Hausdorff Abelian groups and the category of discrete
groups.

For a small category I and an Abelian category A, the functor category A/ =
Fun(I, A) is again an Abelian category.

5



It follows that the inverse limit functor of filtered diagrams of compact Hausdortf
Abelian groups is an exact functor, by the Pontryagin duality and the fact that
taking colimits of filtered diagrams of discrete groups is an exact functor.

We now repeat the proof of |7, prop 7.1], using our version on the exactness of
the inverse limit functor.

We can construct a diagram of spectra

AN
(23) te Zoo,s T Zoo,O = Y00p

fn+1

Zn,s Zn,O:Y/\

np

f1

AN
Zo,s e Zo,0 = Yo,

where each row involving a finite n is an Adams resolution, and such that each Z,
is a bounded below spectrum of finite type over I, for every finite n. The limiting
terms in the upper row are the homotopy limits
Zoo,s = holimZ,, ;.
n—oo

For every n, each resolution of Y, gives then rise to an exact couple of homotopy
groups, such that all groups involved are Abelian, compact and Hausdorff.

Exact functors between Abelian categories preserve kernels, images, cokernels
and homology. Hence, taking the inverse limit of these groups then commutes with
taking homology, and the sequence of spectra

(2_4) ..._>Zoo,s_)..._) OO,O:YOO
gives rise to an exact couple with an associated spectral sequence with terms given
by

E¥' > lim E3Y(Y,).

n—oo

Hence, the inverse limit of Adams spectral sequences has the desired E?-term.
We must now check the convergence of this spectral sequence. The Adams
resolution for each Y, is constructed so that

lim 7,(Z, ) = Rlim 7.(Z,,s) =0.
S S
These two conditions ensure that the Adams spectral sequence for Y,, converges

conditionally, in the language of Boardman. For the inverse limit resolution (2.4),
the standard interchange of limits isomorphism gives

lim lim 7, (Z, ) = lim lim 7.(Z, ) = 0.
S n n S
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Moreover, the exactness of the inverse limit functor in this case implies that the
derived limit

Rlim lim 7. (Z,,s) =0

vanishes too and we get that the inverse limit Adams spectral sequence is conditionally
convergent t0 . (Yoo)))-

The inverse limit of Adams resolutions (2.4) give rise to an upper halfplane
spectral sequence with entering differentials, in the sense of Boardman. For such a
spectral sequence, strong convergence follows from conditional convergence together
with the vanishing of the groups

RE. = Rlim Z>!(Ya).

See [2, 5.5, 5.6, 8.1]. Again, the vanishing of RE, is secured by the exactness of
lim. (]

2.2. Continuous (co-)homology. The spectral sequence (2.2) is central to the
proof of the Segal conjecture for groups of prime order and will be the foundation
for the present work. Our work will, in analogy with Lin’s proof of the Segal
conjecture, focus on the calculation and properties of the FEs-term of the above
spectral sequence.

Definition 2.3. Let p be any prime. Let Y be the homotopy inverse limit of a
tower of spectra as in (2.1) with each Y, bounded below and of finite type over Fy,.
Define the continuous cohomology of Y with Fy-coefficients as the colimit

H(Y;Fp) = colim H* (Y3 Fp).
Dually, define the continuous homology of Y with IF,-coefficients as the inverse limit

HL(Y;Fp) = lim H,(Yn;Fp) .

As already mentioned, we choose to suppress from the notation the tower of
which Y is a homotopy inverse limit. However, we do so with a warning: Let p = 2
and let Y = (S°)% be the 2-completed sphere spectrum. Since Y is bounded below
and of finite type, we may express Y by the constant tower of spectra. But by W.
H. Lin’s theorem, (S°) ~ holim,, SRP>, where each YRP> is also finite type
and bounded below. But colim, H*(SRP>,) = YXP(e,e ') = R, (F3) which is
vastly larger than H*(S°) = F,. The continuous cohomology groups are dependent,
on the choice of inverse system.

Since we are considering field coefficients and each spectrum Y;, is assumed to
be of finite type over F,,, we get that the F,-linear dual of H}(Y) is isomorphic to
HE(Y). The continuous homology will typically be an infinite dimensional vector
space over I, in each degree, so the double dual is generally not isomorphic to
the continuous cohomology. However, if we take into account the topology on the
inverse limit given by the filtration from the tower, we do get that the continuous F,-
linear dual of the continuous homology is isomorphic to the continuous cohomology.
We discuss this in §2.4.

Note that the continuous cohomology is a direct limit of bounded below .o7-
modules. The direct limit may of course not exist in the category of bounded below
modules, but we do get a natural /-module structure on H*(Y') in the category of
&7/-modules with no boundedness restrictions.

7



Dually, the continuous homology is an inverse limit of bounded below «,-comodules,
but the inverse limit may be neither bounded below nor an algebraic .-comodule.
In general we get a completed coaction of 7

H{(Y) — & H{(Y)
where —®— is the tensor product completed with respect to the topology of the

continuous homology given by the kernel filtration induced by the inverse limit
system.

2.3. Filtrations. For every n € Z, let A" be a graded F,-vector space and assume
that these vector spaces fit into a sequence

(2.5) 0 - A An—1 . A—o0

with trivial inverse limit and colimit denoted by A~>°. We assume further that
each A" is finite dimensional in each degree. Let A, be the F,-linear dual of A™.
The sequential limit above dualizes to a limit system

(2_6) Aioo A Anfl An - 0

with inverse limit A_ .. isomorphic to the dual of A~ and trivial colimit. The
last fact follows from the assumption that A™ is finite dimensional: Indeed,

(2.7) lim A™ & lirgl homg, (A, F,) = homg, (colTiLm A, Fp)

n
and thus lim,, A™ = 0 implies that colim,, A,, is trivial since the latter injects into
its double IF)-linear dual.
Following Boardman’s notation [2, Lemma 5.4], we define filtrations of the colimit
of (2.5) and the limit of (2.6) using the corresponding sequential limit systems.

Definition 2.4. For each n € Z, let
F"A™° =im(A" — A7)
FrLA_o =ker(A_ — Ay) .

Then
(2.8) L CFTAT® CFVIAT® CL Cc AT
and
(2.9) .CF, A_CF,A_C...CA_

define a decreasing (resp. increasing) sequence of subspaces of A= (resp. A_)-
By definition, the filtration (2.8) exhausts A~°°. By our assumption that the
inverse limit of (2.5) is trivial, the filtration is also Hausdorff (i.e. lim, F"A™> =
0.) Furthermore, it follows that each F™" A~ is also degreewise finite dimensional
and thus the first right derived limit vanishes; Rlim,, F"* A~ = 0. This is equivalent
to saying that the filtration is complete, i.e. that the canonical map A= —
lim,, A=>°/F™ A~ is an isomorphism. Completeness is equivalent to saying that
Cauchy sequences converge in the topology given by the filtration. That the
filtration is Hausdorff is saying that Cauchy sequences have unique limits.

For the filtration (2.9), one gets without any hypotheses that the filtration is
Hausdorff and complete (compare with the proof of [2, Lemma 5.4 (b)]). Further,
it follows from the fact that the colimit of (2.6) is trivial that the filtration (2.9) is
exhaustive.

We collect the above facts in the following lemma.

8



Lemma 2.5. Assume that the limit of (2.5) is trivial and each A™ is degreewise
finite dimensional. Then both filtrations given in Definition 2.4 (of A= and its
dual A_ ) are exhaustive, Hausdorff and complete.

2.4. Dualization. We defined (2.6) and (2.5) to be F,-dual to eachother. We now
discuss how the limits correspond via dualization.

First of all, the dual of the colimit of (2.6) is isomorphic to the inverse limit
of (2.5) since hom(—,F,) is right-exact. However, the dual of the limit of (2.6) is
isomorphic to the double dual of A~°° which contains A~°° in a canonical way, but
is often strictly bigger.

To remedy this, we take into account the topology on the inverse limit induced
by the inverse system and dualize by considering the continuous hom-dual.

The collection {F,,A_o}, gives a basis for the open neighborhoods around
0 € A_ and a continuous homomorphism f : A_., — k is thus an Fp-linear
function whose kernel contains F, A_ ., for some n. We write hom“(A_,F,) for
the continuous dual of A_ .

Lemma 2.6. There is a natural isomorphism
homp, (A7, Fp) 2 A_.

Let A_ » have the topology induced by the system of neighborhoods {F, A_..}. Then
there is a natural isomorphism

hom]ﬁp (Ao, Fp) 2 A7

Proof. The first isomorphism has already been explained. For the second, we have
a canonical inclusion of A~ into its double (continuous) dual

A™% — hom“(hom(A™°,F,),F,) = hom®(A_o,F,).
By definition, F*"A~>° = im(A"™ — A~>°). It follows that

hom(F"A™°,F,) ¥ im(A_o — An) T A_/FLA_.
Thus we can write the canonical map from F™A~°° into its double dual as

F"A™ — hom(A_o/FrnA_,Fp).
This map is an isomorphism since F"* A~ is degreewise finite dimensional. Passing
to the colimit as n — —oo, we get the desired isomorphism
A7 = colim hom(A_/FrA_o,Fp) = hom(A_o,Fp).

n——oo

O

2.5. Limits of &/,-comodules. Until now, the objects of our discussion have been
vectorspaces over F,,. We will now add more structure and assume that (2.5) is a
system of modules over «/. It follows that the dual tower (2.6) is a system of
comodules over the dual Steenrod algebra <.

We need to discuss in what sense this structure carries over to A= and A_ .

Let M, be a complete topological graded vectorspace over IF,,. For a topological
graded vectorspace V, with the discrete topology, we often wish to consider the
completed tensor product V,&M,, completed with respect to the induced topology
on V, ® M,.



We say that M, is a complete ,-comodule if there is a continuous graded
homomorphism v : M, — o,& M, such that the diagram

14

(2.10) M, A @M,

i Ph®1
v

o

LM, —5 A, S(AGM,) —> (o, ® A)OM,

commutes. Let N, be another complete f,-comodule and let f : M, — N,
be a continuous graded map. Then f € homS, (M., N,) if the obvious diagram
comimutes.

Suppose given a direct system of bounded below and finite type F,-vectorspaces
as in (2.5). Suppose further that this system is one of &/-modules, i.e. we have a
compatible system of action maps

(2.11) un): o @ A" — A™.

Lemma 2.7. In the setting above, A= is an </-module, and the topological
vectorspace A_o 15 a complete o, -comodule.

Proof. The category of o/-modules is closed under direct limits, so the first claim
of the Lemma is immediate. We denote the &/-module with action map on the
colimit, by
i @ AT — AT,
For every n, we denote the F,-dual of (2.11) by
vin]: A, — . ® A,

which gives A,, the structure of an Z-comodule. The [F,-dual of y is realized as
the inverse limit of v[n] as n — —oo:

(2.12) v=limvn|:A_ o —lim & ® A, .

n

This coaction map is continuous since it is realized as the inverse limit of a homomorphism
of towers. We identify the target of he coaction map v in (2.12) in terms of the
completed tensor product as follows:

G RA_ o =lim A, @ A_o/FrA_o
n
> lim & @ Im(A_o — Ap) — lim & ® A,

where the last inclusion is in fact an isomorphism since 7 is (degreewise) of
finte type. Indeed, let Z,, = A, /im(A_o — A,). Then lim Z,, = 0 and more

importantly, lim <7, ® Z, = 0 since & is of finite type. Taking the limit as
n — —oo, the egl(act sequence

0> @m(A_ = Ay) > F A, - . RZ, —0
induces a 6-term exact sequence which breaks down to the isomorphism

lim o, @ iIm(A_o — 4,) = lim o, ® A,

since the third term is trivial. Said in another way, the completion of the image of
the natural inclusion
P @ Ao — lim A, ® Ay,
n

10



is the whole of lim &7, ® A,,.

To summarize, &7, is a complete topological graded IFj-vectorspace with a
continuous homomorphism

ViAo — SRA_ .

The commutativity of diagram (2.10) is immediate since it is obtained as the inverse
limit of the corresponding diagrams involving A,,. Hence, A_, is a complete .oZ-
comodule.

O

If we consider the category of complete, topological graded F,-vectorspaces and
continuous homomorphisms, there is a subcategory of complete «Z,-comodules such
that for two objects M, and N,, the morphism set is given by the equalizer diagram

f—1®fov .
(213) hom;{* (M*, N*) - hom]%‘p (M*’ N*) - homf}p (]\4*7 %@N*) .

_—

frovof

3. THE ALGEBRAIC SINGER CONSTRUCTION

Classically, the algebraic Singer contruction is presented as a functor on the
category of modules over the Steenrod algebra. We recall its definition and some
of its properties in §3.1. We then dualize the construction in §3.2.

Later, we will see how the algebraic Singer construction arises in its cohomological
(and homological) form as the continuous cohomology (and continuous homology)
of a certain tower of truncated Tate spectra. From this tower of spectra we will
derive a filtration on the Singer construction which we will define algebraically in
the present paragraph. When we come to §5.2, we will see how the filtration defined
here relates to the natural filtration arising from topology.

3.1. The cohomological Singer construction.

Definition 3.1. Let M be an < -module. The Singer construction on M is a graded
o/ -module denoted R (M) such that, for p = 2, additively we have

YR, (M) = Ple,e )@ M
with the action of the Steenrod squares given by the formula
(3.1) Sa*(e"@m) = (_2) e @ 8q' (m).
For p > 2, the additive definition is
SR (M) =E(e) ® Pz, ") @ M
with the action of the Steenrod algebra is determined by the formulas

po(ar m) = Y- (7 )t g piny

- s —pi
sir_ip_l_]' r+(s—i)(p—1)— %
+Z(—1)+( s(—pi—)l )em He=Dr=D=1 g 3Pi(m)
r—1—i(p—1)
s —pi

PS(exr—l ® m) _ Z(_l)s—i-i(

i

)exr—l-‘r(s—i)(p—l) ® PZ(m) )

11



and A ‘
Be'z" " @m) =i(z" @ m)
fori=0,1. The grading is determined by letting deg(e) =1 and deg(x) = 2.

Note that the action of the Steenrod algebra is not the diagonal action gotten
from the coproduct in the Hopf algebra structure of <.

The Singer construction is related to the cohomology of the cyclic group C,. In
fact, let BC, be the classifying space of the cyclic group of prime order p. Then
H*(BC,_;F,) = P(z, 2~ )@ E(e) with z and e of degree 2 and 1 as in the definition

P
above. The structure of H*(BC) ;F;) as an &/-module can be extended to an /-
module structure of the localization H*(BCPJF;IFP)[x’l]. By letting M = F,, we

get that ¥~' R (F,) is isomorphic, as an .«/-module, to H*(BC, ;F,)[z7"].

When p > 2 there are two versions of the Singer construction: the one given here,
which is related to the cyclic group C),, and one which is related to the cohomology
of ¥, the group permutations of p letters. The latter yields a smaller 27-module.
The bigger version is, roughly speaking, p — 1 times the size of the smaller version.
In our work, we are only concerned with the version of the Singer construction
related to the group C).

3.1.1. The cohomological e-map. An important property of R (M) is that there
exists a natural homomorphism € : R (M) — M of o/-modules. In Singer’s original
definition for p = 2, the map is given as by the explicit formula

(3.2) Ye' ' @m i Sq"(m).

For p odd, the sub &7-module spanned by elements on the form Yeta” P~ @m sits
as a direct summand of Ry (M). The homomorphism € is given by first projecting
onto this direct summand and then compose with the map

(3.3) Yela" PV @ m o B1TUPT (m)

We recall the key property of e. The following definition is due to Adams-
Gunawardena-Miller [1].

Definition 3.2. A map of </-modules L — M is a Tor-equivalence if the induced
map

(34) TOI'f* (Fpa L) - TOI‘f* (]Fp7 M)

is am isomorphism.
The relevance of this is the following.

Proposition 3.3 ([1]). If L — M is a Tor-equivalence then for every bounded
above right o7 -module K the induced map

(3.5) Tor (K, L) — Tor’ (K, M)

is an isomorphism. For every bounded below left o/ -module N of finite type, the
induced map

(3.6) Ext®}(M,N) — Ext’ (L, N)

is an isomorphism.
12



And finally
Theorem 3.4 (Gunawardena, Miller [1]). The evaluation map € is a Tor-equivalence.

In particular, we will in calculations encounter instances of .27-module homomorphisms
R (M) — M induced by maps of spectra. In case M has a simple description as
an «/-module, it is often possible to determine those maps by using the following
corollary of Theorem 3.4.

Corollary 3.5. Let M, N be any left o/ -modules such that N is bounded below and
of finite type over Fp,. Then any & -linear map f : R (M) — N factors uniquely
as f o€ for some </ -linear homomorphism f: M — N.

Ry(M) 1> N

| A
M
Proof. Since N is bounded below and of finite type, a special case of theorem

3.4 and proposition 3.3 says that €¢* : Homa (M, N) — Homy(Ry(M),N) is an
isomorphism, and the corollary follows. O

Remark 3.6. A special case of this occurs when N = M is a cyclic &/-module. Then
F, = Homg (M, M) = Homa (R4 (M), M), so any o/-linear map Ry (M) — M is
equal to €, up to a scalar multiple.

3.2. The homological Singer construction. Before we define the homological
version of the Singer construction on an -comodule M,, we need to discuss a

filtration on the cohomological Singer construction. For a bounded below, finite
type &/-module M, let

F'Ry(M)=F,{Sz"e¢"@m|ic{0,1},r € Z,m € My,
1+2r+i—k(p—1)/2>n}
F'"Ry (M) =TFy{Xe @m | j € Z,m € My,

1+j—k>n}.
for p > 2 and p = 2 respectively.
Then
(3.7) . CF'R,(M)C F" 'R (M) C...C Ry (M)

is an exhaustive filtration of Ry (M), which is clearly Hausdorff. Because M is
bounded below and of finite type, each F"™" R, (M) is of finite type, and the right
derived limit is also trivial. Hence, the filtration is complete.

For reasons to appear later, we will refer to this filtration as the Tate filtration.
When M is the cohomology of a bounded below and finite type spectrum, we will
see how (3.7) is induced from topology. In this case, it will also be immediate that
the filtration is one of &/-modules. For a general «/-module M, this can be checked
directly using the explicit formulas in Definition 3.1.

We are now in the situation we discussed in the previous paragraphs, with A™ =
F"Ry(M) and A= = Ry (M). Consider the F,-dual of the direct system (3.7).
We let F" R, (M), = homg, (F"R,(M),+F),) and get an inverse system

(3.8) .o > F"R (M), — F"" 'R (M), — ---
13



as in (2.6) with A, = F"R,(M),.

Definition 3.7. Let M, be a left <7, -comodule which is bounded below and of finite
type. Denote by M the o/ -module homg, (M., F,), dual to M,.
The homological Singer construction on M, is the complete o/, -comodule given
by
Ry (M,) = homg, (R4 (M), Fp).

Thus, Ry (M,) is isomorphic to the inverse limit of (3.8).

A more explicit description can be given: Let p = 2. We choose the monomial
basis for X P(e, e~1). Then the Fo-dual is isomorphic to the ring of Laurent polynomials
P(u,ut), where u™ is of degree —n and is dual to e "~ 1.

Likewise, for p > 2, we let F(u) ® P(t,t71) be the dual of XE(e) @ P(z,z 1)
where t has degree —2, u has degree —1 and u*t" is dual to Xe!~iz="" 1

Using our notation for the dual of the Laurent polynomials, we have the following
identifications

F'Ry (M), 2T {u't" @ a|ic{0,1},r € Z,a € (M),
i+2r+k(p—1)/2<-n}

F'"Ry(M), 2F{v’ @ a|jcZ,ac (M),
j+k<—n}.

for p > 2 and p = 2 respectively. Moreover, the Fp-dual of the maps of (3.7) is
given by the obvious projections. The F, functional dual of Ry (M) is isomorphic
to the inverse limit of the dual of (3.7):

(3.9) o= FPIRL (M), — FPR(M), — ...
Thus, Ry (M.,) is isomorphic to the vectorspace of formal series
(3.10) Z ut @ oy for p = 2, and
=
(3.11) Zti®ai+2utj ® oy for p > 2.
=7 jez

Using the topology on R4 (M), given by the kernel filtration coming from (3.9), we
may reformulate this as follows: Let

A Pt,t™" )@ E(u) ;p>2
| Pu,uh) ip=2.
Consider A ® M, C Ry (M), inside the dual of Ry (M). Then for every n, the

composition A ® M, C Ry (M), — F"R(M), is surjective, so the completion
A®M, is easily seen to be canonically isomorphic to R (M)..

3.2.1. The homological €,-map. Let
€ M, — Ry (M,)

be the dual of € : Ry (M) — M. Then ¢, is a continuous homomorphism of complete
,-comodules. Continuity is trivially satisfied since the source of €, has the discrete
topology.

Dualizing (3.2) and (3.3), we see that ¢, is given by the formulas

(3.12) ex(a) =Y, u"®Sq(a).
14



for p = 2, and
(3.13) ex(a) =3, umitTP=D @ (B P"),(a).

for p odd.

Lemma 3.8. Let M and N be bounded below, finite type </ -modules and let M,
and N, be their respective Fp,-dual 7, -comodules.
Then,
Ex : homfz{*(N*a M*) - hom;{*(N*a R+(M*))

s an isomorphism.

Notice that continuous homomorphisms are the same as ordinary homomorphisms
since N, is discrete.

Proof. Let €[n] be the composition
F'"Ry(M) C Ry(M) = M,

and €[n]. : M, — F"R (M), be its F,-dual. Then both source and target of ¢[n]
and €[n]. are bounded below and of finite type. Consider the commutative diagram

hom, (F"Ry (M), N) o hom, (M, N)

lm lm

hom,ccz{* (N*7 FnR+(M)*) ﬁ homfz{* (N*v M*) )
where the vertical homomorphisms are the standard isomorphism between «7-
module homomorphisms and @%-comodule homomorphisms. Again, the functor
hom{, (N, —) is the same as hom, (V., —) since N, is discrete.
By passing to inverse limits, we get the commutative square
hom,y (R, (M), N) <——————hom/(M, N)

€

|- lu

lian hom{, (N,,F"Ry(M),) < hom{, (N,, M,).

By commutativity of the diagram, the lower horizontal homomorphism is an isomorphism.
The lemma follows from the fact that hom{, (., —) is a right-exact functor on the
category of continuous &.-comodules, and thus commutes with inverse limits.

By (2.13), it suffices to check that homg (N, —) is right-exact. Indeed, let V.
be a complete F,-vectorspace and let {Uy} be a system of open neighborhoods
containing 0 € V.. Then

homf;p (V.®N,, W,) = colim homg, (Vi /Usq @ N, W)
= colim homg, (Vi /Uy, homp, (N, W.))
«
= homg (Vi hompg, (N, W) .

Thus, homg, (Ns, —) = homg (N, —) is right adjoined to —®N, and the claim
follows. O
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3.2.2. Various remarks on the homological Singer construction. The following remarks
are not necessary for our immediate applications, but we include them to shed some
light on the coaction map and on the e-homomorphism and their relations to the
completions introduced so far. For simplicity, we let p = 2 for the rest of the
paragraph.

Consider the @Z-coaction map

v R+(M*) — m®R+(M*) .

Let o € M, and n € Z. Dualizing (3.1), we get that the dual Steenrod operations
on Ry (M,) are given by
—1-n—-s ; ;
14 S s n — n+s—1 S 7 .
314 o0 = 3 (7 esd
The sum (3.14) is finite since M, is assumed to be bounded below, so we have the
following commutative diagram:

(3.15) R, (M,) z A SR, (M),

Plu,u" ) ® M, —> oA &[P(u,u=") ® M,].

Two remarks are in order. First, the subspace topology on P(u,u~1) ® M, is not
the discrete topology, nor is it complete with respect to this topology. Indeed, any
topological space is complete with respect to the discrete topology. On the other
hand, we saw earlier that the completion of P(u,u~!) ® M, was isomorphic to the
entire homological Singer construction R (M., ). Hence the subspace P(u,u~1)®M,
is not a complete Z,-comodule in the sense explained above.

Second, note that there are elements m € P(u,u ') ® M, with the property that
Sqt (m) is nontrivial for arbitrary many indices i. Take for example m = u ® « for
any « € M,. Then, according to (3.14), letting s = 2" — 1 yields

271 _ -2 -1 2"+ i
Sas (u®a);<2r_1_2i>u ® Sqy ()

where each binomial coefficient is nonzero. Hence, for every r > 0, this sum contains
at least one nonzero term for i = 0.

Next, we will identify the image of the homological version of the Singer evaluation
map

€t M, — R (M,) = P(u,u" " )OM, .

We know already that €, is injective. The statement is, loosely speaking, that the
image consists of those elements of P(u,u™1)® M, C Ry (M,) with finite co-action.
We will now explain this.

Even though e, takes values in the completed tensor product, its image is in fact
contained in the algebraic tensor product. This follows from our assumption that
M, is bounded below. L.e. there is a commutative diagram

€x

(3.16) M, — = R, (M,)

Plu,u™t) @ M, .
16



In this diagram, we interpret M, as having the discrete topology and P(u,u")® M,
to have the subspace topology. As noted above, the latter is not a complete <7,-
comodule, so only the homomorphism ¢, lives in the category of complete .o7-
comodules.

Let . C P(u,u™!') ® M, be the maximal algebraic sub «/-comodule. By this
we mean the the maximal subspace .% such that the following extension of (3.15)
diagram commutes

D@ M, — #,&[P(u,u™") @ M,]

T

- o, @ F

and such that v/ gives .# the structure of an -comodule. Note that .# is
nonempty: Let o € M, be an “-comodule primitive class. Such an « exists
since M, is assumed to be bounded below. Then the class 1 ® a € P(u, u’l) & M,
is itself @7.-comodule primitive and is thus contained in .%#. This fact is easily
checked by using the explicit formula (3.14). Notice also that 1 ® « is the image
under ¢, of the class @. The complete description of .# generalizes this nicely and
is due to Marcel Bokstedt and John Rognes:

Proposition 3.9. For p = 2, the injective image of the homomorphism €, is equal
to the sub <, -comodule F

Proof. Since M, is assumed to be a bounded below ,-comodule and €, is a
homomorphism of complete @Z.-comodules, we conclude that diagram (3.16) can
be further sharpened to say that the image of e, is contained in % C R, (M,). Le.
we have the following commutative diagram

N

where i is the composite inclusion .# C P(u,u" 1) @M, C P(u,u™)®M, = R, (M).
We will show that €, is surjective, and thus an isomorphism, by producing an
inverse. To accomplish this, we would like to apply Lemma 3.8 with K, = M,
and L, = .%. However, we do not know a priori that .# is bounded below and
finite type. Working around this, we will write .# as a colimit of bounded below
a.-comodules of finite type, apply the Lemma and finally pass to the limit.

Given an (algebraic) Z.-comodule & with coaction map v : & — < ® &. We
do not assume that & is bounded below nor finite type. Let b& C & be a sub
vectorspace which is finite dimensional, and let b& the .o7,-comodule generated by
b&. Then obviously, b& is also finite dimensional as a F,,-vectorspace. In particular,
b.Z is bounded below and of finite type.

We will now use this to filter .# by bounded below .&7,-comodules of finite type.
Let n be any integer. Then the sub vectorspace

)

bF, =F,{W @ a € F |n>j>—n,deg(a) <n}
17



is bounded below and of finite type. By letting b.%, be the .2Z,-comodule generated
by b.%,, we have a direct limit system

e CBFsr C BT

of bounded below .&-comodules of finte type, with direct limit isomorphic to .%.
Thus, by Lemma 3.8, we have a commutative diagram

M,>—"> R, (M.)
bF

for every n > 0. Passing to the colimit as n — oo, we get

(3.18) M,>—"> R, (M.)
F .
Combining (3.17) and (3.18), we conclude that €/, is an isomorphism of o7,-comodules.

O

4. THE TATE CONSTRUCTION

We define the Tate construction and set up the relation with homotopy orbit- and
homotopy fixed point spectra. We show that the Tate spectrum can be expressed
as the homotopy inverse limit of bounded below spectra. We will then focus on the
continuous (co-)homology groups of the Tate construction.

The first section is concerned with the general setup of the Tate construction and
its relatives; the homotopy orbit spectrum and the homotopy fix point spectrum.

We then move on to describing the homological Tate spectral sequences. There
are two types, one converging to the continuous homology of the Tate construction
and one converging to the continuous cohomology. These spectral sequences will be
dual to each other but, as already noted in § 2.2, their target groups will generally
not be dual.

Propositions 4.10, 4.11 and 4.13 state the properties of the (co-)homological Tate
spectral sequences converging to the (co-)homology of the Tate construction of a
G-spectrum X.

4.1. Equivariant spectra and various fixed point constructions. We review
some notions from stable equivariant homotopy theory. We work within the framework
of [13]. Let G be a compact Lie group and X be an equivariant G-spectrum indexed
on a complete G-universe 7. In the notation of [13], X is an object in the category
G/% . By the assumption that % is complete, we get that we have countably
many copies of the trivial representation contained in %. We denote the sum of
these by R®. Then R™® = %% and we let i : R>® < % denote the inclusion.

A G-spectrum X indexed on R is called a naive G-spectrum. For such spectra,
we have the notion of the associated fixed point spectrum X given by

XE(R") = X(R"),

for R™ ¢ R*. This gives a non-equivariant spectrum X indexed on R,
18



We may also form the associated orbit spectrum under the action of G. We first
define a pre-spectrum by letting the R™th space be

X(R")/G.

We then have to spectrify to get an honest spectrum. See [13, p. 12-13], or [10,
Appendix A] for further information about the spectrification functor.

Choose EG to be a free contractible G-space. Define EG to be the unreduced
suspension of EG. This is a G-space with exactly two fixed points. Choosing one
of these as a base point makes EG into a based G-space and we have a fundamental
cofiber sequence of based GG-spaces

(4.1) EG, — 8° — EG

defined by letting the first map collapse EG onto the non-basepoint of S°.

Definition 4.1. For a genuine G-spectrum X indexed on a complete universe % ,
we let

Xne =EGL Ngi™ X homotopy orbit spectrum of X
Xh¢ = F(EG., X)¢ homotopy fixed point spectrum of X
Xt = [E(/? AF(EG,, X))¢ Tate spectrum of X

For further details, see the introduction in [9].

Let N C G be a normal subgroup and let X € G.SU“ be a naive G-spectrum
that is N-free. Then there is a natural transfer equivalence of G/N-spectra

4.2 r: X/N S (n-adN; x)N.
(4.2) / (

Here adN is the adjoint representation of V.
The forgetful functor i* : GS% — G.R*> has a left adjoint i.. For any genuine
G-spectrum X € G/ , the counit

€110 X - X

induces a non-equivariant equivalence. Hence, if X is a free G-CW spectrum then
€ is a G-equivalence. In our applications, G = N and G will be a closed subgroup
of T. In particular G will be Abelian, so the adjoint representation will be trivial of
dimension 1 if and only if G = T and zero otherwise. In this situation the transfer
equivalence takes its most simple form; for a free G-CW-spectrum X there is a
natural homotopy equivalence of spectra

(43) (Z*X)/G E) Z_dima(i*i*X)G E) Z—dimGXG

in SR>,

4.2. The Norm-Restriction diagram. The map ¢ : EG, — S° induces a map
of G-spectra,

(4.4) F(e,1): X — F(EG,, X)



for any G-spectrum X. Smashing the cofiber sequence (4.1) with the map (4.4),
we get the following map of G-cofiber sequences:

(4.5) EG, ANX X EGAX

5 |

EG4 NF(EG4,X) —=F(EG4, X) — EG AF(EG,, X)

The left hand vertical map is a G-homotopy equivalence by the equivariant Whitehead
theorem. Moreover, the transfer equivalence (4.3) gives a natural homotopy equivalence

(4.6) »IMCRG, Agi* X S [EG, A X]C.
By applying G-fixed points to and using (4.6), we can rewrite (4.5) as

(4.7) $dimGx, N

X6 —" > [EG A X]¢

LFG lf‘g
; N R"
pdmG X, . Xxhe Xe.

The spectra in the lower row have been studied by means of spectral sequences
converging to the their homotopy groups. These spectral sequences arise in the case
of the homotopy orbit and fixed point spectra by choosing a filtration of EG, and
by a filtration of EG introduced by Greenlees [8] in the case of the Tate spectrum
X6,

We will return to the case of the Tate filtration in §4 and the resulting Tate
spectral sequence, but we will be concerned with the spectral sequence that arises
from applying homology with F,-coefficients instead of homotopy.

4.3. Tate cohomology and the Greenlees filtration of EG. We recall the
definition of the Tate (co-)homology groups from [6]. Let G be a finite group and
let {P,,d.} be a complete resolution of the trivial F,G-module F,, by free F,G-
modules. This is a commutative diagram

d d d_, d_o
P —> P, 0 P_; P_,

]FP
where the P,’s are free F,,G-modules and the horizontal sequence is exact.

Definition 4.2. Given an F,G-module M the Tate homology and cohomology
groups are defined by

H,(G; M) = H,, (P, @r,g M)
and
H™(G; M) = H"(Homg, G (P,, M))
where {P.} is a complete F,G-resolution. These groups are independent of the
chosen complete F,G-resolution and there are isomorphisms
H™(G; M) = H_,,_1(G; M)

for all n.
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Complete resolutions in algebra have topological analogues introduced by Greenlees
[8]. We recall briefly the construction. Let EG be equipped with a G-CW structure
and consider the associated skeleton filtration.

To form a complete resolution of EG we will have to work in the stable category

of G-spectra. Let E, be the cofiber of EGS?_I) — S% for n > 0 and for n = 0
let Ey = S° be the fixed points of EG. For n < 0 we let E, = D(E,n), the G-
equivariant Spanier-Whitehead dual of E,n. This gives a sequential system of maps
with homotopy direct limit equivalent to Eé, and non-equivariantly contractible
homotopy inverse limit D(E'\C/}’) o~k

(4.8) «— ... FE,1—E =8 —>F —..—EG

Applymg F,-homology to the filtration {E } gives a spectral sequence with Est =
Hy(Ey/Ey 1 F,) and differential d, : EY, — E;_,., ., that converges to H*(EG7 F,) =
0. The spectral sequence collapses at the E2-term since En / En,l is a G-free wedge
of n-spheres.

Hence, we get a long exact sequence

(49)  +r—— Hy(Ey/Ey) —= H1(E1/Eo) — Hy(Eo/E_1) —
Ho(S°) =F
of free F,G-modules. Letting P, = n+1(En+1/En) for all n, yields a complete

resolution of F,, by free F,G-modules.

4.4. Continuous homology of the Tate construction. Let G be a finite subgroup
of the circle T and let X be a G-spectrum. For the current work, we are interested
in the case when G'= C,, C T is the cyclic subgroup of prime order.

By means of the Greenlees filtration (4.8), we may filter the Tate construction.
For n € Z, let EG/En 1 be the cofiber of the map Epq — EG and let

(4.10) X'C[n,00] = [EG/E,_1 NF(EG4, X)|¢

We will often abbreviate further by writing X*“[n] instead of X*“[n, co].

For all n € Z we have maps X'“[n,co] — X'“[n + 1, 00|, and we will study the
continuous (co-)homology of X*“ with respect to this filtration. To make sense of
the continuous (co-)homology groups, we need the following.

Lemma 4.3. The homotopy inverse limit of X*%[n, o] as n — —oc is equivalent
to X*G. The homotopy colimit as n — oo is contractible.

Proof. Let {E tnez be the system of G- spectra (4 8). Consider the stable G-
equivariant (co-)fibration sequence E, — EG — EG/E for n € Z. 1t is still a
(co-)fibration sequence after smashing with F(EG, X), taking G-fixed points and
passing to the homotopy inverse limit over k. In other words we have a fibration
sequence

holim [E,, A F(EG,, X)]% — X' — holim X*[n 41, 00] .

n——oo n——oo
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When n is negative, E, = D(E_,) is the Spanier-Whitehead dual of E_,, so the
fiber is equivalent to

holim [D(E_,) AF(EG,, X)]¢ ~ holim F(E_,,,F(EG, X))

k——o0 n——oo

= F(hocolim E,,, F(EG,, X))®

~ F(EG,F(EG4, X))
~ F(EG A EG4,X)¢

*

i

Here we are using that En is dualizable in the stable category of G-spectra, and
that EG A EG, is G-equivariantly contractible.

To show the last part of the lemma we use that, for n > 0, E\é/En is a free
G-CW complex. Indeed, for n positive,

EG/E, ~ SEG/EG™V
Thus, by the transfer equivalence we have

X'C[n,00] = [EG/E,_1 NF(EG,, X)|¢
~ SIMCEG/E, | Aqi* F(EG,, X).
Since colimits commute with orbits and smash products, the result follows since

hocolim,, _, EG / En is G-equivariantly contractible. O

For n € Z, we let X'%[—oo,n] = [E, A F(EG,X)]9. We have the following
diagram in which the columns are fibration sequences.

(411) **>--~‘>Xtc[—oo7n_1]%Xtc[_oo’n]%...ﬁXtG
XtGi>... XtG = XtG = ~~~—>XtG

¥ | | |

X6 — - —— X% co] — X*C[n+1,00] =+ —>x

When X is bounded below and of finite type over F,, each of the spectra X*“[n, oc]
will be bounded below and of finite type as well. Thus, it makes sense to talk about
the continuous homology and cohomology of X*“, defined in § 2.1, with respect to
the Tate filtration {X*C[n, o0]}nez.

We end this section by giving a useful reformulation of the Tate construction,
known as Warwick duality. The following two lemmas will be used in § 5.2 when
making a topological model for the Singer construction.

Proposition 4.4 (Greenlees-May [9], proposition 2.6). There is a natural chain of

equivalences YF(EG, EG4 N X) ~ EG A F(EG4+, X) of G-spectra.
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Proof. We have a commutative diagram of G-spectra

F(SO, EG+ A X) — F(EG+, EG+ N X)
EG{ ANF(S°, EGL N X)

(4.12) ~ ~

EG, NF(S°, X)

~

EG+ N F(EG+, X) —— F(EG+, X) .
The proposition follows by taking horizontal cofibers and fixed points. O

We chose to express X*“ as the homotopy inverse limit of the tower in the lower
row of diagram (4.11). In light of Proposition 4.4 there is another obvious tower,
namely

(4.13) X% & S SF(E,, EGy ANX)® - SF(E,_1, EG, A X)C.

This tower is again a tower with homotopy inverse limit equivalent to the Tate
construction on X. By the transfer equivalence and the fact that F,, is dualizable
for every n € Z, we also get that the homotopy colimit

hocolim X F(E,, EG4 A X)%

n——oo

is contractible. The next comparison result says that the two towers introduced so
far are in fact equivalent (as towers).

Lemma 4.5. For n < 0 there is a chain of equivalences
X%n) ~ SF(E_pi1, EG4 A X)9

natural in n and the G-spectrum X.

Proof. For n <0, consider the composite map of spectra

D(Cn)

[ EGy ——= 8%~ D(§%) —= D(EGS_*”*U)_
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We then have the following commutative diagram, analogous to (4.12).

F(cn,1)

(4.14) EG, ANX F(EG. "V, EG, A X)
o ~ | F(1,eNl)
F(Cnvl) —n—
SOAX F(EG," Y, X)

a1 J{ \
~ | 1AF(c,1) D(cn)Al ~ | F(1Ac,1)

DEGT"NAX  F(EG "V AEG,X)

1AF(c,1)
fAl e
EG, NF(EG4, X) D(EG" V) AF(EG,, X)
From the cofibration sequence
(4.15) BGSY s g0 I f

we get that the cofiber of the upper horizontal map of (4.14) is homotopy equivalent
to SF(E_,, BG4 A X).

For the lower row, consider the homotopy cofibration sequence gotten by taking
the Spanier-Whitehead dual of (4.15):

E, = D(E_,) — D(5°) — D(EG (" Y).
We get the following commutative diagram where the squares are stable homotopy
pushouts
EG+ —_—> X

ok

E, —= D(8°) =58 —EG

N

* ——= D(BEGT ") ——Z.

From this, we see that
cofiber(f) =27 = -E\é/En7

and so the lower horizontal map f A 1 of diagram (4.14) has cofiber E\(/;/En A
F(EG,, X).

All vertical maps in the outer part of the diagram are G-equivalences, so the
there is a chain of weak G-equivalences between the horizontal cofibers

SF(E_,,EG. AX) ~ EG/E, NF(EG,, X)

Diagram (4.14) is natural in both X and n and the lemma now follows by taking
G-fixed points. O
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4.5. The homological Tate spectral sequence. We assume that X is a bounded
below G-spectrum of finite type. Applying cohomology with IF,-coeflicients to the
lower tower of spectra in diagram (4.11), we get a sequential system of cohomology
groups with direct limit equal to the continuous cohomology groups of X*¢ with
respect to the tower {X*“[n]}, ez

Likewise, applying homology to the same tower of spectra, we get an inverse
system of homology groups with inverse limit equal to the continuous homology of
X*¢ Remember that this inverse limit is generally not the homology of X%,

Lemma 4.6. Applying cohomology to the lower tower of (4.11) gives a system
(4.16) 0— ... = H(X"n41)) - H* (X)) — ... —» H (X'Y),
with trivial inverse, and derived inverse limit.

Applying homology to the same tower of spectra gives a system
(4.17) H(X') — ... = H.(X'n]) - H (X'"“[n+1]) - ... =0,
with trivial colimit and trivial derived inverse limit.

Proof. In cohomology, we have a Milnor lim-lim! exact sequence
0 — Rlim H*~1(X'“[n]) — H*(hocolim X‘“[n]) — lim H*(X'“[n]) — 0.

By lemma 4.3 the homotopy colimit of X*%[n] as n — oo is homotopy trivial. Thus
the middle term, and hence the inverse limit on the right, vanishes.

In the homological case we use that direct limits and homology commute, so by
lemma 4.3, the colimit H.(X'“[n,c0]) as n — oo is trivial. The assumption that X
is bounded below and of finite type, also secures that each group in the limit system
is bounded below and of finite type. Hence the derived inverse limit vanishes in the
homological case. (]

Remark 4.7. These two limit systems should be compared to (2.8) and (2.9) respectively.

Remark 4.8. In our applications, all the groups in the limit systems will be bounded
below and finite type. Therefore, by the discussion in §2.4, the lemma follows from
the fact that colim H,(X*“[n,o0]) = 0.

For every n, we have a fiber sequence
(4.18) [En/En_1 AF(EG,, X)]¢ — X'C[n, 00] — X'C[n+1,00].

The fiber is equivalent to [En/En_l A X]% since E,L/En_l is a free G-spectrum.
Applying homology with F,-coeflicients, these fibration sequences yield an exact
couple

Ay —— A,
(4.19) Tk o
ﬁ' J
E,
with
A, = H (X'Cn+1))
E, = H,([Ey/En_1 A X))



The maps 7, k in the exact couple is degree-preserving, while j has degree —1.
By Lemma 2.5 and Lemma 4.6, we get an exhaustive, complete Hausdorff filtration
of HE(X'?) by the subgroups

(4.20) FrHEX'Y = ker[HE(X'Y) — HS(X'C[n+1,00])] .

Therefore, the spectral sequence derived from the exact couple converges conditionally
in the sense of Boardman ([2] Definition 5.10) to the inverse limit H¢(X'“).
To identify the E2-term, we use the natural isomorphisms

Hy([Es/Es—1 ANX)%) 2 Hy((Ey/Es—1 NG X)
>~ Hy(E,/Es_1) ®r,c Hi(X).
With these identifications the d'-differential is
de—1 ®id : Hy(Ey/Ey—1) ®s,¢ Hy(X) — Hy—1(Es—1/FEs—2) @r,c Hi(X),

where d, is the differential in the complete resolution (4.9). From what we have
now, we make the following definition.

Definition 4.9. For a bounded below G-spectrum X of finite type over F,, we
define the homological Tate spectral sequence associated with X to be the spectral
sequence induced from the exact couple (4.19).

Under no assumptions on X, the homological Tate spectral sequence associated
with X has

(4.21) EZ(X) 2= Hy 1 (G Hy(X)) = H(G; Hi(X)) = Hf(X'9),

and converges conditionally to the continuous homology of X*“ with F,-coefficients.

Under the assumption that X has bounded below homology, the homological
Tate spectral sequence is concentrated above some horizontal line. Thus the spectral
sequence is one with entering differentials in the sense of Boardman.

Since X is of finite type the E2-term is finitely generated in each bidegree,
so Boardman’s derived limit RE* vanishes as well, and the spectral sequence
converges strongly to its target. See [2, Theorem 7.1] for further details.

The spectral sequence arises by applying homology with F,-coefficients. Hence,
the exact couple (4.19) is equipped with a (algebraic) coaction of the dual mod p
Steenrod algebra o7, and the resulting spectral sequence is an o7,-comodule spectral
sequence. As noted in §2.1, the continuous homology is a completed .«.-comodule.
This coaction induces an Z,-comodule structure on the associated graded with
respect to the filtration (4.20) and convergence of the spectral sequence means that
the associated graded is isomorphic to the E°_term as comodules over .

We summarize these results in the following proposition.

Proposition 4.10. Let G C T be a finite subgroup and let X be a bounded below
G-spectrum of finite type over Fy,.

Then X'C is equivalent to the homotopy inverse limit of a tower of bounded below
spectra of finite type. There is an o/, -comodule Tate spectral sequence of homological
type converging strongly to the continuous homology of X*C as a completed <, -
comodule. The homological Tate spectral sequence has E2-term

(4.22) Ef,t(X) = ﬁis(G; Hy(X;Fp)) = H§+t(XtG§Fp) .
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By dualizing the exact couple (4.19), we obtain a cohomological Tate spectral
sequence. This produces a filtration of the colimit cohomology groups, i.e., the
continuous cohomology H(X'“), by the image subgroups

FuH;(X') = im[H* (X" [n]) — HZ(X"9)].
Again, by Lemma 2.5 and Lemma 4.6, the filtration is exhaustive, complete and
Hausdorff.

Thus the Tate filtration of X*“ gives rise to a conditionally convergent spectral
sequence of cohomological type with target equal to the continuous cohomology
H:(X19).

Again, since X is assumed to be bounded below, we get a half-plane spectral
sequence concentrated above some horizontal line. This is now a spectral sequence
with exiting differentials and by [2, Theorem 6.1] the spectral sequence converges
strongly to the continuous cohomology H*(X'¢).

Since the cohomological exact couple comes from applying cohomology with F,,-
coefficients, we get a natural /-module structure on the spectral sequence, with
differentials being .«/-module homomorphisms.

Proposition 4.11. Let G C T be a finite subgroup and let X be a bounded below
G-spectrum of finite type over Fy,.

Then X'C is equivalent to the homotopy inverse limit of a tower of bounded below

spectra of finite type. There is an <7 -module, Tate spectral sequence of cohomological
type converging strongly to the continuous cohomology of X*¢ as an o -module. The
cohomological Tate spectral sequence has Ey-term
(4.23) Ey'(X)= H_,(G; H'(X;F,)) = H ™ (X' F,).
The cohomological Tate spectral sequence is dual to the homological Tate spectral
sequence in the sense that EAQ* s dual to E:* in each bidegree for all v and that
the cohomological differential d, : ESt — EStht=r+1 45 dual to the homological
differential d" : EA'§+r7t_T+1 — Egyt for all s,t and r > 1.

4.5.1. Homotopy vs. Homology. We used the tower
(424) XtG—>~-~—>XtG[n]%XtG[n_Fl]%...;)*

to define our homological Tate spectral sequence by applying homology with IFp-
coefficients.

When studying the homotopy groups of the Tate construction, it has been
customary to apply m.(—) to the upper tower in (4.11):

(4.25) * —> o —> X —00,n—1] — X*¢[—0c0,n] —> -+ —> X!C

See e.g. [3] or [11]. Applying a homology functor to these two towers of spectra,
gives different exact couples with isomorphic spectral sequences. If we are working
with homotopy, we can choose either one and get spectral sequences converging to
the same groups: Using (4.25) yields a spectral sequence converging to the colimit

colim 7, (X'“[—00,n]) = m. (X',
while using (4.24) yields an isomorphic spectral sequence converging to the inverse
limit
(4.26) lim 7, (X% [n]) = 7, (X*9).
n
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The latter isomorphism uses that X is bounded below and of finite type.

When working with singular homology with [Fj-coeflicients, instead of homotopy
groups, the failure of the isomorphism we made use of in (4.26) makes the situation
more interesting. Applying H.(—;F,) to the tower (4.25) will produce a sequential
limit sequence of homology groups where the inverse limit is not trivial in general.
This means that the spectral sequence associated with the exact couple will not be
conditionally convergent to the direct limit

colim H, (X'Y[—oo,n|;F,) = H.(X'%;F,).

In fact, we have seen that the (isomorphic) homological Tate spectral sequence,
arising from (4.24), converges strongly to

lim H,(X*C[n];F,) = H(X'C;F,),

which is seldom isomorphic to H,(X'“;F,) since inverse limits and homology does
not commute in general.

We end this discussion by noticing that the continuous homology groups of
the Tate construction on X can be thought of as the homotopy of a certain
Tate spectrum. In other words, continuous homology of X*¢ is a special case
of homotopy.

Proposition 4.12. Let H denote the F, Eilenberg-MacLane spectrum with trivial
G-action. For any bounded below, finite type G-spectrum X, there is a natural
isomorphism m.(H A X)'¢ — HS(X!C).

Proof. For n < 0, we have
(H A X)Cn) ~ SF(E_ps1, EGy ANH A X)C
~NH AF(E_p 11, EG4 A X)C
~ H A X'%[n, 0] .
The first and last equivalences follow from lemma 4.5 and the middle equivalence
follows from the fact that F_,, 1 is G-equivariantly dualizable. Thus, we have that

7 (H A X)¢[n] = H,(X'“[n]) for all n < 0. For a general G-spectrum X, we then
have the following surjective maps for any k:

(4.27) me(H A X)) = lim, oo m(H A X))
(4.28) > Jim,, o Hp(X%n]) = HE(X'C).

Since X was assumed to be bounded below and of finite type, then the groups in
the first inverse limit system are all of finite type, so lim' vanishes and the map in
(4.27) is an isomorphism. O

The previous lemma tells us that the continuous homology of X*'¢ can be
considered both as the colimit colim,, 7.(H A X)*“[—oc0,n] by applying homotopy
to the tower (4.25), or as the inverse limit lim,, 7, (H A X)*“[n, oc]. In both cases,
the filtration of the two groups given by their defining towers are the same.

4.6. Multiplicative structure. In the discussion of the Tate spectral sequence,
we have so far not taken into account the presence of a multiplicative structure.
Assume that X is a bounded below, finite type G-equivariant ring spectrum. We
assume that the unit n : S — X and the multiplication map p: X A X — X are
equivariant with respect to the G-action.
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By [9, Proposition 3.5] both the homotopy fixed point spectrum X"“ and the
Tate spectrum X*C are ring spectra. In the Tate case the product is defined in the
following way: There is a composition

(4.29) [EG AF(EG., X)|¢ A [EG AF(EG, X)|¢

[EG AN EGAF(EG, ANEG,, X A X))
IAIAAT

[EGNEGAF(EG4, X A X))C

IAIA R

[EG A EGAF(EG,, X))C.

Up to homotopy, there is a unique G-equivalence EG A EG = EG. Taking the
composition above followed by this homotopy equivalence, we get a product X A
X1t¢ — X*G. The unit ‘comes from the unit of X together with the canonical maps
EG, — S% and S° — EG, by the composition

(4.30) SL X - F(EG., X) - EGANF(EG,,X).

The homotopy fixed point spectrum also has a product coming from the product
on X and the diagonal map A : EGy — EG4+ AEG4. The first two maps of (4.30)
compose to give a unit for X"¢ after taking G-fixed points.

The ring structures are compatible in that the maps in the right hand square of
(4.7) are maps of ring spectra.

Up to homotopy there is a unique homotopy equivalence EG, A EG. = EG
as well. Using this we may define a product on the homotopy orbit spectrum Xj .
However, this spectrum lacks a unit, so it is not a ring spectrum.

The above facts can be found in [9, §3] or [11, §4.4].

Using the Greenlees filtration, we may now filter (H A X)*“ by the tower (4.25).
This produces a homotopical Tate spectral sequence with E2-term isomorphic to

(4.31) E?, 2 H*(G;m(H A X)) = H*(G; Hy(X))

s,t T

converging to the homotopy ms+(H A X)'¢ = HE ,(X'9).

When X is a G-equivariant ring spectrum, then so is H A X and we have
seen that (H A X)'“ is also a ring spectrum. The induced ring structure on the
homotopy of (H A X)*¢ then gives a ring structure on the continuous homology by
the isomorphism of Proposition 4.12.

Moreover, the homotopical Tate spectral sequence (4.31) is an algebra spectral
sequence with differentials being derivations with respect to the product. The
argument for this fact is done by constructing a bifiltration of the Tate construction
and comparing it to the product structure. See [11, Proposition 4.4.4].

Proposition 4.13. Let G C T be a finite subgroup and let X be a bounded below
G-ring spectrum of finite type over Fy,.
Then X'C is equivalent to a homotopy inverse limit of a tower of bounded below
spectra of finite type. There is an <.-comodule algebra, Tate spectral sequence
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of homological type converging strongly to the continuous homology of X*C as an
o, -comodule algebra.
The homological Tate spectral sequence has E?-term

(4-32) Eit(X) = ﬁis(GQ Ht(XEFp)) = Hsc-i-t(XtG?Fp)

and the differentials are derivations with respect to the product from the Tate
cohomology groups.

5. THE TOPOLOGICAL SINGER CONSTRUCTION

We follow [5, II §5] and describe a particular inverse system of bounded below,
finite type spectra. Its continuous cohomology was described by Miller by means of
the Singer construction on modules over the Steenrod algebra. We quickly review
this calculation and define the Singer construction.

5.1. Realizing the Singer construction as continuous cohomology. Let B
be a non-equivariant bounded below spectrum of finite type over IF,. Then consider

D,(B) = En x BY)

the extended power construction [5, I §5] on B with respect to some subgroup
m C ¥; of the permutation group on j letters.

We shall come back to the definition of the extended power construction in §5.2
where a more detailed description is needed.

Let W be a free m-CW complex and let X be a CW spectrum with cellular action
of m. Then by [5, Theorem I.1.3] we have that W x, X is a CW spectrum with
cellular chains

(5.1) C(W xr X) =2 C W @, C X
The following is an immediate corollary.

Corollary 5.1. Let 7 be a finite group and let X be as above. Then if X is bounded
below and of finite type, then so is Ew X, X.

Proof. Since 7 is finite, the usual model for Er is a m-free CW complex with finitely
many 7-cells in each degree. Thus, both W and X are bounded below and of finite
type with cellular chains given by equation (5.1), so the claim follows. O

As stated in [5, Corollary 2.1], we have that the external j-fold smash power
BU) is a CW spectrum with cellular chains C,(B)®/. The action of 7 given by
permuting the tensor factors and we have

(5.2) C.(W xr BY) = C,W @, C,.(B)®.

Finally, since we are working over a field there is a m-equivariant chain homotopy
equivalence

H*(B)®j = C*(B)®j
given by choosing cycle representatives for homology classes. Via this equivalence,
(5.2) can be rewritten as

(5.3) C,(W xz BY))~C,W @, H,(B)® .

Thus the homology of D, (B) is computed by group homology:
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Corollary 5.2 ([5], Corollary 2.3).
HL(Da(B)) = H.(r: H.(B)™)

We are interested in the special case where j = p is our fixed prime and 7 = C),
is the cyclic group of order p. We view C}, as the subgroup of ¥, generated by the
cyclic permutations (12 ... p). Using the diagonal map A : ST — STA.. . AS! =2 §P
we get an inverse system of maps

(5.4) .= X" Do (87"'B) - £"De, (S7"B) — ... — D¢, (B).

This is a tower of bounded below, finite type spectra, so it makes sense to talk
about the associated continuous cohomology.

Still following [5, IT .#5], we describe this cohomological system explicitly. The
homology of D¢, (B) is given by Corollary 5.2. A standard calculation which can
be found in [6] gives that additively we have

(5.5) H.(Dc,(B)) 2Fp{eo®@a1 ®...®@ ap} ®Fy{e; ® a®P|i > 0}

where the elements «; and « run through a basis for H,(B) and {a1 ®...®a,, a®P}
run through a set of C)-generators for H,(B)®P. The grading is determined by
letting e; have degree 1.

Dualizing to cohomology, we denote the dual of e; by w;. Then for a € H1*"(B),
we have X"w; @ (X~ "a)® € H"M1P4(S" D¢ (X" B)). Quoting [5, Lemma I1.5.6]
we have that the maps in (5.4) are given in cohomology as
(5.6)  (Z"A)(ZMw; ® (57")%7) = D~ r(@wypr @ (77 a)P

where a € H1""(B), m = (p — 1)/2 and 7(q) = —(—1)™%m!. The terms of the
cohomology involving wy ® a1 ® ... ® a, map to zero.

The action of the Steenrod algebra on H*(Dc,(B)) is well known to be given
by the Nishida relations, and described in [5, Theorem 5.5]. Together with the
explicit formulas for the maps in the direct system, this determines the direct limit
of cohomology groups as an «/-module.

Miller observed that this direct limit is described in a closed form by the Singer
construction on the «/-module H*(B).

Theorem 5.3 ([5, Theorem 5.1]). For any spectrum B that is bounded below and
of finite type, there is a natural isomorphism of <7 -modules

w : colim H*(X"DC, (X" "B)) = S~'R,(H*(B)).

n—oo

Proof. For a € H1~™(B), the isomorphism ([5, page 47, proof of I11.5.1]) is given by
(5.7) WE"Wj 4 @ (27T"a)®?) =M @a.
when p = 2. When p is odd, the isomorphism is given by

(S W5y © (S"0)P) = (—1)[0ba=m2atny (g gy =1grtmlitan) g
and
(S W54y 1 B(E ")) = (— )T/t 2y, (o)=L egitmlita-m -1,

Here m = (p — 1)/2 and 0 < 5 < m. The coeflicient v is given by v(2j + ¢€) =
(=1)7(m!) for € = 0, 1. See [5, p. 47-48] for details. O
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That the spectrum B is bounded below and of finite type is used in the determination
of the cohomology of H* (D¢, (B)) by dualization from H,, and in the determination
of the Steenrod operations.

The inverse system (5.4) was used by Jones [12] to relate the root invariant and
the quadratic construction.

5.2. The relationship between the Tate and Singer constructions. We
return to the inverse system of bounded below finite type spectra (5.4). We have
already given a recollection about how the continuous cohomology associated to
this tower is identified with the Singer construction on the cohomology of B.
We will now see that this inverse system can be rewritten as an inverse limit of
truncated Tate spectra. Our main result is Lemma 5.9. In order to do this, we
need to be precise about our genuinely equivariant models for the spectrum which
has underlying, non-equivariant homotopy type equal to the p-fold smash power
B A ... A B. Thus, we will need to recall some details from [13] in what follows.
From now on, we let G = C},. Let % be the complete Cp-universe

U =R*@...6R*® = (R¥)P

. Here, C} acts on % by permuting the summands.

We let 2 be the standard indexing set of R%°, consisting of all the finite dimensional
subspaces of R*. We then have the "diagonal" set AP = {V®? | V € 2}. This set
is then an indexing set for % .

Let B € /R and let x : EC, — # (% ,R*) be a chosen C)-equivariant map
into the space of linear isometries from % to R*°.

The p-extended power construction, sending B to D¢, B, is constructed from the
composite of three functors

g -0 g X o on D% gy
where the first functor is the formation of the external p-fold smash power. The
homotopy type of x x (—) does not depend on the choice of x. For this reason, the
functor x x (—) is often written EC), x (—) when we are working in the homotopy
category.

For the purposes of defining the p-extended power construction, the diagonal
indexing set AP is all we need to give meaning to the equivariant structure of the
p-fold smash product.

For the purposes of the current section, we would like to extend the indexing set
to all finite dimensional representations in % .

For a general compact Lie group G, let ¥ be a G-universe, and let 2; and 2l
be two indexing sets of ¥, such that 2; C 2As. Then there is a forgetful functor
¢ GSUy — G2 which is the right adjoint to a functor that builds in the
missing representations:

V:GSUA — G Uy

Let V € 2,. For a G-spectrum FE indexed on 2, this left adjoint is defined by the
colimit

i OW =V
YE(V) = %91611%11 Q EW).

The unit and counit of this adjunction are both equivalences and define an equivalence
of categories. See [13, Proposition I1.2.4].
In the proof of Lemma 5.9, we need the following
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Lemma 5.4. For a general compact Lie group G, let ¥ and ¥’ be G-universes,
and let A, and Ay be two indexing sets of V', such that A, C AUs.

Let W be a CW -complex which is a colimit of its compact subspaces, and let
X: W — 2V, ¥") be a filtered G-map.

For E € G4, there is a chain of natural homotopy equivalences

XX E~yXxyE

Proof. For a compact W, this follows from [13, Proposition VI 2.12]. The general
case follows from the fact that y x — can be written as the colimit over the restriction
of x to the compact subspaces of W. See the discussion following [13, Definition
VI 2.13] for more details. O

We now need to make sense of the p-fold smash product of a spectrum, considered
as a Cp-spectrum indexed on % . Let I be Bokstedt’s category of finite sets and

injective functions. For an object = = (xo,...,%, 1) € I?, we let ST denote the
smash product of spheres S A ... A S¥r-1,

Definition 5.5. Let B € /. We let B/P. be the prespectrum given by

pre
N _ . z x Tp_1 \%4
Bpﬂ(V)—ho;cglIlgn Map(S®, B(R*®) A ... ABR*™*)AS").

for V. e 2, together with the obvious structure maps. The group C, acts on the
indexing category and on the mapping spaces by adjunction.
We define the p-fold smash product of p copies of B with the permutation action
of Cp as the spectrum
B = L(B)}) € C,. 5% .

pre
Here L(—) is the (spectrification) functor which is left adjoint to the forgetful functor
1:CoSU — CpPU from spectra to prespectra.

The following definition will be justified by Theorem 5.10.
Definition 5.6. For B € ¥R, let the Singer construction on B be the spectrum
Ry(B) = (B
In the proof of Lemma 5.9, we will need the following technical results.

Lemma 5.7. Let A be a compact space and E € A be a spectrum. Consider
AP to be a Cp-space by permutation of factors. Then there is a natural equivariant
homotopy equivalence of function spectra

F(A E"P) ~F(A, E)'"P
in Cp .
Proof. Since A is compact, then so is AP and we have a chain of equivalences
F(A" E™P) ~ F(A™ S) A EP
F(A™ S)YANLEYE
L

pre

(F(A'?, S) A EOP)

pre

12

~ L(F(A"?, EP)

pre
The first and the last equivalence is where we use that A”? is dualizable, and the
equivalence in the middle is coming from commuting smash products of spectra
with the spectrification functor L.
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We then have the following chain of equivalences of C,-prespectra
F(AM, BN )(R™)

pre

~ hocolim Map(S; ANAN BER*™)A ... AER*™1) AS™)
Telr

~ hocolim Map(S™, Map(A, E(R™)) A ... A Map(A, E(R™*)) A S™)
zelr

=F(AE))P (R™).

pre

The Lemma now follows by passing to spectra. ([

Lemma 5.8. For a bounded below spectrum B, there is a natural chain of homotopy
equivalences of spectra

i*pBWP) ~ §* B/P
in Cp .
Proof. Given indexing sets 20; C 2, and a prespectrum D € GZ2;. It follows
from the definition that D is a spectrum, i.e. YD € G.¥Us.

Assume that D is good prespectrum, in the sense of [10, Appendix A]. If it is
not, we may replace D, in a natural way, by a fattened up version D7 [10, Definition
A1] such that there is a homotopy equivalence D™ — D of prespectra [10, Lemma
A1l]. For U € 2, it is easy to verify that

(5.8) YLD(U) = colim QWY D(W) = 4 D(U),
wedy
and so it follows that v LD = LD since the conunit LIE — FE is always an

isomorphism for any spectrum E by [13, Theorem 1.2.2].
By the above, the lemma will follow from showing that there is a natural chain

of homotopy equivalences of prespectra wB,(,’ﬁ)e ~ B{,\,Pe.

Fix a natural number n. Then B (R") is equal to

(5.9) colim Map(S™?, B(R™)"P A S™)

~ 1 (1)
hocolim Map(S™P, B(R™)"P A\ S™)

~|(2)

hocolim Map(S™ A...AS™r=1 BR™) A ... A B(R™-1a) A S™)

meNP

~1(3)

hocolim Map(S® A ... A S*=1 B(R*) A... A B(R*r-12) A S™)
zelr

Here, the map (1) is an equivalence since B is a good prespectrum. The second
map (2) is an equivalence since NP is a filtering index category for the colimit. For
(3) we need to apply Bokstedt’s Approximation Lemma [4, 1.5]. To do this, we
need the assumption that that B is bounded below. The last homotopy colimit is
by definition equal to

sdy THH(B; S™) = B)F.(R"),

pre
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and the lemma follows. O

For any C),-representation V' we denote the unit sphere of V' by S(V') and the
one-point compactification of V by SY. We have a cofiber sequence of G-spaces

(5.10) S(V), —8°— 8V

where the first map collapses S(V) to the non-basepoint of S°.
Let L = R with the sign action of C3. We choose S(ooL) as a model for ECs.
For V = ooL, the cofiber sequence (5.10) is a model for (4.1) and we have an

explicit filtration by skeleta S(nL) = ECénil) C EC5. We have then the following
Greenlees filtration of EC5:

B, = BCY = gnt

for all n € Z. When n is negative, this must interpreted as a spectrum.
For p > 2 we let C have the usual action of C}, and define the even filtrations as

)

~ ——(2n
Es, = Ec; ="t

——(2n+1
Welet tF2n+1 = ECZ() ) be obtained from S™C by adjoining a C)-free (2n+1)-
cell, see [11]. The cellular chains on Eﬁp with mod p coefficients then give the
standard C)-free complete resolution of Fp,.

Lemma 5.9. Let B € /R*> and let n € Z. Then there is a chain of homotopy
equivalences

(B")!r[—n(p — 1) + 1] = S D¢, (87" B),

natural in n and B.
I particular, we get that

(B"P)Cr ~ ho}bimEH”Dcp(Z_”B) :

By naturality in n we mean naturality with respect to the maps in the inverse
system (5.4).

Proof. Let s € Z. Since E/’E’/p(s) is dualizable, we have a natural homotopy equivalence
of Cp-spectra

— (5) — (5)

SF(EC, , EC,, NB"?)~XEC,, NF(EC, ,B")

This equivalence gives the first of the following equivalences, after applying C,-fixed
points

—— (n(p—1))

(5.11) (B"?)!r[—n(p — 1) + 1] ~ B[EC, , AF(EC, , B"\P)|%»
—— (n(p—1
(5.12) ~ SEC,, Ac, i* rEC,"" " Brey,
and the Adams transfer equivalence gives the second.
— —1
We now rewrite the term ECp(n(p )), while at the same time keeping track of
——(n(p—1 ——(n

the naturality in n. When p = 2, we have EC’; =) _ EC’g ) S™L and we have
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a commutative diagram of Cy-spaces

(5.13) yyngnl —— yyngntnL

ig lg

»S A St — Sn+1 A Sn+1

for every n. The lower row consist of Cy-spaces where Cs acts by permutation of
the factors. The upper horizontal map is the (n + 1)th suspension of the skeleton
inclusion and the lower horizontal map is induced by the diagonal map S' —
ST A S' = S2. The regular representation of Cy has one-point compactification
isomorphic to S A S with the permutation action. The eigenvalues for the action
of a generator of Cs are £1, so the regular representation is isomorphic to R L. The
one-point compactification of the latter is .SL. By desuspending (5.13) (n + 1)
times, followed by taking Spanier-Whitehead duals, we then get a commutative
diagram of spectra in C3. % as follows:

(5.14) DECT) pEey ™)

QT QT

YTD(S™ A S™) <—— B FID(SnHL A §n
Using this, we find that (5.12) is equivalent to

S ECy, A, iF F((S™)"?, BM?)
which by Lemma 5.7 is equivalent to
(5.15) S ECy, Ac, i* F(S™, B)M
(5.16) ~ S ECy, A, iF(2T"B)M.
Lemma 5.8 implies that (5.16) is equivalent to
(5.17) SUPECy, A, iP(2"B)@.

Let x : ECp, — _Z (% ,R>) by any Cp-equivariant map and let E € C,.% . Then
by [13, Theorem VI1.1.17] there is a natural homotopy equivalence

XX E~EC, Ni"E
of spectra in Cp,.”R*>°. We apply this fact to see that (5.17) is equivalent to
=Y ke, (2T B))
~ My e, (E*"B)(Q)

which is our spectrum level model for £+ D, (¥ 7" B), so the lemma follows for
p=2.

Likewise, for p > 2, we have that (S!)"? = %(S((P=1)/2)C) a5 C),-spaces. Thus
we get a diagram

Egn(g(n(pfl)ﬂ)c) - Egn(s((nﬂ)(pfl)/?)@)

i: l:

Z(Sn)/\p (Sn-i—l)/\p
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—2
analogous to (5.13). Recalling that ECpn = 8"C we apply the same calculation as
for the case p = 2, and the lemma follows for p > 2.

|

Theorem 5.10. Let B € YR be a spectrum. Then there are natural isomorphisms
HZ ((B"?)'“") = Ry (H*(B))
HZ((B"P)'“r) = Ry (H.(B))
Proof. By Lemma 5.9, we have a natural isomorphism
H!((B"\P)t¢r) == colim H*(S3"De, (57" B)).
The colimit on the right is by Theorem 5.3 isomorphic to

R.(H"(B)).
The homy, functional dual of the two isomorphism above yields the natural
isomorphism
H{((B"P)'r) = R, (H.(B)).
|

5.3. The topological Singer c-map and the fixed points of B"P. Let B €
SR> be bounded below and of finite type. Then set X = B"P. Diagram (4.7)
now reads

(5.18) (B/\p)hcp —_— (B/\P)Cp —_— [frj\c/’p A B/\P]Cp

(B")pc, — (B"\P)hCr R.(B).

For a general Lie group G and any X € G.¥% , the construction [E@ A X9 s
a model for the so-called geometric fixed points of X, denoted ®(X). We are not
interested in its general properties here, but we introduce the notation to make the
exposition easier. In [10, Propsition 2.5], the authors show the following: There is
a natural homotopy equivalence

(5.19) o B = B.

In fact, if B is symmetric ring spectrum, we think of B € .#R* as the spectrification
of the pre-spectrum indexed on the subspaces R™ C R*® given by
B(R")=B,,.

Then our definition of B”P coincides with the zero simplices of their model of the
p-fold edgewise subdivision of the simplicial spectrum THH (B). In the notation
of [10],

B =sd, THH(B), .

In [10, Propsition 2.5], the authors show that there is a simplicial homotopy equivalence
(5.20) ®“ sd, THH(B), = THH(B), .

Restriction this equivalence to simplicial degree r = 0, gives (5.19). We will return
to this fact in more detail in [15].
37



Definition 5.11. Leteg : B — R, (B) be the the stable map given by the composite
B~ &% B R (B).

When B is an E, ring spectrum, both TH H(B) and its zero simplices B"P get
induced structures as F, ring spectra. As noted in §4.6, the right hand square of
diagram 5.18 then consists of commutative ring- spectra and maps. Morover, the
map (5.20) is a map of commutative ring spectra [3, ?77] and so the stable map

eg: B — R, (B)
is a map of commutative ring spectra.

Lemma 5.12. The map eg : B — R, (B) is natural in B and commutes with
SUSpension.
On continuous cohomology have

p(Cut" @ ) = L (u't" @ x).

Proof. Naturality follows immediately from the definition, using naturality of ® (—)
and Ry (—).
For the second statement, consider the diagram

(5.21) YB=—3YRB

T

£&Cr (B'P) —2> C» (£ B)"P)

lzw l

SR (B) —> > R,(SB).

The lower two horizontal maps are induced by the diagonal inclusion S' < SP,
which in the case of the Tate construction is the same map used in the definition
of Ry (B) as the inverse system of suspended extended power constructions. O

Lemma 5.13. The map eg : S — R (S) of ring spectra induces an isomorphism
of continuous homology groups in dimension 0:

€sx @ Ho(S) — HS(RL(S)).

Proof. We let B = S and consider S”*? to be a model for the equivariant sphere
spectrum Sc, € Cp,.% . We use that the S¢, is split (see [9, §1]). This means

that there is a map s : S¢, — Sg}’: such that s followed by the inclusion of the fixed

points by the Frobenius map F : Sg;’ — Sc, is a non-equivariant equivalence.
The map F' can be factored as the composition Sg: L ng” — S¢, where
ng” — S¢, is the map forgetting equivariance induced by the restriction map
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Cp — EC,. We have a commutative diagram

Se,
(Scp)hc' i Sg: SCp
)
Nh P Cp
(Scp)ho ng Sé«p
(5¢,) e, " S, 2> 5177 (0] ——= 2(5¢, ),

where the middle vertical composite is an equivalence. We know from the homological
Tate spectral sequence that HO(Stcip [0]) = Hg(S’tCi”) = F,. To show that the map
v is non-trivial on continuous homology groups, it suffices to show that the map
g« is surjective in degree 0. This follows from the long exact sequence in homology
since (Sc, ), is O-connected. O

The authors would like to thank M. Bokstedt for a helpful discussion on the
following result.

Proposition 5.14. Let B be a bounded below spectrum of finite type and let M =
H*(B). Then €5 = ¢, the latter being the map described in §3.1.1.

Proof. First, consider the free case B = HF,. Then H*(HF,) = </ is degreewise
finite dimensional and bounded below and thus by Corollary 3.5 there is a unique
self map fpr, : & — & of &/-modules such that the diagram

*
€HF

(5.22) Ri(o) — of

[

o

of @/-modules commutes. The claim is that fyr, in (5.22) is the identity on /.
In fact, since fyp, is </-linear, it is determined by €3 (1) in the case B = HF),
and we know that dually, in continuous homology, €5, sends the unit to the unit.
The latter claim follows from Lemma 5.13 by naturality with respect to the unit
S — HF, and the fact that egr, is a map of ring spectra.

Consider now the general case. Choose a map = : B — Y HF, representing a
class in cohomology =*(v,,) € H"(B), where ¢, € H"(HF,) is the fundamental class.
The Proposition follows by naturality using the following commutative diagram of
«/-modules:

1R

H*(S"HF,) —% H*(B)

SUR, (H* (HF,)) —> Ry (H*(S"HF,)) “L R (H*(B)).

(5.23) S H*(HF,)

n x
€ N
S"enr, E“HEPT



Lemma 5.12 ensures that both squares commute. ([
The following corollary generalizes the Segal conjecture for C,.

Corollary 5.15. Let B be a bounded below spectrum of finite type over Fy,. Then
the canonical map

T (B/\p)C'p _ (B/\p)th
is a p-adic equivalence of spectra.

Proof. By Proposition 5.14, we know that v of diagram (5.18) induces an Ext-
isomorphism of continuous cohomology groups and thus an isomorphism of the
Es-terms, and thus of the E..-terms, of the inverse limit Adams spectral sequence
associated to the Tate constuction R4 (B). Hence it is a p-adic homotopy equivalence
of spectra.

Since the right hand square of the diagram is the homotopy Cartesian, the
Corollary follows. O

5.4. The Tate spectral sequence for the topological Singer construction.
We have seen how the Singer construction can be realized as the continuous cohomology
of the C,-Tate construction. For our limited applications so far, we have not been
forced to do explicit calculations involving the Tate spectral sequence. For future
reference we now proceed by relating the definition of the homological, algebraic
Singer construction to the homological Tate spectral sequence associated with the
topological Singer construction R4 (B).
By Lemma 5.9, we have an equivalence of towers of spectra

(5:24) - ——(B")'“[~(n+1)(p— 1) + 1] — (B")'“[-n(p — 1) + 1]

> YYD (2TIB) > X" D¢ (S7"B)

where the homotopy inverse limit of both towers are equivalent to R, (B) = (B"\?)¢»,

When p = 2, the upper row of the above diagram is equal to the tower of spectra
defining the Tate filtration (4.10) and the exact couple giving, us the Tate spectral
sequences Proposition 4.10 and 4.11.

Proposition 5.16. Let B be a bounded below spectrum of finite type. The homological
Tate spectral sequence E" (R (B)) converging to HS(R, (B)) = R, (H.(B)) collapses
at the E2-term.

For p > 2 we have

EX = B2 = H*(Cy; Ho(B)®P) = E(u) @ P(t,t7) @ Fp{a® Y aen, (m)
where o runs through an Fy-basis of H.(B).

For o € Hy(B), the element ut' ® o € Ry (H.(B)) is represented in the Tate
spectral sequence by the class ustt1P=1/2@a®P in bidegree (—e—2i—q(p—1),pq),
modulo multiplication by non-zero scalars in .

For p = 2 the corresponding statement s that

B, = B2, = H*(Cy; Ho(B)®?) = P(u,u™ ') @ F2{0®}acn. (5)

where o runs through an Fa-basis of H,(B).
For a € Hy(B), the element u' @ o € Ry (H.(B)) is represented in the Tate
spectral sequence by the class u't9 @ a®? in bidegree (—i — q,2q).
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Proof. Consider first the case B = S9. Then the result is trivial for dimensional
reasons: the spectral sequence is trivial except in bidegrees (x,pq), so there is no
room for differentials after the E2-term. Since each total degree is of rank 1 over
F,, there are also no extension problems to be solved.

Let H be the F,, Eilenberg-Mac Lane spectrum. We model H by a commutative
symmetric ring spectrum and form the spectrum H"? € C,.”% according to
definition 5.5. The iterated multiplication on H then induces a Cp-equivariant
map

H"Y — H

In general, let o : S7 — H A B represent a class [a] in H,(B). We then have a

Cp-equivariant composite map

a®?:HASPY — HA(HAB)"Y = HANH AB — HA\ B

which on passage to homotopy groups yields a map ¥PF, — H,(B)®P with image
generated by the class [«]®P.
By applying the Tate construction to this map, we get a map of spectra

a: (H A S — (H A BM)Cr

which preserves the Tate filtration.
According to Proposition 4.12, we get a map of continuous homology groups by
taking homotopy on both sides :

(5.25) HI(R(59) — HI(R(B)).

This map is injective for [a] # 0 and F,-linear. For p odd, the map is given on the
level of spectral sequences as the map sending ut’ ® 127 — ut’ ® a®P. Similarly
for p = 2.

The statement of the proposition now follows by naturality. (Il

Note that the F,-linear map (5.25) is not a homomorphism of o7 ,-comodules
because it was formed using the iterated product on H.
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