INTRODUCTION TO THE WEIL CONJECTURES
RUNAR ILE

ABSTRACT. Notes to a lecture given at the University of Oslo,
January 29, 2004, slightly modified and expanded to accomodate
comments and questions which arised during the talk.

1. THE CONJECTURES

1.1. Arithmetic. Solve

3

v =1 -z -1

in integers.
Answer: There are no integer solutions since there are no solutions
modulo 3.

Equations with integer coefficients

f17f27-~7fs EZ[ZEh...,In]

give equations over finite fields by reduction of the coefficients:

?17727"'775 € Z/pZ[l'l,,l’n]

It is easier to solve the latter, and maybe information about solutions in
finite fields can help finding integer solutions (this is at present merely
a hope, no general Hasse principle is known, etc.).

1.2. Geometry (what is a variety?) Let k be an algebraically closed
field.

X = Spec A

is an affine variety over k if the quotient ring

A:E[xl,...,$n]/(f1,---af5)7

which give the global functions on X, is an integral domain. Geo-
metrically this means that X only has one component. E.g. for A =
klz,y,2]/(yz, zx,vy), X is the union of the three coordinate axes in
3-space, so has three components (and one connected component), and
is not an affine variety, and A is not an integral domain.

Date: February 2, 2004.

Acknowledgement. The author is grateful for partial financial support from
RCN'’s Strategic University Program in Pure Mathematics at the Dept. of Mathe-
matics, University of Oslo (No 154077/420).

1



2 RUNAR ILE

A point P = (p1,...,pn) € k" is contained in X < fi(P) =0 for all i,
and
closed points P € X « maximal ideals in A

by Hilberts Nullstellensatz.

Non-maximal prime ideals in A are non-closed points in X. Even
though one has to regard non-closed points in the constructruction of
an étale cohomology theory, in this note non-closed points will only be
mentioned in Theorem 1.

A closed set Z C X in the Zariski topology on X is the set of prime
ideals containg an ideal I = (g1,...,9:) € A, in particular this gives
the set of closed points in X defined by the equations ¢g; = 0. A
basis for the topology on X is given by open affine sub-varieties X, =
Spec A[1/h]| — Spec A for non-zero h € A.

A (locally) ringed space X = (X, Ox) (a topological space X with a
sheaf of rings Ox) is a variety over k if X has a finite open covering of
affine varieties over k, and X is separated (“Hausdorff”; the diagonal
embedding is closed).

X is a complete variety if in addition X is proper over k (“compact”;
X — Speck is universally closed).

Example 1. Homogeneousfi,..., fs define a projective variety (con-
tained in IP’%_I). Projective varieties are complete varieties.

There is also a notion of non-singularity (e.g. by the Jacobian). A
map X — Y of varieties is locally defined by rational functions.

1.3. The Zeta function. Assume k is a finite field, #k = ¢, where ¢
is a power of a prime number p. Fix an algebraic closure k. Let X/k
be variety defined by equations with coefficients in k. Put

Ny = #X(k)

where X (k) is the set of (closed) points in X with coordinates in k.
Remark that N, is a finite number since #A7(k) = ¢". Let k, be the
unique extension field of k of degree m, so #k,, = q¢™. Set

Ny = #X (k) .

There is also an invariant description of the k,,-points on X. Let X
be the scheme defined by the same equations over the field k, so that
X = X Xspeck Speck, then X (k,,) equals the set of maps Spec k,,, —
Spec X over Speck.

Definition 1. The zeta function of X defined over k is

2(X,1) = exp Y ng € 1+ Q).

m2=1
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1.4. A. Weil’s conjectures. Assume that X/k is a non-singular pro-
jective variety defined over k of dimension d. André Weil conjectured
in 1949:

e (Rationality) Z(X,t) = 5 where P(t),Q(t) € Q[t].

e (Functional equation) Z(X, ﬁ) = +q™/2tXZ(X,t) where y =

A-A (Euler-Poincaré characteristic).

e (Riemann hypothesis)
P (t) . Pg(t) ..... P2d_1(t)
Po(t) . PQ(t) ..... PQd(t)
Py(t) =1—1t, Poy(t) =1—¢q%, and, for 1 <r <2d - 1:

B,

Po(t) =[] = anjt)

j=1

Z(X,t) =

where o, ; are algebraic integers of absolute value q7?.

e (Betti numbers) Let us call 8, = deg P,(t) the r*® Betti num-
ber. Then y = Ziio(—l)rﬁr. Moreover, if Y is a non-singular
variety defined over the ring of integers in a number field, then
the Betti numbers of the variety X derived by reduction mod-
ulo a maximal ideal equals the (usual) Betti numbers of Y as a

(complex) manifold for almost all maximal ideals.
_pd _ AO 1 2 d
1.5. An example. Let X =P¢ = A T[ALT[A]]---JTAZ.
tm

ZPLt) =expy (1+¢"+¢"+ - +qdm)a
m>=1

m m 24\ym dpr\ym
S S LT LS S
1

(1—t)(1—qt)(1—q?t)...(1—q%)
Z(P%,t) is rational, and
1 1 qd(d+1)/2td+1
Z(IP’%, T) = 1 i I I\ o d(d+1)/24d+1
(1= 20— ) (- ) (1= 1) P

q4t qdflt qd72t

d(d+1)/24d+1

— (_1)d+1 X q
(1= ) (1 — g )1 — g7 20) ... (1 1)
= (D)™™ ez (P )

so we obtain the functional equation, since x = d + 1. Put P.(t) =

(1 —¢"/%)if 0 <7 < 2d and r is even, and P,(t) = 1 otherwise. Then
the Riemann hypothesis is OK.
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Finally, for the Betti part; since P4 = 0-cell [] 2-cell J]4-cell I]...
[] 2d-cell, we get

by(PE) = deg P.(t) = B,(P}) .

1.6. Why “Riemann hypothesis”? Let X, be the scheme over k
defined by the same equations as X, then a closed point x € X corre-
sponds to maximal ideal m, C A where Spec A is some open sub-set of
Xo. By Hilberts Nullstellensatz k(z) := A/m, is a finite field extension
k., of k. le. the closed point z € Spec A gives a non-unique k-linear
ring homomorphism ¢ : A — k,,. If 0 € Gal(k,,/k), then op : A — ky,
is another k-linear ring homomorphism, and it gives the same closed
point (same kernel) but a different k,-point. In fact Gal(k,,/k) is
cyclic of order m generated by the Frobenius automorphism a +— a?.

Conclusion: There are m k,,-points in X corresponding to the closed
point z in X, of degree m = [k(z) : k.

Let B, = #{x € Xo|x closed, deg(x) = r}. Since k, C k,, < r|lm
we get Ny, =Y 1B,.

rlm

Definition 2 (by E. Artin for curves over finite fields). If X, is a
scheme defined over Z (e.g. over k), let

1
Cxo(8) = H 1= #h(z) "

z€Xo
x closed

which is a holomorphic function for R(s) > dim Xj.
Xo = Spec Z gives Riemann’s zeta function.

m

Z(X,t)= expz Np—
m

m>=1

tm
= exp Z Z TBTE

m21 r|lm

:eXpZBTZT

r>1 i>1

= exp Z —B,log(1—1t")

r>1

- H (1 _1tr)B,~ (let t =¢°)
1
- g



INTRODUCTION TO THE WEIL CONJECTURES 5

I —
X 1 — #k(x)*
x closed

= CXO(S)
By Weil’'s RH (x,(s) has its poles on the lines R(s) = 0,1,2,...,dim X
and its zeros on the lines R(s) =1/2,3/2,5/2,...,dim X — 1/2.
In particular; for curves the zeros (a finite number!) are on the line

R(s) =1/2.

2. WEIL’S IDEA

2.1. The Frobenius. The k-linear Frobenius endomorphism F : X —

X is locally defined as X (k) 3 a = (ay,...,a,) — F(a) = (ai,...,al) €
X (k):
filar, ... a,) =0= fi(al,... ad) = fi(a1,...,a,)? =0
since the coefficients of the f; are contained in k.
Also
a€ X(k)<e Fla)=a

since k* is a cyclic group of order ¢ — 1, and since Gal(k/k) = Z is
(pro-finitely) generated by the ¢g-Frobenius. Also

a€ X(kn) e F'(a)=a.
Hence

N,,, = #fixed points of F™

(—and the fixed points are isolated).

Suppose there was a cohomology theory H*(X') with properties simi-
lar to those of singular cohomology; -a graded algebra contravariant in
X (with Gysin map, Kiinneth formula, Poincaré duality...) over a field
A of charcteristic 0 (A = Q would be ideal). Then one can deduce a
Lefschetz fized-point formula. One would have

2d

N = (1) Te(F™| H'(X)).

i=0
Put P.(1) = det(l — Ft|H"(X)) = [[;(1 — ay;t). The a,; are the
eigenvalues of F|H"(X). Then

TP (X)) = 3 a.

hence
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SO

A - v
(X, 1) epoNmm
m2=1
2d 4m
= exp Y (D01 T (X)) ) —
m>1r=0
= exp(—log Py + log P, — log Ps + - - - — log Pyy)
_ Png...PQdfl
fﬁfﬁ...fﬁd ’

Since I acts on the coefficients H*(X) &2 A as id, Py = (1 —¢t). If F
acts on H**(X) = A by deg F' = ¢%, Py = (1 — ¢%). Moreover; the
functional equation should follow from the Poincaré duality.

A diophantine estimate follows from the equation

2d—1

Nyn,=1+ Z(—l)TZaffj+qmd
r=1 J

d—1/2

with |a, ;| < ¢ . in particular ¢"™¢ is the dominant term.

3. THE ETALE “TOPOLOGY”

3.1. Problems with the Zariski topology.

e Non-singular varieties correspond locally to regular rings. There
are very many regular rings (e.g. Riemann surfaces).

o H*(Xzar, Z) =0 for r > 0.

o H(Xz., F) =0 for r > dim X.

o H* (X7, F) are vector spaces over the ground field (so possibly
a mod p Lefschetz).

e No inverse mapping theorem.

(1) g:Y — X with T,g : T,Y = Ty X
is not necessarily a local isomorphism around y.
3.2. The étale site.

Definition 3. g : Y — X is étale if for any z € X there is an open
x € SpecA C X and an open Spec B C Y mapping to Spec A such
that B = Alzy,...,xn]/(f1,..., fn) with det(0f;/0z;) invertible in B.

Remark 1. This definition is good for finite type maps of schemes, and
then it is equivalent to g being flat and unramified. If Y and X are
non-singular varieties, it is equivalent to (1) for all y € Y.

Etale maps are open. Etale maps are (locally) the algebraic equiva-
lents of finite (unramified) covering spaces.
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Example 2. If g is
trst": Ap — A} then d(t") =nt" 'dt #0ift #0 and p{n
and so g restricted to the complement of the origin is étale.

Example 3. Spec K — Speck, i.e k — K an extension of fields, is
étale if K is an unramified field extension of k. That is; K = k[t]/(f)
where f(¢) has no multiple roots in k (always OK in characteristic 0).

Definition 4. The étale site X is the category Et/X of étale maps
V — X together with all “coverings” {y; : U; <, V}ier for all V'in
Et/X such that (J,.; ¢i(U;) =V

Remark that a Zariski covering also is an étale covering. The cov-
erings will be our substitute for a traditional topology, where the “in-
tersection” of Uy — V and U, — V is given by the fiber product
U 1 Xy U2 — V.

3.3. Sheaves for the étale topology.

Definition 5. An étale sheaf F of sets (or abelian groups,...) on X is
a contravariant functor

F:Et/X — Sets
such that
FV) ——1ILFU;) —= 1L, F (Ui xv U;)
1s exact.

Some examples:

o Ox,(U— X)=T(U,Oyp) is an étale sheaf (of rings) by descent
of étale maps. Similar for coherent sheaves.

e Any X-scheme Z — X defines an étale sheaf (of sets) Fy =
Hom ,(—, Z) again by descent.

¢ G, (U — X) =T(U,Oy)* (invertible elements) is a sheaf of
abelian groups. If k = k and n { char(k) there is a short exact
sequence

O—>,un—>Gmﬂ>Gm—>0
—the Kummer sequence, and i, is the torsion sheaf of the n'®
roots of unity. The surjectivity (and exactness) follows more
generally if no residue field of X has characteristic divisible by
.
e Constant sheaves. If M is an abelian group, let M (U — X) =
MTI'()U



8 RUNAR ILE

3.4. Cohomology of étale sheaves. The category of étale sheaves
of abelian groups has enough injectives, and the global sections functor
['(X, —) : Sh(X4) — Ab is left exact, so we obtain derived functors

H" (X4, F) =H'(I'(X,I))
where 0 — F — Z° — Z' — ... is an injective resolution of F.

e Some analogs of the Eilenberg-Steenrod axioms hold.
e If X = Speck one obtains Galois cohomology of fields.
e Still problems, e.g. H' (X4, Z) = 0. Torsion sheaves give more.

3.5. l-adic cohomology.

Definition 6. Let X/k be a variety, [ a prime number, [ # p, set
Zy = @Z/Z”Z and let Q; be the fraction field. Then

H"(X,Z,) = lim H" (Xe, Z]I"Z)
and [-adic cohomology is
H'(X) = H'(X, Q) := H"(X, Z))®7,Q .
We also have cohomology with compact support;
HU(X) = lim H" (X, 1Z /1" Z)®7,Qy

where jy is an “extension by zero”-functor and j : X < X is (any)
embedding of X in a complete variety X.

Remark that H" (X, 1iZ/I"Z) is not a derived functor, but is inde-
pendent of j (which always exists).

Properties of l-adic cohomology.

e H"(X) is a contravariant functor in X of QQ; vector spaces, which
are finite dimensional if X is complete. There is also a continuous
action of Gal(k/k) on H"(X).

H(X)#0=0<r<2d

and
X affine and H'(X) #0=0<r <d

e There is a cup product H"(X) x H*(X) = H"**(X) which makes
H*(X) a graded commutative Q;-algebra. One has a Kiinneth formula
H*(X)®q, H*(Y) = H*(X x Y).

o If X and Z are non-singular varieties, Z C X of codimension c,
then there is a Gysin isomorphism

H"2(Z,Qi(—c)) = H(X) (support in Z).

The twist is comming into the limiting process by tensorisation with the
free rank 1 Z/1"Z-module Homy, juy (12", Z/1"Z), one has Q;(£c) = Q
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non-canonically. Replacing H7(X) in the long-exact sequence of the
pair (X, X\Z) with H™*(Z,Q(—c)) gives (U = X\Z)
H(X) S H(U), 0<r<2c—1
and a long-exact Gysin sequence
0 —H*1(X)—H*(U)— ...
= H7*(Z,Q(—c)) - H(X) - H'(U) — ...

e Assume X is non-singular. The r*® Chow group CH"(X) is the free
abelian group generated by codimension r sub-varieties of X modulo
rational equivalence. Let Z; ~ Z, if there is a codimension 7 sub-
variety W C X x IP% such that the induced map W — IF% is dominant

with Z; as fibers (counted with multiplicity) over closed points in Py.

Rational equivalence is generated by ~. There is an intersection prod-
uct CH"(X) x CH*(X) — CH"**(X) making CH*(X) a commutative
and graded ring. There is a cycle map from the Chow ring

clx : CH*(X) — @ H*(X, Q(r))

which is a homomorphism of graded rings. If Z is a non-singular sub-
variety of X, then clx(Z) is the image of 1 under the Gysin map

Q =H(Z) S HE(X,Qi(c)) — H*(X,Qi(c)).
E.g. we have

CH'(X) = Pic X = H' (X4, G,,),
the connecting map

H' (Xe, G) S HA(Xer, Qi(1))

arising from the Kummer sequences gives

clx : CHY(X) — H*(Xe, Qi(1)).

e If 7 = P a point, the canonical isomorphism
(X) : (X, Qi(d)) = Q.

is defined by clx (P) — 1. There are canonical perfect pairings (Poincaré
duality)

H (X, Qi) x H* (X, Qu(d)) — H2(X, Qu(d) *2 @

We get defined a push forward for proper maps via the Poincaré duality.
o A Lefschetz fived-point formula now follows: Assume ¢ : X — X
is an endomorphism of a complete non-singular variety X/k. Then

2d
Dy A =7 (—1) Tr(p| (X, @)

where I';, is the graph of ¢ and A is the graph of idx. E.g. A-A = x;.
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e These results are based on (hard) base change theorems (proper,
smooth and proper-smooth).

4. WHAT IS OBTAINED SO FAR?
For a complete, non-singular variety X/k we have

4.1. Rationality.
Ppy(t) Psy(t)----- Pog_1,()
Pou(t) - Pyy(t) -+ Pagy(t)

with P (t) = det(1—Ft|H"(X, Q) € Q[{]NQ[[¢]] = Q(¢). Remember
(regarding X,/k)

Z(X,t) =

1
z2x,0= 1] Tt € LI,
:EGlXod

soif Z(X,t)=P(t)/Q(t), P=1+t-...and Q =1+1t-... are prime,
then P, Q) € Z[t].
Moreover; F* acts as identity on H® and as ¢¢ on H?*?. We obtain

4.2. Functional equation. If, by Poincaré duality, nx(yUzx) = 1, by
definition nx(y U F*(z)) = nx(Fi(y) U x), so F, has the same eigen-
values as F*. If the eigenvalues of F* acting on H"(X) is oy, ..., as,
then the eigenvalues of F* acting on H**™"(X) is ¢*/ax, . .., ¢%/a, since
nx (P (y) Uz) = nx (F*(y) U F*(2)) = nx(F*(y U ) = ¢*.

So, if Py(t) = TI(1 — awyt), then Pog_,(t) = [I(1 — £-t) and we
obtain ’

Py (1/¢'t) = [](1

and

d
¢ 1 8 148
= (=" ([[awy) P2
L= [Low) e R0
Po(1/q"t) = (=1)% - (J T ers)a™ ¢ Poay (t) .
The [] o j-terms cancel in Z(X,t) if r # d. If r = d then
(IT ) TTd/ ) = q%, s0 [] oy = £q%4/2. We get

2(X,1/q") = £ [[(Paa—r(1/g") P(1/"))"/2

=+ Z(X 1)

For the sign; it is only the middle cohomology which contributes since
By + Poq—r is even. For the middle cohomology the eigenvalues come
in complex conjungate pairs or as +£¢%2. For d odd the perfect pairing
is skew symmetric, so all eigenvalues come in pairs and f3; is even, so
the sign is +1. For d even the overall sign is (—1)$*7¢ if the number of
eigenvalues —q%? is €.



INTRODUCTION TO THE WEIL CONJECTURES 11

4.3. Riemann hypothesis implies P,;(¢) independent of [. Since
[T, oad(even) Fri(t) € 1+t - Z[t], the inverse roots of F,(t) are algebraic
integers, so P.;(t) € 1+t - Z[t] and is characterised independently of
as the numerator or denominator of Z(X,t) whose inverse roots have
absolute value ¢'/2.

4.4. Betti numbers. The Lefschetz fixed-point formula gives

X = Z )" dim H" (X, Q) .

Theorem 1. If a variety X/k can be lifted to characteristic 0; i.e.
there exists a characteristic 0 DVR R, K = K(R), with R/mr = k

and X — Spec R proper and smooth with closed fiber X — Speck,
then

HT(Xétv Ql) = HT(‘)(?E’” Ql)
Remark that there in general are obstructions for lifting a variety to
characteristic 0.

Theorem 2. Let X/C be a (non-singular) variety and X the corre-
sponding complex analytic space, then

HT(Xéﬁ Ql) =H szng(Xan @l)

Corollary 1. IfY is a smooth complete variety defined by equations
with coefficients in a ring of integers O of a number field and reduction

modulo m C O gives a non-singular variety X (defined over the finite
field O/m) then

dimH"(Y*",Q) = deg P, ;(X, 1) .
Remark that for r = 1 Theorem 2 is the Riemann Existence Theo-

rem.

5. A REDUCTION OF THE RIEMANN HYPOTHESIS
Proposition 1. The Riemann hypothesis holds for all non-singular
projective varieties, if, for any non-singular projective variety X of
even dimension d, every eigenvalue o of F acting on HY(X,Q;) (the
middle cohomology) is an algebraic number with

¢ | < P
for all the conjungates o of a.

Proof. Assume Y is non-singular, projective, dimY = d (not necessar-
ily even), o an eigenvalue of F|H%(Y). Then

H™ (Y™ 2 HY (V) HY(Y)®...o H(Y) @ ... (Kiinneth formula)
so that o™ is an eigenvalue of F|H*(Y™). By assumption (m even)

qmd/271/2 < |a/|m < qmd/2+1/2
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hence |o/| = ¢%/2.

If a is an eigenvalue of F|H"(X) then ¢?/a is an eigenvalue of
F|H?**"(X), hence we may assume r > d. By Bertini there is a hyper-
plane H C Pz such that Z := H () X is non-singular. Replacing k by
a finite extension k,, and F' by F™ changes the eigenvalues o — o™,
however

o™ = (¢")"? & |a| = ¢
Hence we may assume H (and so Z) is defined over k. The Gysin
sequence gives

L= HTHZ,Qu(-1) S H(X,Q) - H(X\Z,.Q) — ...,

but X \ Z is affine and r > dim X so H"(X \ Z,Q,;) = 0. By induction
on d the eigenvalues of F|H""?(Z) are algebraic integers of absolute
value ¢'/>~1. Now

Fioi,=q-i,0F}
and i, is surjective so F|H"(X) has algebraic integers as eigenvalues
with absolute value ¢-¢"/>~' = ¢"/?. The start of the induction is trivial

for d =0, and d = 1 is odd! O

6. HISTORY AND REFERENCES

André Weil stated his conjectures in 1949 [19]. He had already in
1940-41 sketched two proofs for curves, [15, 16], the first completed and
generalised to abelian varieties in [18], the second completed in [17].
H. Hasse had given two proofs for elliptic curves in the 1930s. It was
E. Artin who introduced the zeta function in 1924 for function fields
of curves over finite fields (only for hyperelliptic curves according to S.
Kleiman [9]) and conjectured its zeros to lie on the circle || = ¢'/2. F.
K. Schmidt established the rationality and the functional equation for
curves in 1931.

In 1960 B. Dwork proved that the zeta function of a (not necessarily
complete) variety was rational by p-adic analysis [5]. By 1963 M. Artin
and A. Grothendieck had developed enough of the étale cohomology to
give the Lefschetz interpretation of the P, and thus obtain the results
refered in Section 4, see [10, 11, 12]. Some special cases of the Weil
conjectures where obtained; cubic threefolds by E. Bombieri and H.
P. F. Swinnerton-Dyer in 1967 [1], unirational projective threefolds by
Ju. I. Manin in 1968 [13], K 3-surfaces and complete intersections by
P. Deligne in 1972, [2, 3]. The proof of the Riemann hypothesis, which
completed the proof of the Weil conjectures, was published by Deligne
in 1974 [4].

An overview of Deligne’s proof together with historical remarks (in-
cluding the missing references above) is given by N. Katz in [8], his-

torical remarks are also found in the forword by J. A. Dieudonné in
[6].
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My main source for this résymé is the lecture notes of J. S. Milne
which are available at his private web page [14], together with Appendix
C in R. Hartshorne’s book [7].

[1]

[13]

[14]
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